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. 1 H £ beneficial Improyements lately a^» and still 
^ in the plan of the scientific education of the Cadet«, in the 
^ Royal Military Academy at Wbpliricb» haying rendered » 
^ fiirther ^litension of the Mathematical Coufse adyiseable» I 
C% was, honoured with the orders of his Lordship the Master 
I General of the 0rdnsmce» to px»pare a third volQme» in addi> 
tion to* the two Sarmesj^ yolumes of the Couraej to contain 
•tich additions^to some of the subjects before treated of in 
those two yolnmes, with such other new branches of miUtarj 
sdence» as might appear best ^dzftoi t6 promote the-ends of 
^lis important institution. From my advanced age, ;aod the 
farecarious state of my health, I was desirous of declining such 
aiiask, and pleaded my doubts of being able, in such a state, 
to answer sanasfactorily his lordship's wishes. This difficulty 
hiomevw was obviated by the reply, that, tp preserve a uiii« 
fdrmity between the former and the additional parts of the 
Coffsef it ipras cequistte that I sfaoulfl undertake jthe direction 
of the arrangemem;, and xiompose sudi parts jof the work as 
siiglit be iasxndi coDvement, or as cdated to topics in which 
I had ipadeesqperiments <M>isipKO!veme]»tss and for theiMky 

A 2 I might 
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I might take to my assistance the aid of any other person I 
might think proper. With this kind indulgence being en- 
couraged to exert my best endeavours, I immediately an«' 
nounf ed my w\^ tp request the assii^^nce of Dr. Gre^gpry of 
the Roy^l ^I^U^y ^c^emy> tbw,wl{omt both for hb ex- 
tensive scientific knowledge, and his long exper]ence« I know 
of no jp^rson moyre 6t to be associated in the due per^ormapce 
of suc]> a, t^iskp, .4<^rd^gly« di^s volume is tp be considered 
as the,jpji|t oQj;Qposition of that gentleman ^nd myself,, hjty- 
ing^each of- us taken and prepared, in nearly eq¥V|l,p9rt^QpS| 
separate, chapters and branches of the work, beii:^ iiuch as^ 
in the compass of this volume^ with the advice and assistance 
of the Lieut. Governor, were deemed among the most usc^l 
addj^^ional sut^ects for the purposes of the educ^tipJ(i estsi- 
bli^d. in the Acad^;D;iy» . 

T^ ^eyeral partS; of the. work, and their arrangement, ^une 
as fQllow,**-^tn tl^ fi]:^t chapter isure contained all the proposi* 
tions pf d^ course of Conic S^ctums, first printed for the. use 
of : the A^eipry in the year 1787, which remained, after 
^^L06^,t 1)^ nf ere ;selpcted for the second volume jof this. Course : 
tp wj^pis padded a tract on the a^ebraic equatioi?is of'.the 
sf Y^^;C^fii5:.s§f:Uons, serving as a brief introduction ,to.t)Eie 
alg^bi;^«:,piFPp^ti^,pfcurve lines. - .^ ' , , , 
, 7he l^d^ci^pter contains a short geometrical tre^utise on the 
^leit^ents of i^ponmdr4/ and the majcima ani mifima of 
surf a^^ and fSalifi^j imitrhich severaVpi^QposidonsusiK^y^n^ 

vestigated by flpjdpn^iry. processes are effect<?4gf59f*^^ 
»ud:w,Mfhi€|[j mdee4ythe.pfincHpal resi^^^ 
Siippstw'P^r^l^yr tege^e,,a<4 lA^^^ ftfe ^WBr|n!9 
thesotD^nssofonetliof^iract.' « , ^ , ^ . t. '. ^ A . . 
The 3d and 4th chapters exhibit a co|lQiseJ^<:c|alp|re- 
haQsiYe jiw iof ii»[trigonmepiqifijmalg/[m W.^*4n-j^ch 
thie chie£ tkeorms o6^Vkne(Md ^pl^fi^.Tisigs^iiQPp^l^ijHI^ 
deduced algebrakally iij^^nwis^^ liM^t^ii^^llp^p^M^ii^^i^ 

minated 
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minated the Arithmetic of Sines. A comparison of'th^ 
modes of Investigation adopted in these chapters, and those 
pursued in that part of the second volume of this course 
which is' devoted to Tr%oBfoittetfy, will enable a student to 
trace the I'ebtive adv^ta^ ^of the 'algebraical and geome* 
trical methods of treiiting this useful bi'ahch of science. The 
fourth chapter includes atio a disquisition on the nature and 
measure of ^t^/ttf angles^ in which the th«yfy of that peculiar 
dass of geoihetricai magnitudes is so represented, as to render 
their mutual comparison (a thing hitherto supposed ifhpos* 
sible exc^t in one or two very obvious cases) a matter of 
perfect ease and simplicity. ; 

C!hapter the fifth relates to Geodesic Opersltions, and that 
more extensive kind of TrigonBmetrieal Surveying which is 
employed with a view to determine the ge6graf^cal situa-- 
tidn of places, the magnitude of kingdoms, aii^the figtire of 
the ei^rth. -^^This chapter is divrded into twO'sieiitions; in the 
first of which is presented )a general account df IM^ kind of 
surveying; and in the second, sohitioiisbf th^ moi^ import* 
ant ^problems connected with these operations.'^Tfalk i^cMon 
of the volume it is hoped will be fbund^ B^gMyu^ytii $ as 
there is no work which contains a concise ak#d»ilti^dted ac- 
count of this kind of surveying and itsd^edfd^t^f^blems ; 
an^ it dKimbt fail to. be interesting tO't'hese%h^l^#^how 
iiiilch honocET redounds td this couzitry f]^M'<di€^ greA 'skill, 
actt^acy; and judgment, with which! the tri^^tfolnetrixJal 
>i»*veyW3E2ijgl^d has long been cartfed 6ft* ' /^ -^^ - 
. •Ihthfe 6ia*«nitllh chapteraf^^^i« deviteji^ tMfelpHiiBi^tes 
of'Ptfl^ghruyrnetri/y and thosc^ which relate toiWiJMsim^ 
lands and other surfaces, both by geometricdi con^inroctioii 
i^bycdfeiptttMfen. -' " - ■ ' >.-;-:^ -■■ '- <^ \.'-. 
" THe'^S&^HipCer co^itains a ifiew of^^h«itnituMf/and s^u- 
BbaW^&f^miimM'^mi^ ivfch ^iselbdbkmof tUe best rules 
f^^^6^^($lr^^^iitf4^M degtQO^^Cii&pier^beSth is^devoted 

to 
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to &^ niinrt imd properties of curaes, and tlie conslruetiM 
&f equations. These diapters are watShnAf connected, and 
show how the muttHd relation siifasistiDg between ecfuadoni 
of dtfFerdnt de^es, tod corves of tarions iuAet^ serv« for 
the reciprocal illustration of the pf o p e r tiet df both. 

In th« 10th chapter the sobjcfeta of FbunU and fhueianal 
. eq^niioHi ^k concisely tr^t^. The varidos fbnris ri Fhienta 
coniprikd iti the nsefbl table bf them in the Sd vofaiinei a#e 
inirestlgated : and several other rtileir are giiFien $ such aa kit 
believed irill tetld mticb to faetfital^ the progress «f Itodett^ 
!h ihls^ ftiteresting departmefit of sciendCj e^^edally thdstf 
which relate to the mode of finding fluents by tdntinoation* 

The 1 1th chapter contains solutions df the most liteful 
problems concerning the maximum effects of fiiai/Urtes in 
motOn'; and devdopes those principles idiich should Cim- 
itaiitly be Kept in view by tho^^ who would labour bneficiiliy 
for Ihe improvement of machines. 

til the l^tiit chaptei* wiQ be found the th^tf of the pre^^ 
sufe of earth and fluids against walls arid fortifications; attd 
itA theory which leads to the best construction of ponder 
fhagdzints With equilibrated roofs. ^ 

The l^th ch^pf^r is devoted to that highly interesting 
subject^ as' well to the philosopher as to ndlitary mto) th6 
iheory and practice of gunnery. Many of the difficulties at- 
tending tkis absti'tt^ enquiry are surmoiihted by assuming 
ihe results of accfR^e experiments) as to the resistance expe-^ 
rienc^ by bodies xiioving through 4he air, as the basis of 
^e cbmputatiohs. Several of the most itsefiil problems krt 
^Ived by hititii of this expedient^ with a facility scarcely id 
hit expected, itid With an accuracy far beyond our most ^aii« 
goine expectations. 

'^ The l4th ahd last chapter contains a prouli&cubu^ but ex- 
4e<fiSve' coUettioii of iMt>blems in statics, dyndmici^ hifiird'^ 
Sfi^^^ kt/dtHuHts, pHf^tiks, kt^ Bet ; Serving atoned td 

exercise 



aMU^ iStm pufSL in. the voriotxs branches of niathematlisi 
ceffipHsedia ^ tO^iPse^ ta dfflioiKdrate ihnr utility esftedattf 
t^^tosedetoted^ th<^ miiiiaiy prplesakgi^ to excite a-thiriC 
fer Mti«4l^l64l|$ly mid in 4«7ei^limpailaQt respects to gnUify if. 
This TcMmfe being, prafesiedly suppleznenta^ to the pre^ 
cedmg'tMa Vie^hlnies of the Coane, may best be. used io tiittion 
by a tSiSA tf litotoal iacoijMiration of its contents with thote 
of the jfeoMd ^dwoM* Thie method of effecting this iKU| 
of cdors^j: tar^ Mgprdpg to dfcnAis^aficesi and the precise 
eiApkfpi^^ fSr ^hkh th^ pti|)tts are destined : bfit in ge« 
li^ral H fe (^l-e^tfied the folWwing nmf be adviuitagtoiisly 
icfopted* Let the first «^ve& chapters^ be tdught immediatcfly 
after the Conic Sections in the 2d Tohtme. Then let th^ 
siibshirtce ^ tl^ 2d volume succeed^ as far as the Practical 
Exdttes eh Nttural Philosoidiyy inclusive, het the ath aiid 
sfth cluipt^f^ ih f^ Sd voii» prec^e the treatise on HuKions 
ih the M $ tthd #h€lii the pqpil has been taught thfe part re^ 
latiiig tbjtutnayi that treatise^ let faini immediately be con* 
dticted tMrough the 1 Qtb tha^ter of Ihe Sd toltoie^ Ai&er 
fad has g6n0 0¥&f the feDlldflder of the Fhixions with the 
^plications t6 tmg^t§4 radii irf curvature^ rectificationti 
quadratures) 8ct, the lllh and 12th chapters of the 8d vdL 
ihoiild be fadght« The problems in the i3th and Uth 
chapters must be blended with the practical exercises at the 
eiid 6f the fid volume, in such manner as. shall be foun4 best 

4 

suited to the capacity of the student, and best calculated to 
ensure bis thorough comprehoision o£ the several curious 
proUems contained in those portions of the work. 

In the comporition of this 3d volume, as well as in tfaJat of 
the preceding parts of the Course, the great object kept con* 
stantly In view has been utility ^ especially to gentlemen in- 
tended: for the Military Profession. To diis endi all such 
intceligationa as< mig^t serve merely, to display ingenuity or 
talent v^ithout any regard to practical benefit^ have been care- 
fully 
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fulljexdiided. The student has pat into his hands the two 
pomtrfbl instruments of the ancient and the modem or sub- 
lime geometry ; he is Uught the use of both» and their rela- 
tive advamages are so exhibited as to guard himy it is hoped, 
from any undue and exclusive preference foe either. Much 
novelty of matter is not to be expected in a work like this ; 
though, considering its magnitude, and.the frequency with 
which several of the subjects have been discussed, a candid 
reader will not, perhaps, be entirely disappointed in this re- 
spect*. Perspicuity and condensation have been uniformly 
aimed at through the performance : and a small clear type, 
with a full page, have' been chosen for the introduction of a 
large quantity of matter. 

A candid public will accept as an apology for. any slight 
disorder or irregularity that may s^qiear in die composition 
and arrangement of this G>urse, the circumstance of the dif« 
ferent volumes having been prepared at widely distant times, 
and with gradually expanding views. But, on the whole, I 
trust it vrill be found that, with the assisunce of my friend 
and coadjutor in this supplementary volume^ I have now 
produced a Course of Mathematics, in which a greater variety 
of useful subject are introduced, and treated with pcrspieuity 
and correctness, than in any three yolumes (tf equal sise ia 

any language. 

CHA.HXJTTON- 

Jtfoy, 1811. 






-J- 









. > < / 



■■* • . ■ . ■ L f ' . f" 



) / . ^J" 






t 



» 



1. 'i 



CgNIC SecHons • . . > , ... . . . • 1 

Of the Ellipse . ... . 2 

Of the Hyperbola • . . . . . • . • ;• . > ,11 
Of tlie Parabola . • . . . . •.-,*. «i f ,r • ^4 
Eqtiations 10 the Conic Sections « • • i .* ,« .f 129 
Elements of Isoperimetry . • • • .« . • * , ,> 31 

1. For Surfaces •..••, » 37 

2. For Solids . , # .- . . . , • * . .., .. 42 
Analytical Trigonometry . . . . • ♦. * -^ \*v :. ?5>3 

Spherical Trigonometry ,« • ... ,'i ... v*^ jf*'^ ?? .c*. ;^^7 
ResdufpioQ of Spherical Trian^es' • .^ . .> ,. ;«.|»aV,. 91 
Geodesit Operations . ... ... • ,«,?,». ,,»,;,. ^ ...I^l 

Problems in Trigonometrical Surveys . . • ^ * ) w . 12 1 

Principles of P{d^6nometry • • • 143, 

The Division of Surfaces . jv,i, ,;, 1€0 

On Algebraical Equations 173 

Nature and Properties of Curves . 18$ 

Construction of Equations 211 

On Fluxions and Flu^its . • • • 222 

Motion of Machines and their Maximum Effects • • 240 
Pressure of Earth and fluids^ Theory of Magazines, &c. 256 

Theory and Praaice of Gunnery ; 268 

Promiscuous Exercises • 304 



t * 



» > 



ERRATA IK VOL. III. 



Page 17, line 8 from bottom, fbr ellipse read hypeiboUk 

39, line 11 from bottom, for three read four. 

49, line 9 from top, for in c, read in c'. 

56, line 4 from bottom^ for triangles read angles. 

€1, table, art 17, for o put cyphers, and for sines read ttgns. 

74, line 17, for sum read same sum. 

98, line 16, for substracting read subtracting. 
116, lines 6, 7, 11 from bottom, for i read a . . 
131, Bottom line of note, for measures read measurers. 

144, line 11, for «- m' sin. I read m* sin. L 

157, line 11 from bottom, for th. 4, cor. 1 read th. 8, cor. 1. 

bottom line, dele + before 33° 36' 34''. 
^58, line 2, for second read first 
916, bottom line, for sin* Sic read cos. Sti. 
919, line 17, for i|/'read ^. 
967, line 5, for lxn read iKs. 

976, line 5 from bottom, for analogiee read analogy* 

977, line 6 from bottom, for appression read e^Kpressioil. 
984, line 15 from bottom, for 8989 read 8990, 
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CHAPTER I. 



CONTINUATION OF THE CONIC SECTIONS. 



IN the year 1787 was published, by order of the Mast-er 
General of the Ordnance, for the use of the Royal Military 
Academy, a volume of miscellaneous exercises, which had, 
for many preceding years, been employed iii manuscript, in 
the. education of the cadets in the academy. The first and 
principal article in the contents of that volume, was an ex- 
tensive geometrical treatise on Conic Sections, treated in a 
new and a more methodical, as well as easier way, than had 
been usual. — ^In the year 1798, when the 2d volume of the 
Academical Course was first published, by order of the Mas- 
ter General also, the leading propositions of that, treatise on 
.Conic Sections were introduced into it.— And now, on the 
further extension of the Course, by order of his lordship the 
present Master General the remaining propositions, of the 
said first treatise of Conies, are introduced inp this 3d 
volume. • - 

It will be observed that the theorems or propositions in this 
volume, are numbered in the regular succession from th' e in 
the 2d volume, in $ach of the t^iree sections, commeijcing 
here, in the 3d volume, with the number next following the 
last in the 2d volume^ so as to form these propositions in both 

Vol. III. 3 those 
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those volumes into a continued series. To each number also 
will be found annexed, in. the Indian figures inclosed in a 
parenthesis, the number of the s,ame proposition as it was 
numbered in the first miscellaneous treatbe of the year 1787. 
The additional theorems are as follow. ^ 



SECTION I. 
OF THE ELLIPSE. 

# t 

THEOREM XII (5). 

The Difference between the Semi-transverse and a Line 
drawn from the Focus to any Point in the Curve, is equal 
to a Fourth Proportional to the Semi-transverse, the Dis- 
tance frodi the Centre to the Focus, and the Distance from 
the Centre to the Ordinate belon/ring to that Point of the 
Curve. 



That is, 

AC — FE = CI, or FB =^ AI ; 

andyk — ac = ci, or/E r= bi. 
Whene ca : cf : : cd : ci the 4th 
proportional to CA, cf, CD. 




For, draw ag parallel and equal to ca the semi-conjugate ; 
and join co meeting the ordinate db in h. 
Then, by theor. 2, ca* : ag* : : ca* - cd* : de* : 
and, by sim. tri. ca* : AG* : : ca* — cd* : AG* — dh* ; 
consequently de* = ag* — dh* ac ca*— dh*. 

Also FD = cf CO CD, and fd* = cp* — 2cF . cd + cd* ; 
but by right-angled triangles, fd* H- de* = fe* ; 
therefore fe* = cf* + ca* — 2cf . cD + CD* — dh*. 
But by theor. 4, ca -f cf* == ca* 
and, by supposition, 2cf . cd = 2ca . ci; 
theref. fe* = ca* — 2ca . ci + cd* — dh*. 
B^t by supposition, CA 
and, .by sim. tri. 

therefore - - ci* = cd* — dh' > 
consequently - fe* = CA* — 2cA . Ci + ci*. 
And the root or side of this sqnare is fb =: ca — ci = Ai. 
In the same manner is found^ = ca + ci = hi. q.e.d. 

Carol. 



CD* : : cf* or CA* — AG* : CI*} 
CA* : CD* : : CA* — AG* : CD* — DH*; 
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Corol. 1. Hence ci or CA -^ fe is a 4th proportional to 

CA, CF, CD. 

CoroL 2- And /e — fe i= 2ci ; that is, the difference 
between two lines drawn from the foci, to any point in the 
curve, is double the 4th proportional to CA, cf, cd. 

THEOREM XIII (11 )• 

If a Line be drawn from either Focus, Perpendicular to a 
Tangent to any Point of the Curve ; die Distance of their 
Intersection from the Centre will be equal to the Semi- 
transverse Axis. 



That is, if FP,^ 
be perpendicular to 
the 'tangent TPp, 
then shall cp and 
cp be ^ach equal 
to c A or CB. 



For, through the point of contact E draw pe, and Jk 
meeting > Fp produced in G. Then, the ^ oep = /. F£P, 
being each equal to the /.ykp, and the angles at P being 
right, arid the side pe bdng common, the two triangles oep, 
FEP are equal in all respects, and so OE =: F£, and GP = fp. 
Therefore, since fp =: ^fo, and fc = ^f/, and the angle at 
p common, the side cp will be ^ i/o or ~ab, that is cp =; 
CA or CB. And in the same- manner c^ = cA or cB. a.E*D. 

CoroL li A circle described on the transverse axi$# as a 
.diameter, will pass through the points P,p ; because all the 
lines c A, ep^ cp, CB, being equal, will be radii of the circle. 

CoroL 2. cp is parallel to^E, and cp parallfld tb Fb. 

CoroL 3. If at the intersections of any tangent, with the 
circumscribed circle, perpendiculars to the tangent be drawn, 
they v(i\\ meet the transverse axis in the two foci. That is, 
the perpendiculars pf,j2^ give* the foci F,yi 

■ 

THEOREM Xiy (12). 

Th« equal Ordinates, or the Ordinates at equal Distances 
horn the Centre, on the opposite Sides and Ends of an 
Ellipse, have their Extremities connected by one Right 
Line passing through the Centre, and that Line is>isected 
by the Centre. 

B2 That 



CONIC SBCTIONS. 



That is, if CD :? CO, or the ordinate DB = oh ; 
then shall CE = ch, and ech will be a right line* 




For when cd = co, thenjilso is de = oh by cor. 2, th. 1. 
But the Z. D = /^Qy being both right angles ; 
therefore the third side ce = ch, and the il dce = Z. ocRf 
and consequently ech is a right line. 

CoroL I. And, conversely, if ech be a right line passing 
through the centre ; then shall it be bisected by the centre, 
or have CB =s CH ; also de will be =: oh, and cd = co. 

CoroL 2. Hence also, if two tangents be drawn to the two 
ends E, u of any diameter eh ; they will be parallel to each 
other, and will cut the axis at equal angled, and at equal dis- 
tances from the centre. For, the two cd, ca being equal to 
the two CG, CB, the third proportionals ct, cs will be equal 
also ; then the two sides ce, ct being equal to the two ch, 
cs, and the included angle ect equal to the included angle 
hcs, all the other corresponding parts are equal : and so the 
Z.T= Z.S, and te parallel to hs. 

CoroL 3. And hence the four tangents, at the four ex- 
tremities of any two conjugate diameters form a parallelograms 
circumscribing the ellipse, and the pairs of opposite sides are 
each equal to the corresponding parallel conjugate diameters. 
For, if the diameter eh be drawn parallel to the tangent tb 
or hs, it will be the conjugate to eh by the definition ; and 
the tangents to e*, h will be parallel to each other, and to the 
diameter eh for the same reason. 



theorem XV (13)i 

If two Ordinates ed, ed be drawn from the Extremities B, e, 
of two Conjugate Diameters, and Tangents be drawn to 
the same Extremities, and meeting the Axis produced in 
T and R ; 

Then 
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Then shall cd be a mean propprtioiial between cd, rfn, 
and cd a mean proportional between' cd,. dt. 




For, by theor. 7, cd t CA 

and by the same, cd : ca 

theref. by equality, CD : cd 

But by sim. tri. dt : cd 

theref. by equality, cd : cd 

In like nmanner, cd : CD 






* • 









CA 

C\ 
CR 
CT 

cd 
cb 



CT, 

CR; 

CT, 

CR-, 

DT. 

d^. 



a.s. D 



Corol, 1. Hence cd : C(/ : : cr : ct. 

CoroL 2. Hence also cd : erf : : & : de. 
And the rectangle cd . de z= erf , rf^, or a Cde = a cdr. 

CoroL 3. Also erf* = cd . dt, - 
and CD* = erf . rfR. 
Or erf a mean proportional between CD, dt j 
and eD~ a mean proportional between erf, rfR. 



- theorem XVI (1 4'). 

The same Figure teing constructed as in the last Theorem, 
each Ordinate will divide the Axis, and the Semi-axis added 
to the external Part, in the same Ratio. 

[See the last fig.] 






DC-: DB, 

rfe : rfB, 



That is, DA : dt 
and rfA : rfR 

• 

For, by theor, 7, CD 
and by div. cd : 

and by comp. cp ; 
or, - - - - DA ; 
In like manner, dk : 

CoroL 1/ Hence, and from cor. 3 to the last, it is, 

erf* = CD . DT = AD . DB = CA* — CD*, 
CD* = erf ..rfR = Arf . rfB = CA* — Crf^. 



CA 
CA 

DB 
DT 
rfR 









* . 



CA 
AD 
AD 
DC 

rfe 



CT, 

AT, 

DT, 

DB. 

rfB. 



CLE. p. 



CoroL 
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CoroL 2. Hence also, ca* = cd* + erf*, 

and ca* = de* -h de^. 
CoroL 3. Further, because ca* : jca* : : aD • DBor erf* : DB*, 

therefore ca : ca : : erf : D£. 

likewise ca : ea :: cD : de. 



THEOREM XVII (15). 

If from any Point in the Curve there be drawn an Ordinate, 
and a Perpendicular to the Curve, or to the Tangent at 
that Point : Then, the 

Dist. on the Trans, between the Centre and Ordinate, CD : 

Will be to the Dist. pd : : ^ 

As Sq. of the Trans. Axis : 
To Jjq. of the Conjugate. 



ca' 



That is, 
ea* :: DC 



DP. 




For, bytheor. 2, cA* : ca* :: ad.db : de, 
But, by rt. angled As, the rect. td . dp = de* ; 
and, by cor. 1, theor. 16, cd • Dt = ad . DB ; 

therefore - - ca* : ca* :: td.dc : td. dp, 



or 



. . AC* 



ca' 






DC 



DP. 



aB.D. 



theorem XVIII (18). 

If there be Two Tangents drawn, the One to the Extremity 
of the Transverse, and the other to the Extremity of any 
other Diameter, each meeting the other's Diameter pro- 
duced } the two Tangential 1 riangles so formed, will be 
equal. 



That is, 

the triangle cet = the 

triangle can. 




For, draw the ordinate de. Then 
By sim. triangles, CD : ca : : C£ : CN ; 
but, by. theor. 7, CD : ca :: CA : CT; 
theref. by equal, ca : ct : : cs : cn. 



The 



OF THB ELLIPSB. 



The two triangles cet, can have then the angle c common^ 
and th^ sides about that angle reciprocally proportional^ thosis 
triangles are therefore equal, namely, the A get = A. can, 

CoroL 1. From each of the equal tri. CBTf, can, 
take the common space cape, ' 

. and there remains the external A pat = A pne. 

CoroL Q. Also from the equai triangles cet, can, 
take the common triangle ced, 

and there remains the A ted = trapez. aned. 

THEOREM XIX (19). 

The same being supposed as in the last Proposition ; then 
any Lines kq, ao^ drawn parallel to the two Tangents^ 
shall also cut off equal Spaces. That is. 



N Ji 



AKaG=trapez.ANHO, 
and Ak^^ = trapez. anA^. ^ 

T K 




For, draw the ordinate db. Then 
The three sim. triangles can, cde, cgh, 
are to each other as c a*, cd*, co* ; 

th. by div. the trap, aned r trap, anhg : : ca*— cd* : CA*— co*. 
But, by theor. 1, de* : oa* : :ca*— cd* : ca*— CO*, 

theref. byequ. trap, aned : trap, anhg : : de* : oa*. 

But, by sim. As, tri. ted : tri. Kdo : ; de* : oa* ; 

theref. by equality, aned : ted : : anhg : KaG. 

But, by cor. 2, theor. 18, th^ trap, aned = A ted ; 
and therefore the trap, anhg = A Kao. ' 
In like manner the trap. anA^ = A Kjg". cle.d. 
. CoroL 1. The three spaces anhg, tehg, itao are all equal. 
. CoroL 2. From the equals anhg, KaG, 
take the equals anA^", Kqg^ 
and there remains ghiiG = gqoG. . 

CoroL 3. And from the equals ghuOj gqoOy 
take the common space ggi^HG, 
and there remains the A luh = A j^qk. 

CoroL 4. Again from the equals Kao, tehg, 
take the common space klhg, 
and therig remains telk = A lqh. 

CoroL 



CONIC SECTIONS. 




• 

CoroL 5. And when, 
by the lises kq, gh, 
moving with a parallel 
motion, Ka comes into 
the position ik, where 
CR is the conjugate to 
CA ; then 

the triangle Kac becomes the triangle IRC, 
and the space anhg becomes the trir.ngle anc ^ 
and therefore the A irc = A anc = A tec. 

Coy'ol. 6. Also when the lines Ka and Ha, by moving 
with a parallel motion, come in^o the position ct*, m^, 
- the triangle, Lan becomes the triangle c^m, 

and the space telk becomes the triangle tec ; 

and theref. the A cdM zz A tec — A anc = A irc. 



THEOREM XX (20). 

Any Diameter bisects all its Double Ordinates, or the Lines 
drawn Parallel to the Tangent at its Vertex, or to its Con- 
jugate Diameter. 

b 



That is, if a^ be parallel 
to the tangent te, or to ce, 
then shall La = i^. 




For, draw an, qh perpendicular to the transverse. ^ 

Then by cor. 3 theor. 19 y the A LaH = A u^k ; 
but these triangles are also equiangular ; 
consequently their like sides are equal, or lq^lj'. 

CoroL Any diameter divides the ellipse into two equal 
parts. 

For, the ordinates on each side being equal to each other, 
and equal in number ; all the ordinates, or the area, on on6 
side of the diameter, is equal to all the ordinates, or the area, 
on the other side of it. 



THEOREM 



OF THE ELLIPSE. 




THEOREM XXI (21). 

As the Square of any Diameter : 
Is to the Square of its Conjugate : : 
So is the Rectangle of any two Abscisses : 
To the Square of their Ordinate. 

- That is, CE* : cd* : : EL . lg or CE* - CL* : Ltt*. 

For, draw the tangent 
TE, and produce the or- 
dinate QL to the trans- 
verse at K. Also draw 
an, CM perpendicular 
to the transverse, and 
meeting eg in h and M. 
Then, similar triangles 
being as the squares of their like sides, it is, 
by sim. triangles, A cet : A cLKl : : CE* : cl' ; 
or, by division, A cet .-trap, telk i: ce* : ce* — cl*. 
Again, by sim. tri. A cf M : A Lan : : ce^ ' lq*. 
But, by cor. 5 theor. 19, the A c€M = A cet, 
and, by cor. 4? theor. J 9, the A lqh == trap, telkj 
theref. by equality, ce* : ce* : : ce- — cl* : lq*, 
or - - CE* : ce^ :: el .lg : lq*. a.E.D. 

CoroL I. The squares of the ordinates to any diameter, 
are to one another as the . rectangles of their respective 
abscisses, or as the difference of the squares' of the semi- 
diameter and of the distance between the ordinate and centre. 
For they are all in the same ratio of ce* to xe?*. 

CoroL 2. The above being the same property as that be- 
longing to the two axes, all the other properties before laid 
down, for the axes, may be understood of any two conjugate 
diameters whatever, using only the oblique ordinates of these 
diameters, instead of the perpendicular ordinates of the axes; 
namely, all the properties in theorems 6, '7, 8, 14, 15, 16, 
18 and 19. 

theorem XXII (22). 

If any Two Lines, that any where intersect each other, meet 
the Curve each in Two Points ; then 
The Rectangle of the Segments of the one : 
Is to the Rectangle of the Segments of the other : : . 
As the Square of the Diam. Parallel to the former : 
To the Square of the Diam. Parallel to the latter. 

That 
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P_^ 



That is, if OR and or be 
Parallel to any two Lines 
THQLfpHq ; then shall 
CR* : or* :: ph., na : pH . Hy. 




TlLl 



GH* : : A CRI 
GP* — CH* : : 
CH* : : ^ CTE 
CB* — CH* ; 



: A GPK, 
: A ghm; 
CRI : kphm. 
: A cmh ; 
A CTE : tehm. 



For, draw the diameter che> and the tangent te, and its 
parallels pk, ri, mh, meeting the conjugate of the diameter 
CR in the poixKs T, K, i, M. Then, because similar triangles 
are as the squarejj of their like sides, it is, 

by sim. triangles, or* : gp* :< A cri 

and - - - CR' 

theref. by division, cr* 

Again, by sim. tri. c e* 

and by division, ce'^ 
But, by cor. 5 theor. 19, the A cte = A CIR, 
and by cor. 1 theor. 19, tehg == kphg, or tehm =e kphm;' 
theref. by equ. CE* : CE^ — ch* : : CR* : gp*— gh* or ph. HO. 
In like manner ce^ : ce* — CH* : : cr* : pH . ny. 
Theref. by equ. CR* : cr* : : ph . Ha : pH . ug. cl e. d. 

CoroL 1. In like manner, if any other line P'hY> parallel 
to cr or to pq^ meet PHa ; since the rectangles PH^a, p'n'q' 
are also in the same ratio of CR^ to cr* ; therefore rect. 
PHa : pnq ^ : PH a : p'u'q. 

Also, if another line p'Aa' be drawn parallel to pa or CR ; 
because the rectangles p'Aa', p'hq'zrQ still in the same ratio, 
therefore, in general, the rect. PHa : paq : : p'Aa' : p'hq\ 

That is, the rectangles of the parts of two parallel lines, 
are to one another, as the rectangles of the parts of two other 
parallel lines, any where intersecting the former. 

CoroL 2, And when any of the lines only touch the curve, 
instead of cutting it, the rectangles of such become squares, 
and the general property still attends them. 



That is, 
CR* : cr^ < : te* : T€*, 
Or d:R : cr : : te : Te. 
and CR : cr : : /£ : te. 



CoroL 3. And henc^ te : « : : /E : te. 




SECTION 
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OF THE HYPERBOLA. 



THEOREM XIV (5). 



The Sum or Difference of the Semi-transverse and a Line 
drawn from the Focus to any Point in the Curve, is equal 
to a Fourth Proportional lo the Semi- transverse, the Dis- 
tance from the Centre to the Focus, and the Distance from 

' the Centre to the Ordinate belonging to that Point of the 
Curve. 




DH* - AG* 



That is, 
FE + AC = ci, or FE=AI; 
and ./e — AC=:CI, oryE=Bi. 
Where ca : cf : : CD : ci the 
4th propor. to ca,^ cf, cd. 



For, draw AG parallel and equal to ca the semi- conjugate; 
and join cg meeting the ordinate de produced in h. , * 

Then, by theor. 2, ca* : ag* : : cd* — ca* : de* ; 
and, by sim. As, CA* : AG* : : CD^ — ca' 
consequently de* = dh* — a g* = dh* — ca*. 

Also FD = cf CO CD, artd fd* = cf* — 2cf . cd + cd*; 
but, by right angled triangles, fd* + de* = fb* ; 
therefore fe* == cf* — ca* — 2cf . cd + cd* + DH*. 

But by theor. 4, cf* — ca* =: ca*, 
and, by supposition, 2cF . CD = 2cA . ci ; 
theref. fe* = ca* — 2c a . ci + CD* -f- dh*. 

But, by supposition, CA*^ cD* : : cf* or ca* + AG* : CI*; 
and, by sim. As, CA* : cd* : : C4* -f- ag* : CD* + dh* ; 
therefore - ci* = CD* + dh* = CH* ; 

consequently - fe* = ca* — 2ca . ci -f ci*. 
And the root or side of this square is fe = ci — ca = ai,. 
In the same nianner is foundys = ci -h ca = Bi. a. e. p. 

CoroL 1. Hence cb = ci is a 4th propor. to CA| cf, cd. 

Corol, 
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Cord. 2. And/fi + pe = 2ch or 2ci ; or pe, ch,/e are 
in continued arithmetical progression^ the common difference 
being CA the semi-transverse. 

CoroL 3. From the demonstration it app^ars^ that db*=: 
DH* — AG* = DH* — ca*. Consequently dh is every where 
greater than de ; and so the asympto'te cgh never meets 
the curve> though they be ever so far produced : but dh and 
DE approach nearer and nearer to a ratio of equality as they 
recede farther from the vertex> till at an infinite distance they 
become equal, and the asymptote is a tangent to the curve at 
an infinite distance from the vertex. 



THEOREM XV (II). 

If a Line be drawn from either Focus, Perpendicular to a 
Tangent to any Point of the Curve ; the Distance of their 
Intersection from the Centre will be equal to the Semi- 
transverse Axis. 




That is, if Fp, /p be perpen- 
dicular to the tangent tp/?, 
then shall cp and cp be each 
equal to CA or CB. 



For, through the point of contact e draw fe andyk, meet- 
ing FP produced in G. Then, the 4 gep= Z fep, being each 
equal to the ^f^s-py and the angles at p being right, and the 
side PE being comnK>n,;^the two triangles gep, fep are equal 
in all respects, and so ge = fe, and gp = fp. Therefore, 
since fp = ^fg, and fc = tF/> and the angle at f common, 
the side cp will be = \fG or -JAB, that is CP = CA or CB. 

'And in the same manner cp = cA or cB. ou £. d. 

CoroL 1 . A circle described on the transverse axis, as a 
diameter, will pass through the points P, p ^ because all the 
lines CA, cp, cp, cb, being equal, will be radii of the circle. 

CoroL 2. CP is parallel to^Ei and cp parallel to fe. 

CoroL 3. If at the intersections of any tangent, with the 
circumscribed circle, perpendiculars to the tangent be drawn, 
they will meet the transverse axis in the two foci. That is, 
the perpendiculars pf, p/'give the foci w,/* 

THEOREM 
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THEOREM XVI (12). . 

The equal Ordii:iate5, or the Ordmates at equal Distances 
from the Centre, on the opposite Sides and Ends of an 
Hyperbola, have their Extremities connected by one Right 
Line passing through the Centre, and that Line is bisected 
by the Centre., 

That is, if CD = cg, or the 
ordinate de = gh ; then shall 
CE = CH, and EpH ^ill j>e a 
right line. 



For, when CD =: cG, then also is D£ = gh by cor. 2 theor. 1. 
But the Z. D = Z. o, being both right angles ; 
therefore the third side ce = ch^ and the Z.dc£ =:,Z.gch, 
and consequently ech is a right line. 

Carol, 1. And, conversely, if ech be a right line passing 
through the centre ; then shall it be bisected by the centre, 
or have ce = ch ; also de will be = gh, and CD i= co. 

CoroL 2. Hence also, if two tangents be drawn to the two 
ends E, H of any diameter eh ; they will be parallel to each 
other, and will cut the a^s at equal angles, and at equal dis- 
tances from the centre. For, the two CD, ca being equal to 
the two CO, CB, the third proportionals CT, cs will be equal 
also; then the two sides CE, CT being equal to the two ch, 
CS, and the included angle ect equal to the included angle 
hcs, all the other corresponding parts are equal : and so the 
Z.T= Z-s, and TE parallel to hs. 

CoroL 3. And hence the four tangents, at the four ex- 
tremities of any two conjugate diameters, form a parallelogram 
inscribed between the hyperbolas, and the pairs of opposite 
sides are each equal to the corresponding parallel conjugate 
diameters. — For, if the diameter eh be drawn parallel to the 
tangent te or hs, it will be the conjugate to eh by the defi- 
nition ; and the tangents to eh will be parallel to each other, 
and to the diameter eh for the same reason. 

■ 

V _ - - 1 

THEOREM. XVn (13).. 

Jf two Ordinates ED, ed be drawn from the Extremities e, e, 
of two Conjugate Diameters, and Tangents be drawn to the 
same Extremities, and meeting the Axis produced in t 
and R ; 

Then 
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Then shall cd be a mean Proportional between cd^ dK, 
and cd a mean Proportional between cd, dt. 




For, by theor. 7, cd : CA 
and by the same, cd : c a 
theref. by equality, CD : cd 
* But by sim. tri. dt : cd 
theref. by equality, CD : cd 
In like manner, cd : cd 
Carol, 1. Hence cd : cd :: CK : 



CT, 



CR 



CA 
CA 

CR : CT. 
CT : CR ; 

cd : DT. 

CD : dK. 

CT. 



O. 1. D. 



CoroL 2. Hence also cd : cd :: de i dr. 
And the rect. cd.de z=icd. de, or A cdb x a cde. 

CoroL 3. Also a/* = CD . dt, and cd* = erf. du. 
Or erf a mean proportional between cd, dt ^ 
aad CD a mean proportional between erf, rfR. 



: rfc : rfn'. 



THEOREM XYIU (14). 

The same Figure being constructed as in the last Proposition, 
each Ordinate will divide the Axis, and the Semi*axis 
added to the external Part, in the same Ratio. 

[See the last fig.] 

That is, DA : DT : : DC : DB, 
' and rfA : rfR 

For, by theor. 7, CD 

and by div. cD 

' and by comp. CD 

or - - DA 

In like manner, rfA : an :\* Uc : dB* a. s. d. 

CoroL 1. Hence, and from cor. *i to the last prop, it is, 

erf* = CD . DT = AD . DB = .CD* — CA*, 

and erf . rfR =s Arf . rfa = c a* — erf*. ' 
CaroL 2. Hence also c A*= cd* — erf*, and ca*crd^ — db*. 

V 

CaroL 3. Farther, because ca* : ca* : : ad . db or erf* : DE*. 

therefore ca : cu : : erf : db. 
likewise CA : ca : : CD : ue. 

THEOREM 



CA : : CA 
CA : : AD 
DB : : AD 
DT : : DC 
rfR :\* rfc 



CT, 
AT, 

bT, 

DB. 

rfB. 



, 
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THEOREM XIX (15). 

If from any Point in the Curve diere be dra#n an Ordinate, 
and a Perpendicular to the Curve) or to the Tangent at 
that Point : Then the 

Dist. on the Trans, between the Centre and Ordinate, cd : 

Will be to the Dist. pd : : 

As Square of Trans. Axis : \ — -f — x. 

To Square of the Conjugate. 

That is, 
CA* : ca* : : DC : DP 



For, by theor. 2, ca* : ca* : : ad . db : DE*, 
But, by rt. angled A s, the rect. td . dp =: DE* i 
and, by cor. 1 theor. 16, CD . dt = ad . PB ; 

therefore - - ca* : ca* : : td i dc : td . DP, 




or - - - - cA' 



ca^ : : dc 



: DP. 



Q. B. D. 



THEOREM XX (18). 

If there be Two Tangents drawn, the One to the Extremity 
of the Transverse, and the other to the Extremity of any 
other Diameter, each meeting the other's Diameter pro- 
duced ; the two Tangential Triangles so formed, will be 
equal. 



That is, 
the triangle cbt = 
the triahgle can , 



For, draw tlie ordinate de. Then 
By sim. triangles, CD : CA : : CE : cn ; 
, but, by theor. 7, CD : ca : : ca : CT; 
theref. by equal, ca : ct : : ce : CN. 

The two ti^angles cet, cA)f have then the angle c common, 
and the sides about that angle reciprocally proportional; those 
triangles are therefo^ equal, viz. the A cet = Acan. a.B.D. 

Corol, 




16 CONIC SECTIONS. 

CoroL 1. Take each of the equal tri. CET> can, 
from the common space caps, 
and there remains the external A pat = A pn£. 

CofoL 2. Also take the equal triangles CEts can, 
from the common triangle ced, 

and there remains the A ted = trapez. aned. 



THEOREM XXI (19). 

The. same being supposed as in the last Proposition; then 
any Lines kq, gq, drawn- parallel to the two Tangents, 
shall also cut off equal Spaces. 



That is, 



X nai IS, 

the A. Kao = trapez. anhg. 

and A Kqg = trapez. kvhg. 




T KA5 13 



CD*— CA*:co*— ca*; 
DE* ; oa*. 
DE* : oa* ; 
anh6 : Kao. 



For, draw the ordinate de. Then 

The three sim. triangles can, cde, cgh^ 

are to each other as ca*, cd% co* ; 

th. by div. the trap, aned : trap, anhg :: CD* — CA*: CO*— CA*. 

But, by theor. 1, " de* : oa* : 

theref. by equ. trap. aned : trap, anhg : 

But, by sim. As, tri. ted : tri. xao : 

theref. by equal, aned : ted 

But, by cor, 2 theor. 20, the trap, aned = A ted ; 

and therefore the trap, anhg = A kqg. 

In like manner the trap. An^ = a Kqg, a.E.D. 

CoroL 1. The three spaces anhg, tehg, kqg are all 
equal. 

CoroL 2. From the equals anhg, k^g, 
take the equals anA^, Kjg", 
and there remains ^Ahg = ^^'ao. 

Corol. 3. And from the equals ghuOf gq^ia^ 
take the common space gqjjUG, 
and there remains the A lcui =: A Lgh. 

QoroL 4. Again, from the equals Kao, tehg, 
take the common space klhg, 
.and there remains ' telk = Ai^an. 

CoroL 
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Corol. 5. And when, by 
the lines Ka, CB, moving 
with a parallel motion, kq 
comes into the position ir, 
where CR is the conjugate to 
Ca; (hen 

the triangle kad bfecomes th^ trisiligle iRC, 
and the spiace anhg becomes the triangle anc j 
and therefore the A irc = A anc = A tec, 

CoroL 6. Also when the lines kq and Ha, by inoving with 
a parallel motion, come into the position ce, m^, ' 
the triangle LaH becomes the triangle cfM, 
and the space telk becomes the triangle tec ; 
and theref. the A c^m = A i*ec = A anc = A irc. 



THEOREM XXil (20); 

Any Diameter bisects all its Double Ordinates, or the lanes 
drawn Parallel to the Tangent at its Vertex, or to its Con^^ 
jugate Diameter; 



That IS, if ay be paral- 
lel to the tangent te, or 
td c^, then shall lq==l^. 




tor, draw oh, yA perpendicular to the transverse.' 
Then by cor. 3 theor. 21, the A lqh = A Lqh ; 
but these triangles are also equiangular ; 
conseq. their jiike sides are equal, or lq = Ly. 

CoroL 1. Any diameter divides the ellipse into two eqiial 
parts. 

Foi*, the ordinates on each side being equal to eacfh other, 
and equal in number | all tiie ordinates, or the area, on one 
side of the diameter, is equal to all the ordinates, or the area» 
dn the other side of it. 

CoroL 2. In like manner, if the ordinate be produced to 

the conjugate hyperbolas at Q^, q\ it may be proved that 

Vol. III. C Lof 
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OOKIC SBCTIONS. 



'LQL=^ijq\ Or if Uie tangent tb be produced, then ev=5B1V. 
Also the diameter gceh bisects all lines drawn parallel to tb 
or Qfi and limited either by on< hyperbola^ or by its two con* 
jugate hyperbolas. 



THEOREM XXIII (21)* 

f.s the Square of any Diameter : 
s to the Square of its Conjugate : : 
So is the Rectan£|lc of any two Abscisses : 
To the Square o? their Ordinate. 
That is, CE* : c^ : : el . lg or cl* — ce* : lq^. 



t 




For, draw the tangent 
TE, and produce the ordi- 
nate, aL to the transverse 
at K. Also draw oh, ehk 
perpendicular to the trans- 
verse, and meeting eg in 
H and M. Then, similar 
triangles being as the 
squares of their like sides, 
it is, 

by sim. triangles, A cet .: A CLK : : ce* : cb* ; 

or, by division, . A cet : trap. tej.k : : cb* : CL* — CB*. 

Again, by sim. tri. A CdM : A lqh : : ce* : lo*. 

But, by cor. 5 theor. 21, the A c^m = A cet, 

and, by cor. 4 theor. 21, the A lom = trap, tblk; 

thef ef. by equality, ce* ; cc* : : cl* — CE* : La*, 

or - . - CE* : ce* : : EL . LG : La*. a. b. d* 

Cor oh 1. The squares of the ordinates to any diameter, 
are to one another as the rectangles of their respective ab- 
scisses, or as the difference of the squares of the semi-diame- 
ter and of the distance between the ordinate and centre. For 
they are all in the same ratio of ce^ to ce*. 

CoroL 2- The above being the same property as that be- 
longing to the tw^o axes, all the other pi^operties before laid 
down, for the axes, may be understood of any two conjugate 
diametei:s whatever, using only the oblique ordinates of these 
diameters instead of the perpendicular ordinates of the axes j 
namely, all the properties in theorems 6, 7, 8, 16, 17, 20, 2K 

CoroL 3. Likewise, when the ordinates are continued to 
ti^ conjugate hyperbolas at a', q\ the same properties still 
obtain, substituting only the Sum for the difference of the 
squares of ce and cl, 

That is, CE* ; ce* : : cl* +• ce* : La'*. 
Apd so LQ* : La'*: : CL^ — cK* : cL* -t- CE*. 

CoroL 
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Corol: 4. When, by tha motion of i.(i' parallel tp itself, 
that line coin(:idei with ev, the last corollary becomes 
ce' : ce* : : 2CE* : EV^, 
or Cc* : ET* : : 1 : 2, 
or C£ : ET : : 1 VS, 
or as the side of a square to its diagonal. 
That )s,'in all conjugate hyperbolas, and all their diame<' 
ters, any diameter is to its parallel tangent, in the constant 
ratio of the side of a squ ^e to its diagonal. 

/ THEOBEM XXir (2S). 

If anyTwo Lines, that any where intersect each Other, meet 
the Curve each in Two Points j then 
The Rectangle of the Segments of the one : 
Is to the Rectangle of the Segments of the other r : 
As the Square of the Diam. Parallel to the former : 
To the Square of the Diamt PafiiHel to the latterj 



' That h, if CR and 
CI* be parallel to anj 
two lines phq, pu^i 
ihen shall CR' : c?-' : : 
PH. Ha: pH.Hf. 



For, draw the diameter CHE, and the tangent ±E, and its 
parallels PK, Ri, mh, meeting the conjugate of the diameter 
CR in the points T, K, i, M. Then, bectuoe simitar triangles 
are as the squares of their like sides, it is, 

by sim. triangles, CR' : GP* ; : A CRi : A GPE, 
add - - CR* : GH' : ; A CBi :" A ghm } 
theref. by division, cr' : cp' — Gh' : : CEi : kphM. 
Again, by sim. tri. ce' : CH' : : A ctk : A CM|] ; 
and by division, CE' ; ch"- — ce* : : A Cte : TEHM. 
But, by cor. 5 theor. 21, the A CTE = A ciR, 
and by cor. 1 theor. 21, tehg = kfhg, or TEHU zeKphm; 
theref. by equ, ce' : ch' — cE^ : : cr' : gp'— CH'orPH.HQ. 
In like manner ce* : ch' — cr"- : : ^r* : pH . h?- 
Theref. by equ. CR': cr* : : PH.Htt : pn,ug. o-e.D. 

C2 Corol. 



20 



CONIC SECT10N9. 



Carol. 1 • lu like manner, if any other line p'lsi^^ parallel 
to cr or to pq^ meet PHa ; since the rectangles PH'a> p'»!^ 
are also in the same ratio of or* to cr* \ therefore the rect. 
PHa : pHq : : PH'a : p'nq. 

Also, if another line p7f q' be drawn parallel to pq^or cr ; 
because the rectangles p^Aq', p'hq are still in the same ratio, 
therefore^ in general, the rectangle PHa : pviq : : p'Aa' : p*hq\ 
That is, the rectangles of the parts of two parallel Imes, are 
to one another, as the rectangles of the parts of two other 
parallel lines, any where intersecting the former. 

CoroL 2. And when any of the lines only touch the curve, 
instead of cutting it, the rectangles of such become squares, 
and the general property still attends them. 



Thatisr 
CR^ fcr* :: TE* : T^, 
or CR : cr : : TB > t^, 
and CR : cr : : /e : te^ 



Cord. 3. And hence te : t^ : : /£ : te. 

THEOREM XXV (23). 

If a Line be drawn through any Point of the Curves, Parallel 
to either of the Axes, and terminated at the Asymptotes » 
the Rectangle of its Segments, measured from that Point, 
will be equal to the Square of the Semi-axis to which it is 
parallel. 




That is, 
the rect. hex or R^KssQiS 
and rect. Ae^ or hek =:^qk\ 




For, draw al parallel to ca, and ol to ca. Then 
by the parallels, ca* : ca* or AX* : : cd' : DH* ; 
and, by theor. 2, ca* : ca* : : CD* — ca* : de* ; 
theref. by subtr. c a* : ca* : : ca* : DH* — de* or. HEK. 
But the antecedents CA*, c A* are equal, 
theref. the consequents ca*, hek must aUo be equaL 



In 
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In like manner it isagain^ 
by the parallels, ca* : ca* or al* : : CD* : dh* ; 
and, by theor 3, ci* : ca'^ : : cD* -f CA^ : De* ; 
theref. by subtr. ca* : ca* : : ca* : Dtf^ — dh* or HtfK* 

But the antecedents ca% ca* are the same, • 

theref. the conseq. ca% ncK muit be equal. 

In like manner^ by changing .the axes, is hnk or hek =3 CA\ 

CaroL 1. Because the rect. hek z: the rect. H^K. 
therefore eh : en : : ^k : EK. 
And consequently he is always greater than ne, 

CoroL 2. The rectangle Aek = the rect. he*. 
For, by sim. tri. eA : eh : : eA: : EK. 

SCHOLIUM. 

It is evident that this proposition is genersd for any line 
oblique to the axis also, namely, that the rectangle of the 
segments of any line, cut by the curve, and terminated by the 
asymptotes, is equal to the square of the semi-diameter to 
which the line is parallel. Since'the demonstration is drawn 
from properties that are common to all diameters. 



THEOREM XKYI (24). 

All the Rectangles are equal which are made of the Seg- 
ments of any Parallel Lines cut by the Curve, and limited 
by the Asymptotes, 



l^at is, 
the rect. hek = h^k. 
andrec^ HeA =z hek. 




For, each of the rectangles hek or h« is equal to the 
square of the parallel semi-diameter cs j and each of the rect- 
angles hEk or hek is equal to the square of the parallel semi- 
diameter CI. And therefore the rectangles of the segments 
of all parallel lines are equal to one another. a. e. d. 

Corol. 
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Cord. 1. The rectangle hek being consttntly the same, 
whether the point e is taken on the one side or the other of 
the point of contact i of the tangent parallel to hK) it fol- 
lows that the parts he, ke, of any line hk» are equal. 

And because the rectangle h^k b constant, whether the 
point e is taken in the one or the other of the opposite hy^ 
perbolasi it follows, that the parts Hr, %e^ are also equal. 

Ccrd. 2. And when hk comes into the position of the 
tangent dil, the last corollary becomes IL s= id, and im=in, 
and Lii = DN. 

Hence alsO the diameter ciR bisects all the parallels to dl 
which are' terminated by the asymptote, namely rh = rk. 

Corel. 3. From the proposition, and the last corollary, it 
follows that the constant rectangle hek or ehe is = IL^. Afid 
(be equal constant rect. H€K or ene zz mln or im' — il^« 

Corol, 4. And hence il = the parallel semi-diameter C8« 
For, the rect. ehe = il*, 
' and the equal rect. cue = im* — IL%. 
theref. IL* = IM* — il*, or .im* = 2iL* ; 
but, by cor. 4 theor. 23, im* = 2cs% 
and therefore - - il = cs. 
And so the asymptotes pass through the opposite angles of 
ail the inscribed parallelograms. 

THEOREM XXVIl (25). 

The Rectangle of any two Lines drawn from any Point in 
the Curve, Parallel to two given Lines, and Limited by 
the Asymptotes, is a Constant Quantity. 

That is, if ap, eg, di be parallels, 
as also. AQ, £K, DM parallels) 
then shall the rect. pA(^= Vect. gek = rect. idai* • 




For, 
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For, produce ^e, md to the otber asymptote at h, l. 
Then, by the parallels, HU : G£ : : ld : lo ( 
but - - - SK. : EK :: DM : DM; 
theref. the rectangle hek : gek : : ldi^ idm. 
But, by the last theor. the rect, hek = ldm ; 
and therefore th^ rect. gek = idm = paq. a. E. d. 

THEOREM XXVIII (27). 

. Every Inscribed Triangle,^ formed by any Tangent and the 
two Intercepted Parts of the Asymptotes, is equal to a 
Constant Quantity ; namely Double the Inscribed Paral- 
lelogram. 

That is, the triangle cts = 2 paral* gk. 

For, since the tangent ts is 
bisected by the point of contact 
£, and £K is parallel to re, and 
CE to CK ; therefore CK, ks, ge 
are all equal, as are also CG, gt, 
JCE. Consequemry the triangle 
OTE = the triangle kes, and 
each equal to half the constant inscribed parallelogram gk. 
And therefore the whole triangle CTS, which is composed of 
the two smaller triangles and the parallelogram, is equal to 
double the constant inscribed parallelogi^m gk# q« e. o. 

^ THEOREM XXIX (29). 

ly from the Point of Contact of any Tangent, and the two 
Intersections of the Curve with a Line parallel to the 
Tangent, three parallel Lines be drawn in any Direction, 
and teraiinated by either Asymptote j those three Lines 
shall be in continued Prc^ortion. 



That is, if hkm and the 
tangent il be parallel, thwi 
are the parallels dh, ei, ok 
in continued proportion. 





For, by the parallel^, £i : |l : : bh : hm j 

6Uid, by the saix^^ Ml : ih : : QK : km ; 

ther^. by cocopo^. ej^ : it* : : dh . gk : hmk ) 

but, by theor. 26, the rect. hmk = il* 5 

and theref. the rect. : db • OK » El% » 

or - - - V DH : n :; EI ; CK. a.B.D, 

THSORSM 
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TH^OBBM XXX (SO). 

Draw the semi-dlaumeters ch, cin» CK ; 
Then shall the sector CHi = the sector ciK. 




|i^or^ because hk and all its parallels are bisected by cm, 
therefore the triangle cnh =; iri. cnk, 
and the segment inh = seg. ink} 

consequently the sector cih = sec. cik» 
Corol. If the geometricals dh, £i> g& be parallel to the 
other asymptote^ the spaces DHIB, eikg will be equal ; for 
they ai'e equal to the equal sectors CHi, cik. 

So that by taking any geometricals cd, cE) CGy Sec, and 
drawing dh, ei, gk, &c, parallel to the other asymptotes as 
also the radii ch, ci, ck » 

then the sectors CHI9 cik^ Sec, 
or the spaces dhis, fiiKG, &c, 
will be all equal among themselves. 
Qr the sectors chI) chx» &Cf 
or the spaces dhie/ dhkg, &c, 
will be in arithmetical progression. 
And therefore these sectors^i or spaces, will be analogous tQ 
the logarithms of th^ lines or bases cd, cb, cg^ &c j namdy 
CHI or DHIE the log. of the ratio of 

oi>tocE,orbfcEto CG, &c; orof EitoDH^orofcKtoEi^&c) 
and CHK or X)hkg the log. of the ratio of 
CD to CO, &c, or o{ GK to DH| &c. 



SECTION III. 
OF THE PARABOLA. 

t 

THEOREM XX (7). 

If an Ordinate be drawn to tlie Point of Contact of any 
Tangenti and another Ordinate produced to cut the Tan«» 
gent ; It will be, as the Difference of the Ordinates : 

Is to the Difference added to the external Part : : 

So is Double the first Ordinate : 

To the Sum of the Ordinates. 

Tha^ 
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That is, KH : Ki : : KL ; kq'. 




t H 



For, by con 1 theor. 1, P : dc : : dc : da, 

and - - - P : 2dc : : dc : dt or 2da, 

But, by sim. triangles, ki : Kc : : Dc : dt ; 

therefore by equahty, p : 2dc : : ki : KC, 

pr, f ^ - p : Kr : : KL : KC. 

Again, by theor. 2, p : kh : : kg : Kc; 

thj^refore by equality, kh : ki : : KL : kg. cue.D. 

Corol. 1, Hence, by coipposition and division, 
it is, KH : KI : : GK : G|, 
and HI : HK : : HK : kl, 
also IH : IK : : IK : IG ; 
that is, IK is a mean proportional between IG and in. 

CoroL 2. And from this last property a tangent can easily 
be drawn to tl^e curve from any given point I. Namely, 
draw IHG perpendicular to the axis, and take IK a mean pro* 
portional between ih^ ig ; then dl-aw kc parallel to the axi^^ 
and c will be the point of contact, through which and the 
gjven point i the tangent ic is to be drawn. 

THEOREM XXI (16), 

If a Tangent cut any Diameter produced, and if an Ordinate 
to that Diameter be drawn from the Point of Contacts 
then the Distance in the Diameter prodticed, between the 
Vertex and the Intersection of the Tangent,- will be equal 
f Q the Absciss of that Ordinate* 




That is, TE = EK. 
For, by the last th. ie : ek :: ck: kl. 
But, by theor. 11 , CK = kl, 
and therefore IB = ek. 



CoroL 1. The two tangents ci, li, at the extremities of 
any double ordinate cl, meet in the same point of the diame- 
ter of that double ordinate produced. And the diameter 
dra^ through the intersection of two tangents^ bisects the 
Une connecting the points of contact. 

Corol^ 



M 



come SKCTIOKt. 



Carol. 2. Hence we bave another method of drawing a 
tangent from any given point i without the curve. Nameljy 
from I draw the diameter IK9 in which take EK = EI9 and 
through K draw CL parallel to the tangent at £ ; then c and t, 
are the points to which the tangents must be drawn from i. 

THBOEBM XXU (18)^ 

If a Line be drawn from the Vertex of any Diameter^ to cut 
the Curve in some other Point* and an Ordinate of that 
Diameter be drawn to that Point, as also another Ordinate 
any where cutting the Line, both produced if necessary : 
The Three will be continual Proportionals, namely, the 
two Ordinates and the Part of the Latter limited by the 
said Line drawn from the Vertex. 



That is, DE, OH, Gi are 
continual proportionals, or 
DE : GH : : GH : oi. 



For, by theor. 9, - - - de* : gh* : : ad : ag ; 
and, by sim. tri. - - - DE : Gi : : ad : ~ag ; 
theref. by equality, - - DE : gi : : DE* : gh% 
that is, ofthe three de,gh>gi, 1st : 3d : : 1st*: 2d*j 
therefore - - - 1st : 2d : : 2d : 3d, 
that is, - - - - DE : gh : : GH : GI. Q* e. d. 




CoroL 1. Or their equals, gk, gh, gi, are proportionals; 
where ek is parallel to the diameter ad. 

CoroL 2, Hence it is de : AC :: p : Gi» where p is 
the parameter, or ag : Gi : : de : p. 
For, by the defin. ag : gh : : gh : p. 

CoroL 3. Hence also the three mn, mi, mo, are propor- 
tionals, where mo is parallel to the diameter, and am parallel 
to the ordinate^* 

For, by theor, 9, - mn, mi, mo, 
or their equals - AP, ag, ad, 
are as the squares of pn, gh, de, 
or of their equals gi, gv, gk, 

which are proportionals by cor. 1 .. 

I 

THEOREM XXIII (19). 

If a Diameter cut any Parallel Lines terminated by the Ctirvei 
the Segments of the Diameter will be as the Rectangle of 
the Segments of those Lines. . 

That 
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That is, £& : EM : : CK . Kir : nm . mo. 

Or, £K is as the rectangle ck . kl. 



n 




For, draw the diameter 
pfi to which the parallels 
CL, NO are ordinates, and 
the ordinate £a parallel to . 
them. 

Then ck is the differ-^-' 
ence, and kl the sum of 
the ordinates eq, cr ; also 

NM the difference, and mo the sum of the ordinates eq, ns. 
And the differences of the abscisses, are or, qs, or ek, em. 

Thenby cor. theor. 9, qr : as : : ck . kl : nm.mo, 
that is - - EK : EM ; : ck: . kl : nm . mo^ 

Carol, 1. The rect. ck.kl = rect. ek and the param. of ps. 
For the rect. ck. kl = rect, qr and the param. of ps. 

CoroL 2. If ai^y line cl be cut by two diameters, ek, gh; 
the rectangles of the parts of the line, are as the segments of 
the diameters. 

For EK is as £he rectangle ck . kl. 
and GH is as the rectangle ch . hl ; 
therefore ek ; oh : : ck . kl : ch . HL. 

CoroL 3. If two parallels, cl, no, be cut by two diame-* 
ters, EM, Gi; the rectangles of the parts of the parallels, will 
be as the segments of the respective diameters. 

For - - - EK : EM : : CK . KL : NM . MO, 

and - - - EK : GH : : ck . KL : ch . HL, 
theref. by equal, em : gh : : nm . mo : ch • HL. 

CoroL 4. When the parallels come into the position of 
the tangent at p, their two extremities, or points in the curve, 
unite in the point of contact p ; and the rectangle of the parts 
becomes the square of the tangent, and the same properties 
still follow them. 

So that, BV : PV : : pV : p. the param. 
GW : pw : : pw : pV 
* BV : GW : : PV* : PW% 
BV : OH : : PV* : CH . HL. 



THEOREM 
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THEOREM XXIT (20). 

If two Parallek intersect any other two Parallek i the RecC^ 
angles of the Segments will be respectively ProporticMial* 

That is, CK. &L : PK. kb : : ci . ih : mi. lo. 

.r A 




For, by cor. 3 thcor. 23, PK : ai : : CK • KL : OI. ih ; 

and by the same, PK : Qi : : DK . KE : Nl • lO ; 

theref. by equal, ck . KL : dk . KB : : oi . ih : ni . lo. 

CoroL, When one of the pairs of intersecting lines comes 
into the position of their parallel tangents, meeting and limit- 
ing each other, the rectangles of their segments become the 
squares of their respective tangents. So that the constant 
ratio of the rectangles, is that of the square of their parallel 
tangents, namely, 
CK.KL : DK. K£ : : tang*, parallel to CL : tang*, parallel to DE. 

THEpREM Xl^V (21). 

If there be Three Tangents intersecting each other ; their 
Segments will be in the same Proportion. 

That is, Gi : IH : : CO : GD : : DH : HE. 

For, through the points 
G, I, D, ^f draw the diame- 
ters GK, i^, DM, HN ; as 
also the lines ci, £i, which 
are double ordinates to the 
diameters GK, HN, by cor. 1 
theor. 1 6 ; therefore 
the diameters OK, dm, hn, 
bisect the lines cl, ce, le ; 
hence km = cm — ck s= iCE — ich = iLE ac ln or ne, 

and MN = ME — NE = iCE — ^LE = ^CL = CK Or KL. 

But, by parallels, Gi : ih : : kl : ln, 
and - - CO : GD :.: CK : KM, 
also - - DH : he : : mn : ne. 
But the 3d t^rms Kl, ck, mn are all equal; 
as also the 4th terms ln, km, nb. 
Therefore the first and second terms, in all the lines, are 
proportional, namely gi : ih : : CG : GD : ; DH : he. q.k.I). 

SECTION 
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SECnON IV, 




1. For the Ellipse. 
Let d denote AB, the transverse, or any diameter; 
c =: iH its conjugate ; 

X = AK, any absclsS) from the extremity of the diam. 
3/ = DK the correspondent ordinate. 
Then, theor. 2, ab' : hi' : : ak . kB : dk*, 
that is, rf' : c' : ! x{d~x) :yS hence dV = c'{(/.r ^ j:*), 
or c^ = cV{djr~x^), the equation of the curve. 

And from these equations, any one of the four letters or 
quantities, dy c, x, 3/, may easily be found, by the reduction 
of equations, when the other three are given, 

Or, if p denote the parameter, = c' -M? by its definition ; 
then, by cor. th. 2, cf : p : : x{d—xy : 31% or dy'^=p{dx—x'^)t 
wluch IS another form of the equation of the curve. 

Other-wise. 

Or, if if = AC the semiaxis ; c = CH the semiconjugate ; 
p =si^ -r-d the semiparameter % x = zk the absciss counted 
from the centre ; and 3/ = dk the ordinate as before. 
Then is AK = d-j:, and KB = rf+,r, and a^.KB =(rf--r>x 
{d-\-x) = d^ - x\ 

Then, byth. 2, d' : <- -.: rf*-,r,' :y*, and rfy=c»((i'-^j 
or (fy =: cV{d^—x^), the equation of the curve. 

Or, d:p:: d'—af -.y^, and(^ = p(f/' — ;r'), another form 
of the equation to the curve ; from which any one of the 
quantities may be found, when the rest are given. 

Q. For the Hyperbola. 
Because the general property of the opposite hyperbtHas, 
.with respect to their abscisses and ordinatesj is the same as 
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that of the ellip$e> therefore the process here is the very same 
as in the former case for the ellipse ^ and the equation to the 
curve must come out the same also, with sometimes only the 
change of the sign of a letter or term, from + to - , or from 
— to +9 because here the abseisees lie beyond or without 
^ the transverse diameter, whereas they lie between or upon 
them in the ellipse. Thus, making the same notation for the 
whole diameter, conjugate, absciss, and ordinate, as at first in 
'the ellipse ; then, the one absciss ak being .r, the other bk 
will be rf + "^f which in the ellipse was rf — x j so the sign 
of JT must be changed in the general property and equation, 
by which it becomes d^ : c* t : : x{d + Jf) : .y* ; hence ^V = 
c\dx + ;i'*) and dy =: c^{dx t- jt*), tlie equation of the 
curve. 

Or, using p the parameter as before, it is, J :p : : jr(J+ x) :j/% 
or dj/^ = p[dj: + x*)^ another form of the equation to tlie 
curve. 

Otherwise^ by using the same letters d, r, />, for the halves 
of the diameters and parameter, and x for the absciss ck 
counted from the centre j tlien is AK=.r — cf, and bk— x+rf, 
and the property d* : r* : : (x — d) x (r + d) : j/*, gives 
dy: zz c\x' — d*), or di/ = c^{x* — d*), where the signs oif 
d^ and X* are changed from what they were in the ellipse. 

Ordain, using the semiparametcr, d : p : : x^ •- d'^ ly^j 
and dy= p{x^ — (P-) the equation of the curve. . 

But for the conjugate hyperbola, as in the figure to theo- 
rem 3, the sighs of both x* and d^ will be positive j for the 
• property in that theorem being ca* : ca* : : cd* + CA* : !><?%♦ 
It is d* : c* : : X* + d* -.J/* = De^, or d^y* = c*(ar* f i\ and 
dy = Q\/{x'^ + d*), the equation to the conjugate hyperbola. 

Or, -Si^ d \ p \\ x^ ^ d^ \ jjj^^ and djj^ = /?(.r* + d*), also the 
equation to the same curve. 

' On the Equation to the Hi/perbola between the Asymptotes^ 

Let CE and cb be the two asymptotes to 
the hyperbola 'c/fd, its vertex being f, and 
Er, bd, AF, BD ordinates parallel to the 
asymptotes. Put ap or ef = a, cb = x, 
and Bi} = J/. Then, by theor. 28, af . ef 
= CB . BD, or a* = ;ry, the equation to the 
hyperbola, when the abscisses and ordiuates 
are taken parallel to the asymptotes. 

S. For the Parabola. 

If X denote any absciss beginning at the vertex, and y its 
ordinate, also p the parameter. Then, by cor. theorem 1 , 

AK 




s 
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AX : KD : : Ki> : p^or x ly \-.y \ p j hencep^ r:y is the 
^equation to thepsorabola. 

4. For the Circle. 

/ 

t 

Because the circle is only a species of the ellipse, in whict 
the two axes are equal to each other ; therefore, making the 
two diameters d and c equal, in the foregoing equations to the 
ellipse, they become j/* = dor — x\ when the absciss x begins ' 
at the vertex of the diameter ; and j^* = d!* — x\ when the, 
absciss begins at the centre^ 

SchoKum, 

In every one of these equations, we perceive that they rise 
to the 2d or quadratic degree, or to t^vo dimensions; which 
is also the number of points in which every one of these 
curves may be cut by a right line. Hence it is also that these 
four curves are ^aid to be lines of the 2d order. And these 
four are all the IJnes that are of that order, every other curve 
being of some higher, or having some higher equation, or 
roay be cut in more points by a right line. 
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ELEMENTS OF ISOPERIMETRY. 

- » 

Def, 1. When a variable quantity has its mutations regu- 
lated by a certain law, or confined within certain limits, it is 
called a maximum when it has reached the greatest magni- 
tude it can possibly attain; and, on the contrary, when it 
has arrived. at the least possible magnitude, it is called a 
minimum. 

Def. 2. Isoperimeters^ or Isoperimeirical^jiguves, are^ 
those which have equal perimeters. 

Def. 3* The Locus of any point, or intersection, &c, is 
the right line or curve in whicli these are always situated* 

The problem in which it is reqviired to fin^, among figures 
of the same or of different kinds, those which, within equal 
perimeters, shall comprehend the greatest surfaces, has long 
engaged the attention of mathematicians. 'Since the admir- 
aUe inrention^ of the method of Fluxions, this problem has 
bMB elegantly treated by some of the writers on that branch 

of 
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of analysis ; especially by Maclaurin and Simpson. A much 
more extensive problem was investigated at the time of 
'* the war of problems/' between the two brothers John and 
James Bernoulii : namely» *^ To find> among all the isoperi- 
metrical curves between given limits, such a curve» that, con- 
structing a second curve, the ordxnates of which shall be 
functions of the ordinates or arcs of the former, the area of 
the second curve shall be a maximum or a minimum." While^ 
however) the attention of mathematicians was drawn to the 
most abstruse inquiries connected with isoperimetry, the eU- 
vients of the subject were lost sight of. Simpson was the first 
who called them back to this interesting branch of research, 
by giving in his neat little book of Geometry a chapter on the 
maxima and minima of geometrical quantities, and some of 
the simplest problems conceminc; isoperimeters. The next 
who treated this subject in an elementary manner was Simon 
iihuillier, of Geneva, who, in 1782, published his treatise 
De Relatione mutua Capacitatis et Termirwrum Figurarum, 
&c. His principal object in the composition of that work 
was to supply the deficiency in this respect which he found in 
most of the Elementary Courses, and to determine, with re- 
gard to both the most usual surfaces and solids, those which 
possessed the minimum of contour with the same capacity ; 
and, reciprocally, the maximum of capacity with the same' 
boundary. M. Legendre has also considered the same sub* . 
ject, in a manner somewhat different from either Simpson or 
Lhuillier, in his Elements deGeotiietrte. An elegant geometric 
cal tract, on the same subject, was also given, by Dr. Horsley, 
in the Philos. Trans, vol. 15, for 1 775 ; contained also in the 
New Abridgment, vol. 13, page 653. The chief propositions 
deduced by these three geometers, together with a few addi- 
tional propositions, are reduced into one system in the follow* 
ing theorems. 



» ^ 



SECTION I. SURFACES. 

THEORKM I. 

Of all Triangles of the same Base, and whose Vertices fall 
in a right Line given in Position, the one whose Perimeter 
is a Minimum is that whose sides are equally inclined to 
that Line. 

Let AB be the comnlon base of a series of triangles ABcV 
AB6, &c, whose vertices €'> c, fall in the right line lm, given 

in 
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m pasitioa, then is the triangle of least 
perimeter tbsic whose sides ac, bc» are 
inclined to the line lm in equal angles. 

For, let BNt be drawn from b, per- 
pendicularly to LM, and produced till 
DM = BM : join AD, and from the point 
c where ad cuts lm draw bc : also, from any other point c', 
assumed in lm, draw c'a, c'b, c'd. Then the triangles dmc, 
BMC, having the angle dcm = angle acl (th. 7 Geom*) n 
MCB (by hyp.)» dmc =: BMC,.and dm = bm, and mc commoh 
to both, have also dc = BC (th. I Geom). 

So also, we have c'd =:= c'b. Hence Ac + c» == ac + cd 
=r AD, is- less than ac' + c'd (theor. 10 Geom.)i or than itg 
equal Ac' -f b'B. And consequently, ab + bc -lr AC is iess 
than AB + Bc' + Ac'» a. e. d. 

Cot. 1. Of all triangles of the same base and the satne aU 
titode, or of all equal triangles of the same base^ the isosceles 
triangle has the smallest perimeter. 

For, the locus of the vertices of all triangles of the same 
altitude will be a right line LM parallel to the b9se ; and 
when LM in the above figure becomes p^allel to ab, since 

MCB = ACL, MCB = CBA (th, 12 Gcom.)> ACL = CAB J It 

folk))v^9 that CAB = CBA, arid consequently AC = cb (tli^, is 
Geom,)f 

Cor. 2. Of^all triangles of the same surface, that which 
has the mimmvm perimeter is equilateral. 

For the triangle of the smallest perimeter, with the sftme 
surface, must be isosceles, whichever of the sides be consi- 
dered a$ base ; therefore, the triangle of smallest perimeter • 
has each two or each pair of its. sides equal, and consequently 
it is equilateral. 

Cor. 3. Of all rectilinear figures, with a given magnitude 
and a given number of sides, that which has the smallest pe- 
rimeter is equilateral. 

For so long as any two adjacent sides are not equal, we 
may draw a diagonal to become a base to those two sides, and 
then draw an isosceles triangle equal to the triangle so cut 
off, but of less perimeter : whence the corollary is manifest. 

Scholium. 

To illustrate the second corollary above, ,the student may 
IHTOceed thus : assuming an isosceles triangle whose base is 
not equal to either of the two sides, and then, taking for a new 
base one of those sides of that triangle, he may construct an- 
other* isosceles triangle equal to it, but of a smaller perimeter. 
Afterwards, if the base and sides of this second isosceles tri- 

VoL* III. D angle , 
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angle are not respectively equal> he may construct a third 
isosceles triangle eaual to it, but of a still smaller pertmeter : 
and so on. In performing these successive operations, he will 
find i;hat the new triangles will approach nearer and nearer 
to an' equilateral triangle. 



THEOREM II. 

Of all Triangles of the Same Base, and of Equal Perimeters, 
the Isosceles Triangle has the Greatest Surface. 

Let ABC, ABD, be two triangles of the same ^ _ 

base AB and with equal perimeters, of which C 

throne ABC is isosceles, the other is not : / 

then the triangle ABC has a surface (or an ' J^ 
altitude) greater than the surface (or than /y 
the altitude) of the triangle abd. Jf E B 

Draw c'd through D, parallel to ab, to 
cut CE (drawn perpendicular to ab) in c' : then it is to be 
demonstrated that CE is greater than c'e. 

The triangles a<!'b, adb, are equal both in base and alti- 
tude; but the triangle ac'b is isosceles, while adb is scalene: 
therefore the triangle ac'b has a smaller perimeter than the 
triangle adb (th. 1 cor. l), or than acb (by hyp.). Conse- 
quently ac'<ac; and in the right-angled triangles aec', aec, 
having ae common, we have c'e < cb*. q. b. d. 

Cor. Of all isoperimetrical figures, of which the number 
of sides is given, that which is the greatest has all its sides 
equal. And in particular, of all isoperimetrical triangles, that 
whose surface is a maximum^ is equilateral. 

For, so long as any two adjacent sides are not equal, the 
surface may be augmented wkhout increasing the perimeter. 

Remark. Nearly as in this theorem may it be proved 
that, of all triangles of equal 'heights, and of which the sum 
of the two sides is equa^, that vvhich is isosceles has the great- 
est base* And, of all triangles standing on the same base 
and having equal vertical angles, the isosceles one is the 
greatest. 



* When two mathematical quantities are separated by the chara<!ter <« 
it denotes that the preceding quantity is less than the succeeding cue: when, 
on the contrary, the separating character is >, it denote» that the preccdin|; 
quantity is greater than the succecdin*; one. 
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TbKOkEM lit. 

Of all Right Lities that can be drawn through a Given Poiat^ 
between Two Right Lineis Given in Position, that which is 
Bisected by the Given Point forms with the other two Lines 
the Least Triangle. 

Of all right lines cb, ab, ^d, that 
can be drawn through a given point 
P to cut the right lines CA, CD, given 
in position, that, Ab, which is bisect- 
ed by the given jx)int t, forms with 
CA, dD, the least triangle, abc. 

For, let EE be drawn through A 
parallel to CD, meeting DG (produced if necessary) in £; 
then the triangles pbd, pae, are manifestly equiangular; and, 
since the corresponding sides pb, pa are equal, the triangles 
are equal also. Hence pbd will be less or greater than pag, 
according as CG is greater or less than cA. In the former 
case, let pacd, which is common, be added to both; then will 
bag be less than dgc (ax. 4 Geom.). In the latter case, if 
pgcb be added, dcg will be greater than bag; and conse- 
quently in this case also BaC is less than dcg. cl e. d. 

Cor, If PM and PN be drawn parallel to CB and ca re- 
spectively, the two triangles pam, pbn, will be equal, and 
these two taken together (since am =: pn==mc) will be equal 
to the parallelogram pmcn : and consequently the parallelo- 
gram PMCN is equal to half abc, but less than half dgc. 
From which it follows (consistently with both the algebraical 
and geometrical solution of prob. y. Application of Algebra 
to Geometry), that a parallelogram, is always less than half a 
triangle in which it is inscribed, except when the base of the 
one is half the base of the other, or the height of the former 
half the height of the latter ; in which case the parallelogram 
is just half the triangle : this being the maximum paralleled 
gram inscribed in the triangle. 

Siholium. 

From the preceding corollary it might easily be shdwhi 
that the least triangle which can possibly be described about, 
and the greatest parallelogi*am vfrhich can be inscribed in, any 
curve concave to its axis, will be when the subtangent is equal 
to half the base of the triangle, or to the whole base of the 
parallelogram: and that the two figures will be in the ratio of 
2 to 1. But this is foreign to the present enquiry. 

D 2 " THEOREM 
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THEOREM IV. 

Of all Triangles in which two Sides are Given in Magnitude^ 
the Greatest b that in which the two Given Sides are Per- 
pendicular to each other* 

For^ assuming for base one of the given sides, the surface 
is proportional to the perpendicular let fall upon that side 
from the opposite extremity of the other given side : there- 
fore, the surface is the greatest when that perpendicular is 
the greatest $ that b to say, when the other side is not in- 
clined to that perpendicular^ but coincidts with it ; hence the 
surface b a maximum when the two given sides are perpendi- 
cular to each other. 

' Otherwise. Since the siirface of a triangle, in which two 
sides are given, is proportional to the sine of the angle in* 
chided between those two sides ; it follows, that the triangle 
b the greatest when that sine b the greatest; but the greatest 
sine is the sine total, or the sine of a quadrant ; therefore the 
two sides given make a quadrantal angle, or are perpendicular 
to each other, o. e. d. 

THEOREM Y. 

Of all Rectilinear Figures in which all the Sides except one 
are known, the Greatest is that which may be Inscribed in 
* a Semicircle whose Diameter is that Unknown Side. 

For, if you suppose the contrary to be the case, then when- 
ever the figure made with the sides given, and the side un- 
known, is not inscribable in a semicircle of which this latter 
is the diameter, viz, whenever any one of the angles, formed 
by liifes drawn from the extremities of the unknown side to 
one of the summits of the figure, is not a right angle ; we 
may make a dgure greater than it, in which that angle shall 
be right, and which shall only differ from it in that respect : 
therefore, whenever all the angles, formed by right lines 
drawn from the several vertices of the figure to the extremis 
ties of the unknown line, are not right angles, or do not fall 
in the circumference of a semicircle, the figure is not in its 
maximum state, cl e.B. 

THEOREM VI. 

Of all Figures made with Sides Given in NanU>er and Mag- 
nitude, that which may be Inscribed in a Circle is the 

Greatest. 

■ Let 
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Let ABCDEFG be the 
polygon inscribed, and 
nhcdefg a polygon with 
equal sides, but not in- 
scribable in a circle ; 
sothatAB=aS,BC=i6', 
'&c s it is aHirmed that 
the polygon abcdbfo 
is greater than the polygon abcdefg. 

Draw the diameter ep ; join ap, pb \ upon aif ss ab make 
the triangle abp^ equal in all respects to abp ; and join ep^ 
Then, of the two figures edcbp, pag/e, one at least is not (by 
hyp.) inscribable in the semicircle of which ep is the diame- 
ter. Consequently, one at least of these two figures is smaller 
than the corresponding part of the figure apbcdefg (th, 5). 
Therefore the figure apbcdefg is greater thail the figure 
apbcdefg : and if from these there be taken away the- respect- 
ive triangles apb, apb, which arfe equal by construction, there 
will remain (ax. 5 Geom.) the polygon abcdefg greater than 
the polygon abcdefg, a. £. d. 



THEOREM VU. 

The Magnitude of the Greatest Polygon which can be con- 
tained under any number of Unequal Sides, do^s not at all 
xiepend on the Order in which those Lines are connected 
with each other. 

For, sjnce the polygon is a maximum under given sides, it 
is inscribable in a circle (th. 6), And this inscribed polygon 
is constituted of as many isosceles triangles as it has sides, 
those sides forming the bases of the respective triangles, the 
other sides^ of all the triangles being radii of the circle, and 
their common summit the centime oithe circle. Consequently, 
the magnitude of the polygon, that is, of the assemblage ef 
these triangles, does not at all depend on their disposition, 
or arrangement around the common centre. , a. e. p. 

THEOKEM VIII. 

If a Polygon Inscribed in a Circle have all its iSdes Equal, all 
its Angles are likewise Equal, or it is a Regular Polygon. ^ 

For, if lines be drawn from the several angles of the poly- 
gon, to the centre of the circumscribing circle, they lyill 
divide the polygon into as many isosceles triangles as it has 
sides ; and each of these isosceles triangles will be equal to 
either of the others in all respects, and of course they will 

have 
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have the angles at their bases all equal : conseouently, the 
apg)es of the polygon, which are each made up ot two angles 
at the bases of two conti^ous isosceles triangles, will be equal 
to one another, q. e. D. 

THEOREM IX. 

Of all Figures having the Same Number of Sides and Equal 
Perimeters, the Greatest b Regular. 

For, the greatest figure under the given conditions has 
all its sides equal (th. 2 cor.)- But since the sum of the 
sides and the number of them are given, each of them is 
given : therefore (th. 6), the figure is inscribable in a circle : 
and consequently (th. 8) all its angles are equal ; that is, it it 
regular, o. £. d. 

Cor. Hence we see that regular polygons posses? the pro- 
perty of a ma;cimum of surface, when compared with any 
other figures of the same name and with equal perimeters. 

THEOREM X. 

A Regular Polygon has a Smaller Perimeter than an Irregu- 
lar one Equal to it in Surface, and having the Same 
Number of Sides. 

This is the converse of the preceding theorem, and may 
be demonstrated thus : Let r and i be two figures equal in 
surface and having the same number of sides, of which R is 
regular,, i irregular : let also r' be a regular figure similar to 
R, and having a perimeter equal to that of I. Then (fh« 9) 
r' > I •, but I = R ; therefore r' > R. But r' and r are si- 
milar ; consequently, perimeter of r' > perimeter of R ; while 
per. r' = per. i (by hyp.). Hence, per. i > per. r. q.e.d. 

THEOREM XI. 

The Surfaces of Polygons, Circumscribed about the Same or 
Equal Circles, are respectively as their Perimeters*. 

Let the polygon abcd be circumscribed fi ^.^^ 9 
about the circle efgh ; and let this polygon 
be divided into triangles, by lines drawn 
from its several angles to the centre o of 
the circle. Then, since each of the tan- 
gents AB, BC, &c, is perpendicular to its -'^~ E 




• This theorem, together with the analogous ones respectiqg bodies circnm- 
geribing cylinders and spheres, were given by Emerson in his Geometry, and 
their use in the theory of Isoperimeters was jast suggested : but the fuU 
applieatioii of them to that theory is due to Simon Lbuillier. 

corre* 
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eorresponding radius oe, of, &c, drawn to the point of con- 
tact (th. 46 Geom.) ; aftd since the area of a triangle is equal 
to -the rectangle of the perpendicular and half the base (Mens, 
of Surfaces, pr. 2) ; it follows, that the area of each of the 
' triangles abo, Bco, &g, is equal to the rectangle of the radius 
of the circle and half the corresponding side ab, bc, &c : and 
consequently, the area of the polygon abcd, circumscribing 
the circle, will be equal to the rectangle of the radius of the 
circle and half the perimeter of the polygon. But, the sur- 
face of the circle is equal to the rectangle of the radius and 
half the circumference (th. 94* Geom.). Therefore, the sur- 
face of the -circle, is to that of the p6ly|[on, as half the cir- 
cumference of the former, to half the perimeter of the latter; 
or, as the circumference of the former, to the perimeter of 
the latter. Now, let P and p' be any two polygons circum- 
scribing a circle c : then, by the foregoing, we have 
surf, c : surf, p : : circum. c : perim. P, 
surf, c : surf, p' : : circum. C : perim. p'. 
But, since the antecedents of the ratios in both these propor- 
tiohs, are equal, the consequents are proportionals that is, 
surf, p : surf, p' : : perim. p : perim. p'. a. E. D. 

Cor. 1 . Any one of the triangular portions abo, of a po- 
lygon circumscribing a circle, is to the corresponding circular 
, sector, as the side ab of the polygon, to the arc of the circle 
included between ao and BO. 

Cor. 9. Every circular arc is greater than its chord, and 
less than the sum of the two tangents drawn from its ex- 
tremities and produced till they meet. 

The first part of this corollary is evident, because a right 
line is the shortest distance between two given points. The " 
second part follows at once from this pro]position : for ea + 
AH being to the arch eih, a§ the quadrangle AEOH to the 
circular sector hieo ; a4d the qyadrangle being greater than 
the sector, because it contains it ; it follows that EA + aR is 
greater than the arch eih *. 

Cor. 3, Hence also, any single tangent EA, is greater than 
Its corresponding arc £l. 



• This second corollary is introduced, not because of it« immedinte con- 
nection with the subject under discussion, but because, noti»ith standing its 
simplicity, some authors have employed wl)«lc payet in attempting its de- 
monstration, and failed at last. 
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THEOREM XII. 

If a Circle and a Polygon, Circiunscribable about another 
Circle, are Isoperimeters, the Surface of the Circle is a 
Geometrical Mean Proportional between that Polygon and 
a Similar Polygon (regular or irregular) Circumscribed 
about that Circle. 

Let c be a circle, p a polygon isoperimetrical to that circle, 
and circumscribable about some other circle, and f^ a polygon 
similar to p and circumscribable about the circle c : it is af* 
firmed that p : c : : c : p'. 

' For, P : p' : : perim*. p : : perim*. p' : : circa m*. c : perim*. v' 
by th. 89, Geom« and the hypothesis. 
But (th. 1 1 ) p' : c : : per. p' : cir. c : : per*, p' : per. p'x cir. c. 
Therefore p : c :: - - - - cir*. c : per. p'xcir. c 

cir. : per. p' : : c : p'. q. e. d. 






THEOREM Xm. 

If a Circle and a Polygon, Circumscribable about another 
Circle, are Equal in Surface, the Perimeter of that Figure 
is a Geometrical Mean^Proportional between the Circum- 
ference of the first Circle and the Perimeter of a Similar 
Polygon Circumscribed about it. 

Let c = p, azid let p' be circumscribed about c and similar 
to c : then it is affirmed that cir. c : per. p : per. p : per. p'. 

For, cir. c : per. p' : : c : p' : : P : p' :: per*, p : per*, p'. 
Also, per. p : per. p - - - :: per*, p'rper.pxper.p'. 
Therefore, cir. c : per. p * - : : per*, p : per. p x per. p' 

: : per. p : per. p'. q. e. d. 

THEOREM XIV. 

The Circle is Greater than any Rectilinear Figure of theSame 
Perimeter J and it his a Perimeter Smaller than any Recti- 
^ linear Figurfe of the same Surface. 

For, in the proportion, p : c : : c : p , (th. 12), since c<p', 

therefore p < c. 
And, in the propor. cir. c : per. p : : per. p : per. p (th. 13), 

or, cir. c : per. p' : : \:ir*. c : per*, p, 
cir. c < per. p' ; 
. therefore, cir*. c < peir*. p, or cir. c < per. p. a. E. p. 

Cor, 1. It follows at once, from this and the two preced- 
ing theorems, that rectilinear figures which are isoperimeters, 

and 
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and each circimucrlbafak about a circle, am mepectivelf in 
the inverse ratio of the perimeters, or of the sui&ces, of 
figures similar to them, and both circumscribed about pfie 
and the same circl^. And that the' perimeters of equal rec- 
tilineal figures, each circumscribabie about a circle, are re- 
spectively in the subduplicate ratio of the perimeters, or of 
the surfaces, of figures similar to them, and both circumscribed 
about one and the same circle. 

Cor, 2. Therefore, the comparison of the perimeters of 
equal regular figures, having difitrent numbers of sides, and 
that of the surfaces of regular isoperimetrical figures, is rer 
duced to the comparison of the perimeters, or of the surfaces 
of regular figures respectively similar to them, and circum- 
scribabie about one and the same circle. 

I^mma 1. 

If an acute angle of a right-angled triangle be divided into 
any number of equal parts, the side of the triangle opposite 
to that acute angle is divided into unequal parts,'which are 
greater as they are more remote from the right angle. 

Jiet the acute angle c, of the right- 
angled triangle ai:f, he divided into equal ' 
parts, by the lines cb, C£>, ce, drawn from 
that angle to the opposite side; then shall __^ 
tUe parts ab, bd, &c, intercepted by the A.3 P 
lines drawn from c, be successively longer as they are more 
remote from the right angle a. 

For, the angles acd, bob, &c, being bisected by cb, cd, 
&c, therefore by theor. 83 Geom. Ac c cd : : A5 : bd, and 
fic : CE : : BD : de, and dc : ct :: de : ef. And by th. 21 
Geom. CD > ca, ce > cb, cf > cd, and so on : whence it 
follows, that DB > AB, DE > DB, and SO on. a. e. d. 

, Cor, Hence it is obvious that, if the part the most remote 
from the right angle a, he repeated a number of times equal 
to that into which the acute angle is divided, there will re* 
suh a quantity greater than the side opposite to the divided 
angle. 

THEOREM XV. 

If two Regular Figures, Circumscribed about the Same Circle, 
diflfer in their Number of .Si^?. b^ Unity, that which has 
the Greatest Number of Sides shall have the Smallest Pe- 
rimeter. 

Let cA be the radius of a ci.Fcie, and ab, ad, the half sides 
of two regular polygons circumscribed about that circle, bf 

which 
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which the number of sides differ hj unity, being 
respectively 71 -f 1 and n. The angles acb, acD| 

therefore are respectively the — r ami the— th 

part of two right angles : consequently these 

angles are as n and n + I i and hence, the angle may be 
conceived divided into n4- 1 equal parts, of which BCD is one. 
Consequently, (cor. to the lemma) (» 4- 1 ) bd > ad. • Taking, 
then, unequal quantities from equal quantities, we shall have 
(n + 1) AD — (n + 1)BD <(n+ I) ad — jld, 
or, (n + 1 ) AB < w . AD. 
That is, the semiperimeter of the polygon whose half side is 
AB is smaller than the semiperimeter of the polygon whose 
half side is ad : whence the proposition is manifest* 

Cor. Hence, augmenting successively by unity the num- 
ber of sides, it follows generally, that the perimeters of 
polygons circum$cribed about any proposed circle, become 
smaller as the number of their sides become greater. 

"theorem XVI. 

The Surfaces of Regular Isoperimetrical Figures are Greater 
as the Number of their Sides is Greater : and the Perimeters 
of Equal Regular Figures are Smaller as the Number of 
their Sides is Greater. 

F,or, 1st. Regular isoperimetrical figures are (cor. 1 th. 14) 

in- the inverse ratio of figures similar to them circumscribed 

about the same circle. And (th. 15) these latter are smaller 

' when their number of sides is greater : therefore, on the 

contrary, the former become greater as they have more sides. 

2dly. The perimeters of equal regular figures are (cor. 1 
th. 14) in the subduplicate ratio of the perimeters of similar 
figures circumscribed about the same circle : and (th* 1.5) 
these latter are smaller as they have more sides : therefore 
the perimeters of the former also are smaller when the num- 
ber of their sides is greater, q. e. d. 
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THEOREM XVII. 



Of all Prisms of the Same Altitude, whose Base is Given in 
Magnitude and Species, or Figure, or Shape^ the Right 
Prism has the Smallest Surface. 

For, 
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For, the area of each face of the prism is proportional to 
its height ; therefore the area of each face is the smallest 
when its height is the smallest, that is to say, when it is equal 
to the altitude of the prism itself: and in that ^ase the prism 
is evidently a right prism, o. B. D. 



THEOREM XVIII. 

Of all Prisms whose Base is Given in Magnitude and Species, 
and whose Lateral Surface is the Same, the Right Prism 
has the Greatest Altitude, or the Greatest Capacity. 

This is the converse of the preceding theorem, and may 
readily be proved after the manner of theorem 2. 

THEOREM XIX. 

Of all Right Prismis of the Same Altitude, whose Bases are 
Given in Magnitude and of a Given Number of Sides, that 
whose Base is a Regular Figure has the Smallest Surface. 

For, the surface of a right prism of given altitude, and base 
given in magnitude, is evidently proportional to the perime- 
ter of its base. But (th. 10) the base being given in magni- 
tude, and having a given number of sides, its perimeter is 
smallest when it is regular : whence, the truth of the propo- 
sition is manifest. 

THEOREM XX. 

Of Two Right Prisms of the Same Altitude, and with Irre- 
gular Bases Equal in Surface, that whose Base has the 
Greatest Number of Sides has the Smallest Surface: and, in 
particular, the Right Cylinder has a Smaller Surface than 
any Prism of the Same Altitude and the Same Capacity. 

The demonstration is analogous to that of the preceding 
theorem, being at once deducible from theorems 16 and 14. 

THEOREM Xl^I. 

Of all Right Prisms whose Altitudes and whose Whole Sur- 
faces are Equal, and whose Bases have a Given Number of 
Sides; that whose Base is a Regular Figure is the Greatest. 

Let p, p', be two right prisms of the same name, equal in 
altitude, and equal whole surface, the first of these having a 
regular, the second an irregular base; then is the base of the 
prism P, less than the base of the prism ?'. 

For, let p" be a prism of equal altitude, and whose base is 
equal to that of the prism p' and similar to tbat of the prism p. 

Then, 
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Then, the lateral surface of the prism p'^ is smaller than the 
lateral surface of the prism p' (th. 19) : hence, the total sur- 
face of p'' is smaller than the total surface of ?', and therefore 
(hy hyp.) smaller than the whole surface of P. But the prisms 
v" and p have equal altitudes and similar bases ; therefore the 
dimensions of the base of v" are smaller than Uie dimensions 
of the base of p. Consequently the base of v\ or that of p', 
is less than the base of p ; or the base of p greater than that 
of p'. Q. £• D. 

THEOREM XXII. 

Of Two Right Prisms, having Equal Altitudes, Equal Total 
Surfaces, and Regular Bases, that whose Base has the 
Greatest Number of Sides, has the Greatest Capacity. . 
And, in particular, a Right Cylinder is Greater than an^ 
Right Fiism of Equal Altitude and Equal Total Surface. 

The demonstration of this is similar to that of the preced- 
ing theorem, and flows from th. 20. 

THEOREM XXIII. 

The Greatest Parallelopiped which can be contsuaed under 
the Three Parts of a Given Liney any way taken, will be 
that constituted of Equal length, breadtl^ and depth. 

For, let AB be the given line, and, 

if possible, let two parts ae, ed, be IH »!— — — 

unequal. Bisect Air in c, then will a c e d b 
the rectangle under ae ( = ac + ex ) 

and £D ( =AC -^ ce), be leas than ac% or than ac ^ cd, by the 
^square of c£ (th. 33 Geom.). Consequently, the solid ae . 
ED . DB, will be less than the solid ac . cD • db ^ which is 
repugnant to the hypothesis. 

Cor, Jtlence, of all the rectfingular parallelopipeds, hav- 
ing the sum of their three dimensions the same, the cube is 
the greatest. 

THEOREM XXIV. 

The Greatest Pt^rallelopiped that can possibly be contained 
under the Square of one Part of a Given JLine, and the 
.othiC^ Part, any way taken, will be when the former Part 
is tbie Double of the latten 

Let AB be a givea line, and [ | }^| t- 

AC s= 2cB, then is AC* . CB the a d' d c' c * b 
•greatest possible. 

For, 
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¥oTf let Ac' and c'b be any other parts into which the given 
line AB may be divided } and let ac, ac', be bisected in v^ 
j>\ respectively. Then shall Ac* . cb = 4Ab . dc • cb (cor. to 
theor. 31 Geom.) > 4ad'. dc . cb, or greater than its equal 
c'a* • c'b, by the preceding theorem. . . 

THKOKBM XXV. 

Of all Right Parallelopipeds Given in Magnitude, that wluclx 
* has the Smallest Surface has all Its Faces Squares, or is a 

Cube« And reciprocally, of all Parallelopipeds of Equal 

Surface, the Greatest is a Cube. 

For, by theorems 19 and 21, the right parallelepiped hav- 
ing the smallest surface with the same capacity, or the great- 
est capacity with the same surface, has a square for its base. 
But, any face whatever may be t^ken for base : therefore, in 
the paralfelopiped whose surface is the smallest with the same 
capacity, or whose capacity is the greatest with the same sur- 
face, any two opposite, faces whatever are squares : conse- 
quently, this parallelopiped is a cube. 

THEOREM 3b:VI. 

The Capacities of Prisms Circumscribing the Same Right' 
Cylinder, are Respectively as their^ Surfaces, whether Total 
or Lateral. 

For, the capacities are respectively as the bases of the 
prisms 5 that is to say (th. 11), as the perimeters of their 
bases ; and these are manifestly as the lateral surfaces: whence 
the proposition is evident. ^ 

Cor, The surface of a right prism circumscribing a cylin- 
der, is to the surface of that cylinder, as the capacity of the 
former, to the capacity of the latter. 

Def. The Archimedean cylinder is that which circum- 
scribes a sphere, or whose altitude is equal to the diameter of 
its base. 

THEOREM XXTII. 

The Archimedean Cylinder has a Smaller Sur£ice than any 
other Right Cylinder of Equal Capacity; and it is Greater 
than any other Right CjUnder of Equal Surfiace. 

Let c and c' denote two right cylinders, of T^hich the first 
is Archimedean, the other not : then, ' 

1st, If . . . c =c c', surf, c < surf, c' : 
2dly, if surf, c = surf, c', c > c'. 

For, 



\ 
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FoT) having circumscribed about the cylinders c» t', the 
right prisms p, p', with squSu-e bases, the former will be a 
cube, the second not : and the following series of equal ra- 
tios will obtain, viz, c : p : : surf, c: surf, p :: base c : base p : : 
base c' : base p' : : c' : p' : : surf, c' : surf. p'. 

iThen, 1st ; when c = c'. Since c : p : : c' : p', it follows 
that p = p' ; and therefore (th. 25) surf, p < surf. p'. But, 
furf. c : suriF. P : : surf, c' : surf, p' ; consequently surf, c < 
surf. c\ a. E. 1 D. 

2dly : when surf, c = surf. c'. Then, since surf. C : surf. 
P : : surf, c' : surf, p', it follows that surf. P = surf, p' ; and 
therefore (th. 25) p > p'. But c : p : ; c' : p' j consequently 
c > c'. a. B. 2d. 



THEOREM XXVIII. 

Of all Right Prisms whose Bases are Circumscribable about 
Circles, and Given in Species, that whose Altitude is 
Double the Radius of the Circle Inscribed in the Base, 
has the Smallest Surface with the Same Capacity, and the 
Greatest Capacity with the Same Surface. 

This may be demonstrated exactly as the preceding theo- 
rem, by supposing cylinders inscribed in the prisms. 

Scholium. 

If the base cannot be circumscribed about a circle, the right 
prism which has the minimum surface, or the maximum ca- 
pacity, is that whose lateral surface is quadruple of the sur- 
face of one end, or that whose lateral surface is two-thirds 
of the total surface. This is manifestly the case with the 
Archimedean cylinder ; and the extension of the property 
depends solely on the mutual connexion subsisting between 
the properties of the cylinder, and those of circumscribing 
prisms* 

THEOREM XXIX. 

The Surfaces of Right Cones Circumscribed about a Sphere^ 

are as their Solidities. 

For, it may be demonstrated, in a manner analogous to 
the demonstrations of theorems 1 1 and 26, that these cones 
are equal to right cones whose altitude is equal to the-radius 
of the inscribed sphere, and whose bases are equal to the 
total surfaces of the cones : therefore the surfaces and solidi- 
ties are proportional. 

THEOREM 




SOLIDS* 47 



THEOREM XXXL. 

The^Surface or the Solidity of a Right Cone Circumscribed 
about a Sphere, is Directly as the Squar^ of the Cone's 
Altitude, and Inversely as the Excess of that Altitude over 
the Diameter, of the Sphere. 

Let VAT be a right-angled triangle which, 
by its rotation upon VA as an axis, generates a 
right cone ; and bda the semicircle which by 
a Tike rotation upon va forms the inscribed 
sphere : then, the surface or the solidity of 

the cone varies as — . 

VB 

For, draw the radius CD to the point of contact of tlie 
semicircle and VT. Then, because the triangles vat, vdc, 
are similar, it is AT : vT : : kvd : vc. 
And, by compos, at : at+ vr : cd : cd 4- cv zi va ; 
Therefore at^: (at+ vt) at : : cd : VA, by multiply- 

ing the terms of the first ratio by at. 
But, because vb, vd, va are. continued proportionals, 
it is VB : VA : : vd* : VA* : : CD* : at* by sim. triangles. 
But CD : VA : : AT* : (at + vr)AT by the last ; and these 
mult, give cp . VB : va^ : : cd* : (at -|- vt)at, 

VA* 

or VB : CD : : VA* : (at + vT) at = CD . — . 

But the surface of the cone, which is denoted by if . at* + 
«• • AT . VT*, is manifestly proportional to the first member 
of this equation, is also prpportional to the second member, 

or, since cd is constant, it is proportional to — , or to a third 

proportional to B v and av. And, since the capacities of these 
circumscribing cones are as their surfaces (th. 29), the truth 
of the whole proposition is evident. 

Lenwia 2.* 

The difference of two right lines being given, the third 
proportional to the less and the greater of them is a minimum 
when the greater of those lines is dpuble the other. 

Let AV and bv be two right 

lines, whose difference ab is 1 \ 

given, and let ap be a third a b v r 

proportional to BV and av; 

then is ap a minimum when av == 2bv. 



• sr being • 3-141593. See vol. ii. pa. 45. 

For,- 
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For, since AP : AV :: AY : bt; 

By division ap : AP— AV :: av : AV— BV; 
That is, AP : VP : : AV : AB. 

Hence, vp . av = ap . ab. 
But VP . AV IS either = or < :Jap* (cor. to th. SI Geom. 
and th. 23 of this chapter). 

Therefore ap . ab < ^ap*: whence 4ab <'ap, or ap >4ab. 
'Consequently, the minimum value of ap is the quadruple of 
AB ; and in that case pv = VA = 2aB. • a.E. D*. 

THEOREM XXXI. 

Of all Right Cones Circumscribed about the Same Sphere, 
the Smallest is that whose Altitude is Double the Diame- 
ter of the Sphere. 

TA* 

For, by th. 30, the solidity varies as — (see the fig. to 
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that theorem) : and, by lemma 2, since VA— VB is given, the 
third proportional — is a minimum when va=2ab. qe.d. 

Cor. 1 . Hence, the distance from the centre of the sphere 
to the vertex of the least circumscribing cone, is triple the 
radius of the sphere. 

Cor. 2. Hence also, the side of such cone is triple the 
radius of its base. 

THEOREM XXXII. 

The Whole Surface of a Right Cone being Given, the In-» 
scribed Sphere is the Greatest when the Slant Side of the 
Cone is Triple the Radius of its Base. 

For, let c and c' be two right cones of equal whole sur- 
face, the radii of their respective inscribed spheres being 



* Though the evidence of a single demonstration, conducted on sound 
mathematicaT principles, ts really irresistible, and therefore needs np corro- 
boration ; yet it is frequently conodncive as well to mental tmproTenent, as 
to mental deliglkt) to obtain like results from different proeessts. In thi9 
view it will be advantageous to the student, to confirm the truth of several 
of the propositions in this chapter by means of the fiuxional analysis. Let 
the truth emmciated in the above lemma be taken for aif example: and le€ 
«B be denoted by a, ay by x, by by ar— a. Then -we shall have x— a : x : : 

w i • the third proportional ; which it to be a niininionl. Hence, the 

*— a 

fluxion of this fraction will be equal to zefro (Fhix. art. 51). Th^t i« (Pknt^ 

• • • 

MiiSm 19 and 30), — ^ -— , es o. Consequently. x*-«2(nr s* o, vcadtx^^itf 

(x— «)• 

•r AY » Sab, asabovt. 

denoted 



c 
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denoted by B. and r' j let the side of the cone c be triple 
the radius of its base, the same ratio not obtaining in c ; 
and let c" be a cone similar to d and circumscribed about 
the same sphere with c'- Then, (by th. 31) surf. c"< surf. <$ 
therefore surf, c" < surf c. Skit d' and c are similart there^ 
fere all the dimensions of c" are less than the corresponding 
4imensions of c : and consequently the radhis K of the sphere 
inscribed in e^ or in c, is less than the radios a of the! sj^ere 
mcribed in c, or ]bl > b^ o* s. D. 

C^r, The capacity of a right cone being given, the in- 
fcribed ^ere is the greatest when, the side of l^e Gene is 
tri|^ the radius of its base^ 

For tht capacities of sach omea rary as their surfacei 
(th.29). 

THEOREM XXXIII. 

Of all Right Cones of Equal Whole Surface, the Greatest 
is that whose Side is Triple the Ra(^us of its B^se : and 
reciprocally, of all Right Cones of £<nxal Capacity, tfiat 
whc«e Side is Triple the Radius of its Base has the Least 
Sorfiice. 

For, by th* 29, the capacity of a right coup is in the com- 
pound ratio of It$ whole surface and the radius of its^in5cril>e4 
sf^ere. Therefore, the whole surface being given, the ca- 
pacity is proportional .to the radius of t^ie inscribed spherie : 
^d consequently is a maximum when the radiu^ of the in- 
scribed sphere is such ; that is, (th. 32) wh#|i the side of the 
cone is triple the radius qf the ba§e^. 

Again, reciprocally, the capacity being given, the surface 
is in th^ inverse ratio of the sphere ipsqribed ; thereforej^ it 
is the smallest whep that radius Ss the greatest; tl^at is (th* 32) 
when the side of the cohe is triple the radius of its base. %Vi^ 



^ Here again a similar result may easily be deduced from the method qf 
fluxions. Let the radius of tlie base be denoted by j, thie slant sld^ of t^b^^ 
coue by 35, its who)« sar&ce by aS and 3»H15§3 by *. Then the cfrcumV 
ference of the cone's base will be 2vfy its area mx^ and the convex surface 
itXi, Tbe whole surface isi, therefore, » m* ^ ^^: gnd $jh« bei^g ^e ^%^ 

a* 
we ii»v« %as — «. ^, Bu^ tb^ altftude of tbe 4?poe is equ«l >o ^tb* s^o^exo^t 

of 1^9 diffsrence ^ tbe sgunres of the side stod (^the radius of tbe ^f§e j t^t 
w, it w —^(--- ----), And tli«HBolt»p»iMlliitirf qf tbe wxez of tbe bast, 

vi^' by Jir*», g|vc$ fjrz« v(-rr^*^)»^^**»® *^^^«»^y <>^^*»« «»•• ^o^; 

* It*** IS , 

Vot. III. E THEOREM 
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THEOEEtf XXXIV. 

4 

The Surfaces^ whether Total or Lateral, of Pyramids Cir- 
• cutnscribed about the Same Right Cone, are respectivelf 
V as their Solidities^ And^ in particular, the Surface of a 
. Pyramid Circumscribed about a Cone, is to the Sur£ice of 
: that Cone, as the Solidity of the Pyramid is to the Solidity 

of the Cone ; and these Ratios art Equal to those of the 

Surfaces or the Perimeters of the Bases. 

For, the capacities of the several solids are respectively at 
their bases ; and their surfaces are as the perimeters of those 
basei: so that the proposition may manifiestly be demon- 
strated by a chain of reasoning exactly like that adopted in 
theorem 11- '^ • 

THEOREM XXXV. 

The Base of a Right Pyramid being Given in Species, the 

. Capacity of that Pyramid is a Maximum with the Same 

.Surface, and, on the contrary, the Surface is a Minimum 

with the l^ame Capacity, when the Height of One Face is 

Triple the Radius of the Circle Inscribed in the Base. 

Let p and p' be two right pyramids with similar bases, the 
height of one lateral face of p being triple the radius of the 
circle inscribed in the base, hut this proportion not obtain- 
ing with regard to v' : then 

1st. If surf. P =: sorf. p', P > p'. 

2dly. If. . p = .' . p', surf. P < surf. p'. 
For^i let c and c' be right cones inscribed within the pyrar- 
rnids p and P' : then, in the cone c, the slant side is triple 
tte radius of its base, while this is not the case with respect 
to the'cone' c'. Therefore, if c ^ c', surf, c < surf, c'; ai)d, 
if.^urf. c = surf. ^c', c> c' (th; 33). ' 



♦ • • • 

jtbig^ being a maxiihumits square must be so likewise (Flux. art. 53), tbat is, 

— ^ — ~- , or, rej€ctitie the deDominator, as constant, a*x«— 2iro*Jt^ must 

' • 9. . . ; 

be a naaximutn. Thi^-^ln fluxions^ is ^a^xx-^Sva^afis » o ; whence w« hare 



a« 



-«« — 4»a? -a^-o; and donsetiaently x «= V— ; '*nd a* » 4irx«. Sobstitntiog 



tMs. value ofc* for it,- in the ^alue of s above given, there results 

s «« -*-4.-y » ra i.^— - •-- ap. srf 4* — flF^r 3atf.* * Therefore, the sidp of the con« 

irx' "'jix *■','' * - • • 

is triple the radius of its base. Or, the square. of the altitude is to the square 
i6f the radius of the'. bale, as d'io 1^ or, to the square of the diameter of tha 
ba«i>, ai 2 to ] . 






But, 



» 



; 



• SoLtDS. • 51 

But, 1st. surf. P : surf. C : : surf, p' : surf, c^ j 
^lehence, if surf, p ='surf. p', siirf. c ^ surf, c'j 
therefore c > c'. But p : c : : p' : c'. Therefore p > P*. 

2dly. p : c : : p' : c'. Theref. if p=p', c=c' : consequently 
surf, c < surf. c'. But, surf, p : ^urf. c i : surf; p' : surf, c . 
Whence, surf, p < surf. p'. 

Cor. The regular tetraedron possesses the property of the 
minimum surface with the same capacity^ and of the maxi- 
mum capacity with the same surface, relatively to all right 
pyramids with equilateral triangular bases,^ and> a fortiori^ 
relatively to every other triangular pyramid* 



THEOREM XXXVt. 

A Sphere is to any Circumscribing Solid, Bounded by Plane 
Surfaces, as the Surface of the Sphere to that of the Cir- 
cumscribing Solid. 

For, since all the planes touch the sphere, the radius drawn 
to each point of contact will be perpendicular to each re- 
spective plane. So that, if planes be drawn thrbugh the cen- 
tre of the sphere and through all the edges of the body, the 
body will be divided into pyramids whose bases are the re- 
spective planes, and their common altitude the radius of the 
sphere. Hence, the sum of all these pyramids, or the whole 
circumscribing solid, is equal to a pyramid or a cone whose 
base is equal to the whole surface of that solid, and altitude 
equal to the radius of the spherie. But the capacity of the 
sphere is equal to that of a cone whose base is equal to the 
surface of the sphere, and altitude equal to its radius. Con- 
sequently, the capacity of the sphere, is to that of the circum- 
scribing solid, as the surface of the former to the surface of 
the latter : both having, in this mode of considering them, a 
common altitude, a. £. D. 

Con 1. All circumscribing cylinders^ cones. Sec, are to 
the sphere they circumscribe, as their respective surfaces. 

For the same proportion will subsist between their indefi- 
nitely small corresponding segments, and therefore between 
their wholes. 

Cor. 2. All bodies circumscribing the same sphere, are 
rtspectively as their surfaces. 
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TUUOmMU XXXYUv 

The Sphere b Gre;iter than any Polyedron of Equal 

Surface. 



For, first it may be demonstrated, by a process similar to 
that adopted in theorem 9, that a regular polyedron has a 

C eater capacity than any other polyed r on of eqtml surface. 
>t P9 therefore, be a regular polvedron of equal surface to 
a sphere s» Then p must ritfaer circumscribe s, or fidi partly 
within it and partly out of it, or fdA entirely widiin it. The 
first of these suppositions is contrary to the hypothesis of the 
proposition, because in that case the surface of p could not 
oe equal to that of s. Either the 2d or Sd supposition there- 
fore must obtain \ and then each plane of the surface of p 
must fall either partly or wholly within the sphere s: which- 
ever of these be the case, the perpendiculars demitted from 
the centre of s upon the planes, will be each less than the 
radius of that sphere : and consequently the polyedron F 
must be less than the sphere s, because it has an equal base, 
but a less altitude, a. £. d. 

Cor* If a prism, a cylinder, a pyramid, or a cone, be 
equal to a sphere either in capacity, or in sur&ce^ in the first 
case, the surface of the sphere is less th^ the surface of any 
oi those solids ; in the second, the capacity of the sphere is 
greater than that of either of those soKds. 

The theorems in this chapter wiU si|ggest a variety of 
practical examples to exercise the student in computation*^ 

A few such are given below. ^ 

« 

EXERCISES, 

Ex, 1 • Find the areas of an equilateral triangle, a square, 
a hexagon, a dodecagon, and a circle, the perimeter of each 
being 36. 

Ex. 2. Find the diflefence betwe^i the area of a triaiigle 
whose sides are 3, 4',<and 5, and of an equilateral triangle of 
equal perimeter. 

Ex. 3. What is the area of the greatest triangle which 
can be constituted with two ^ven sides 8 and 1 1 : and what 
will be the length of its third side ? 

Ex. 4. The circumference of a circle is 12, and the pe- 
rimeter of an irregular polygon which circumscribes it is 15: 
what are their respective areas ? 

Ex^. 



J. 
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EiT. 5. Required die surface and the solidky of the grett* 
«st paraIlelopiped> whose length, breadth) and depth, together 
make 18 ? 

Ex. 6. The surface of a square prism is 546 : 'what is its 
^solidity when a maximum I. 

Ex. 7. The content of a cylinder is 169-645968 : what 
is its surface when a minimum ? 

Ex. 8. The whole surface of a right cone is 20 1 -06 1 952 ; 
what is its solidity when a maxiioaum ? 

Ex. 9. The surface of a triangular pyramid is 43*30127^ 
what is its capacity when a maximum ? 

Ex. 10. The radius of a sphere is 10. Required the so- 
lidities of this sphere, of its circumscribed equilateral cone« 
and of its circumscribed cylinder. 

Ex. 1 L The surface of a ^here is 28*274337, and of ah 
irregular polyedron circumscribed about it 35: wluit are their - 
respective solidities ? 

Ex. 12. The scdidity of a sphere, equilateral ccme, and 
Archimedean cylinder, are each 500 : what are the surfaces 
and respective dimensions of each I 

Ex. 1 3. If the surflce of a sphere be represented by the 
number 4, the circumscribed cylinder's convex surface and • 
whole surface will be 4 and 6, and the circumscribed equila- 
teral coneys convex and whole surface^ 6 and 9 respectively. 
Show how these numbers are deduced. 

Ex. 14.' The solidity of a sphere^ circumscribed cylisiderf 
and circumscribed equilateral cone, are as the numbers 4, 6, 
and 9« Required the^ proof. 
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CHAPTER in. 



OnLAKE TRIGONOMETRY CONSIDERED AKALYTIOALLY. 

Art. 1. There are two methods which are adopted by 
mathematicians in investigating the theory of Trigonometry: 
the one Geometrical, the other AlgebraiccU. In the former, 
the various relations of the sines, cosines, tangents, &c, of 
^ngle or multiple arcs or angles, and those of the ^es and 
an^es of triangles, are. deduced immmediately from the 

figures 
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figures to which the several enquiries are referred; each in* 
dividuad case requiring its own particidar method, and resting 
on evidence peculiar to itself. In the latter, the nature ana 
properties of the linear-angular quantities (sines, tangents^ 
&c,) being first defined, some general relation of these quan-« 
titles, or of them in connection with a triangle, is expressed 
by one or more algebraical equations ; and then every other 
theorem or precept, of use in this branch of science, is de- 
veloped by the simple reduction and transformation of the 
primitive equation. Thus, the rules for the three funda- 
mental cases in Plane Trigonometry, which are deduced by 
three independent geometrical investigations, in the second 
volume of this Course of Mathematics, are obtained alge- 
braically, by forming, between the three data and the three 
unknown quantities, three equations, and obtaining, in ex- 
pressions of known terms, the value of each of the unknown 
quantities, the others being exterminated by the usual pro- 
cesses. Each of these general methods has its^ peculiar ad- 
vantages. The geometrical method carries conviction at every 
step \ and by keeping the objects of enquiry constantly before 
the eye of the student, serves admirably to guard him against 
the admission of error : the algebraical method, on the con- 
trary, requiring little aid from first principles, but merely at 
the commencement of its career, is more properly mechanical 
than mental, and requires frequent checks to prevent any 
deviation from truth. The geometrical method is direct, 
and rapid, in producing the requisite conclusions at the out- 
set of trigonometrical science; but slow and circuitous in 
arriving at those results which the modem state of the science 
requires : while the algebraical method, though sometimes 
circuitous in the deyelopement of the mere elementary theo- 
rems, is very rapid and fertile in producing those curious and 
interesting formulae, which are wanted in the higher branches 
of pure analysis^ and in niixed mathematics, especially in 
Physical Astronomy. This mode of developing the theory 
of Trigonometry is, consequently, well suited for the use of 
the more advanced student: and is therefore introduced here 
with as {nucli brevity as is consistent with its nature and 
Utility. 

2. To save the trouble of turning very frequently to the 
^d volume, a few of the principal definitions, there given, 
^re here repeated, as follows : 

The SINE of an arc is the perpendicular let fall from; one 
of its extremities upon the diameter of the circle which 
passes through the other extremity. . 

Th? 
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The COSINE o£ an arc, is the sine of th^. complement of 
that arc, and is equal to the part of the radius comprised be- 
tween the centre of the circle jand tie foot of the sine." 7 

The TANGENT of an arc, is a line which touches the circle 
in one extremity, of that arc, and is continued from thence 
till it meets a line drawn &om or through the centire and 
through the other extremity of the ,arc. , 

The SECANT of .an lar.c, ijs the rjgldlus drawn through one 
of the extremities of that arc and prolonged till^it meets the 
tangent drawn from the other extremity. 

The VERSED SINE of an arc, is that part of the diameter 
of the circle which lies between the beginning of the ai^c and 
the foot of the sine. ' . " ' 

The COTANGENT, COSECANT, and (^VERSED SINE of ♦an 

•arc, are the tangent, secant, and versed sine, of the comple- 
ment of such arc • 

5. Since arcs are proper -and adequate measures of plane 
angles, (the ratio of any two plane angles being' constantly 
equal to the ratio of the two arcs of any circle whose cerftre 
is the angukr point, and whiqh are intercepted by th« lines 
whose inclinations form the angle), it is usual, and it is per- 
fectly safe, to apply the above names without circumlocution 
as though they referred to the angles themselves 5 thus, when 
W£ speak of the sine, tangent, or secant, of an angle, Xve 
n^aii the sine^ tan^ent,^ or secant, of the arc which measures- 
that angle ; the radius of th6 circle employed being known. 

4- It has been shown in the 2d vol. (pa. 6), that the tan- 
,gent is a fourth proportional to the cosine, sine^ and radius j 
the secant, a third proportional to the cosine and^^rad ju^ ;. the 
cotangent, a fourth proportional tb tli^^ ,sine, .cosine, and ra- 
dius ; and the cosecant a third proportional to the sine ind 
iradius. Hence,^ making use . of the oTpvious abbreviation^, 
and converting the analogies into equations, we have ' . 

rad. X sine. rad. x cos. •. * jrad*^ - . rad*. 

tan. = , cot. = — ^ — — , seci = — -, cos. = -t—-. 

COS. sine ' cos. sio* 

Or, assuming nnityfpr the rail, of the circle, these will become 

. sin. ' COS. ^ 1 ' 1 

tan. = — ... cot.- = -r- ... sec. rr:-— . . . .COS.= T— . 
COS. sm. - - tK>s* • siu; 

These preliminaries being bq^e in mind^ the student may 
pursue his investigations.' 1 r . . 1 . 

5. Let ABC be any plane frianglepof ' ' c 
which the side.BC apposite the angle A Js 
denoted by the. small letter a, the side Aq / 

opposite the angle b by the small letirei"' B, ' / . ^ 
'apid the side ab opposite the aitgle c by' A / 
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the small letter c, and cd perpendicolar to ab : then is^ 
c = a • cos B + & • cos A. 

For^ since AC =: b, ad is the cosine of A to that radios ; 
consequently, supposing radius to be unity^ we have ad s ^« 
COS. A. In like manner it is BD = a • cos. B. Therefore^ 
AD + BD s AB = c =: tf . cos. B f & . COS. A. BTpixrsuin|r 
similar reasoning with respect to the other two sides of the 
triangle^ exactly analogous results will be obtained. Placed 
together, they will be, as below : 

tf =- i . COS. c + r . cos. b) 

b zs a* cos. c + ^ • COS. a > (I.) 

C = a . COS. B + ^ • COS. A) 

6. Now, if from these ^uations it were required to find 
expre^ions for the angles ofa plane triangle, when the sides 
are given 5 we have only to multiply the first of these equa- 
tions by a, the second by by the third by r, and to subtract 
each ox the equations thus obtained from tne sum of the other 
two. For thus we shall have 

J» + ^ -- ^» s: 24c . cos. A, whence cos. A =: — •^" 

i^-k- (^ — b* ^ iac.cos. B, . . . cos. b = ~i^7 ^0^') 

A* + 4* - c* =» 2afi . cos. c, . • . cos. c =: 



Sac 



7. More convenient expressions than these will be dedu- 
ced hereafter : but even these will often be found very con- 
venient, when the sides of triangles ar^ expressed in integers, 
&nd tables of sines and tangents, as well as a table of squares, 
(like that in our first vol.) are at hand. 

Suppose, for example, the sides of the triangle arefls=S20, 
h = 562, c ?= 800, being the numbers given in prop. 4, pa, 
161 , of the Introduction to th^ Mathematical Tables ; then 
we have 

4* + c* - a* = S55444 . , . . • log. =: 5-^311751 
2Tlc . . a= 8»9200 log. = 5*9538080 

The remainder being log, cos. A, or pf 18*^0'= 9*9778671 

Again, «» + c* - 4* = 426556 , , . log. =s 5*6299760 

2flC .. , * ?= 5i2bOO . . . log, = 5-7092700 

The remainder being log. cos. b, or of S3''36'=» 99207060 

Then 180* - (18^20' + ^STSS') = 128" 5' ^5: c: where all 
the three triangles are determined in 7 lines. 

8. If it were wi$hed to get expressions for the sines, in- 
stead of the cosines, of the angles $ it would merely be ne- 
cessary to introduce into the preceding equations ^marked II), 

instead 
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imtead of cos. a, cos. B| &c, thrir equmknts Cos. A = y^ (i — 
sin*, a), cos. b = v/(1 — sin*, b), &c. For then, after a little 
' reduction, there would reisult, 

sin- A 3= —-^ ^Id'h"- + 2aV + 2A V - (a^ + *♦ + c^) 

- sin. B = ^ v^2tf*6* + 2aV + 2* V - (a ^ + ** + c^) 

$^n. c = ^v/2a*** + 2aV+2»V- («*+-** + c^) 

Or, resolving the expression under the radical into its four 
cpnstttoept factors, substituting s fortf +A+tf, and reducing, 
t&e eijuations will become 

sin, A = -^ v/is^s - a) (4s - *^ {^s - c) 

sin. B = ^ v/4s(4s - o) (4s - 6) (is - r) > (HI.) 



Of 

2 



sin. c = ^V^is(4s.-fl)Us- A)(-is-c) 

These equations are moderately well suited for computation 
in their latter form \ they are also perfectly Symmetrical : 
and as indeed the quantities under the radical are idientical, 
and are constituted of known terms, they may be represented 
by the same character ; suppose K : then shall we have 

sin. A = ^ . . . sin. b .= ~ • • • sm. c = ^ . . * ^^w.^ 

Hence we may immediately deduce a very important theo- 
rem: for, the first of these equations, divided by the second, 

uives ^^ = 4^, and the first divided by the third gives 

« Bin n It ' 



SID. It 

sin. A a 



= ^ : whence w« have 

sm. c c 

sin. A : sin. b : sin, c «c a : 6 : r . . . (IV.) 
Or, in words, the sides 0/ plane triangles are prapm^timql io 
the sines of tlieir opposite angles. (See th. 1 Trig. vol. ii). 

9. Before the remainder of the theorems, necessary in the 
solution of plane triangles, ^re investigated, the fundamental 
pro^itidn in the theory of sines, &c, miiet be deduced, and 
the method explained by which Tabfes of these quantities, 
confined within the limits of the quadrant, are made to ex- 
tend to the whole circle, or to any number of quadrants 
whatever. In order to this, expressions must be first ob- 
tained for the sines, cosines, &c, of the sums and differences 
of any two ^cs or angles. Now, it has been found (I) that 
<js = 4 . COS. c + e . cos. B. And the equations (IV) give 

iz=:u.^^ . . .\cz^a. ^- .Substituting these va- 

lues 
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}iiC'^ of b and e for them in the preceding equation, and 

tiplying the whole by ^^^^, it will become 

sin. A :r sin. h . cos. c -{• sin. c . cos. B. 
But, in every plane triangle, the sum of the three angles is 
two ri;;ht angles ; therefore, B and c are equa] to the supple— 
nicnt of A : and, consequently, since an angle- and its su}>ple- 
ment have the same sine (cor. I, pa. 3, vol. ii), we luve 
sin. (b + c) = sin. B . cos. c + sin. c . cos. B. 

10. If, in the last equation, c become subtractive, then 
would stn* c manifestly become subtractive also, while the 
cosine of c would not change its sign, since it would still con* 
tinue to be estimated on the same radius in the same direc- 
tion* Hence the preceding equation would become 

sin. (b — c) ^ sin. b . cos. c — sin. c . cos. b. 

1 1 . Let c' he the complement'of c, and } O be the quarter 
of the circumference : then will c' = iQ — c, sin. c'=cos. c, 
.and cos* c' ;= sin. c. But (art. 10), sin. (b — c') = sin. b. 
cos- c — sin. c' cos. b. Therefore, substituting for sin. c', 
cos. c', their values, there will result sin. (b — c') = sin. b . 
sin. c — cos. B . COS. c. But because c* = ^O — c, we have 
sin. (p-c') = sin. (b + c — ^O) = sin. [(B-f c)— :J-0] «= — 
sin. tiO— '(b + c)]= — cos. (b+c). Substituting this value 
of sin. (b— c') in the equation above, it becomes cos. (b+c) 
= cos. b • cos. c — sin. b • sin. c. 

» 

1?. In this latter equation, if c be made subtractive, sin. c 
will become — sin. c, while cos. c will not change : conse- 
quently the equation will be transformed to the following^ 
viz, COS. (a — c) = COS. b . cos. c + sin. b . sin. c. 

If, instead of the angles b and c, the angles had been a and 
B '9 or, if A and B represented the itrcs which measure those 
angles, the results would evidently be similar : tbey may 
therefore be expressed generally by the two following equa* 
tions, for the sines and cosines of the sums or differences of 
any two arcs or angles : 

sin. (a ± b) = sin. A . cos. B ± sin. B . cos. A. 7 ,^ x 
cos. (a ± b) = cos. A . cos. B ^ sin. A . sin. B. J ^ '^ 

13. We are now in a state to trace completely the muta.- 
tions of the sines, cosines, 8cc, as they relate to arcs in the 
various parts of a circle ; and thence, to perceive that tables 
which apparently are includedwithinaquadrant, are, infact, 
applicable to the whole circle. - 

Imagine that the radius mc of the circle, in the. marginal 
figure, coinciding at first with Ac, turns about the point c 
(in the same manner as a tod would turn on a pivot) , and thus 

forming 
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forming successively with ac all 
possible angles: the point m* at 
its -extremity passing over all 
the points of the circuknference 
abab'a, or describing the whole 
circle. Tracing this motion at- 
tentively, it will appear, that at 
the point a, where the arc is 
nothing, the sine is nothing also, 
while the cosine does not differ 

from the radius. '■ As the radius mc recedes from AC, the sine 
PM keeps increasing^ and the cosine c? decreasing, till the 
describing point m has passed over a quadrant, and arrived 
at B : in that case, pm becomes equal to cb the radius, and 
the cosine c? vanishes. The point m continuing its motion 
beyond b, the sine p'm' will diminish, while the cosine cp', 
which now falls on the contraty side of the centre c wilHn- 
crease. In the figure, f'm' and cp'are respectively. the sine 
and cosine of the-arc a'm', or- the sine and cosine of abm', 
which is the supplement of a'm' to 4^0> btali" the circumfe- 
rence: whence it follows that an obtuse angle (measured by 
an arc greater than a quadrant) has the same sine and cosine 
as its supplement ; the cosine .however, being reckoned sub- 
tractive or negative, because it is situated contrariwise with 
regard to the centre c. 

When the describing point m has passed over iQy or half 
the circumference, and has arrived at a', the sine p'm' va- 
nishes, or becomes nothing, as at the point a, and the cosine 
4s again equal to the radius of the circle. Here the angle 
ACM has attained its maximum limit j but the radius CM may 
still be supposed to continue its motion, and pzssbelo^u the 
diameter A a'. The sine, which will then be p'V% will con- 
sequently fall below the diameter, and will augment as m: 
moves along the third quadrant, while on the contrary cp% 
the cosine; will diminish. In this quadrant too, both sine, 
and cosine must be considered as negative ; the former being 
on a contrary side of the diameter, the latter a contrary side 
of the centre, to what each was respectively in the first quad- 
rant. At the point b', where the arc is three-fourths of the 
circumference, or |^0> the sine pV becomes eqiial to the 
radius cb, and the ootfine cp" vanishes. Finally, in the fourth 
quadrant, from b' taA, the sine p'V, always below a a', di- 
■mxnishes in its' progress, while the cosirtttn>p''V which is then 
found on the same side of the centre ^ik- was in the -first 
'.quadrant^' augments till it b^coM^s eqft?it to the radius ca, 
Hence^ the sine in tl^s ^^4fant is to be4:on$iderod as nega- 
tive 
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tive or subtracdTe, the cosine as positive. If the metion of 
u were continued through the circumference ^ff^f the cir* 
cumstances would be exactly the same in the fith quadrant 
as in the firsts in the sixth as in the second, in the seventh as 
in the third, in the eighth as in the foiuth : and the like 
would be the case in any subsequent revolutions. 

14. If the mutations of the tangent be traced in like man* 
ner, it will be seen that its magnitude passes from nothing to 
infinity in the first quadrant ; becomes negative, and de* 
creases from infinity to nothing in the second ; becomes po« 
sitive again, and increases from nothing to infinity in the 
third quadrant ; and lastly* becomes negative again, and de» 
creases from infinity to nothing, in the K>urth quadrant/ 

15* These conclusions admit of a ready confirmation, and 
ethers may be deduced, by means of the analytical expres- 
sions in arts. 4 and 12. Thus, if A be supposed equal to^Oi 
in equa. t, it will become 

4:0$. (f O db b) = COS. i O • cos. m T sin. 7O . sin. b, 

sin. (^O ± b) = sin. ^ O • cos. B db sin. b . cos. ^O- 

But sin. iO ^ rad. si; and cos. ^O = 0: 

so that the above equations will become 
COS. (|0 ± B) =: T sin. b. 
sin. (7 O d: b) = cos. % 
From which it is obvious, that if the sine and cosine of an 
arc, less than a quadrant, be regarded as positive, the cosine 
of an arc greater than 4^0 and less than \0 will be negative, 
but its sine positive. If B also be made == ^O i then shaU 
we have cos. iO = ~ I ; sin. iO ss 0. 

Suppose next, that in the equa. v, a =: ^O » then shall 
we obtain - 

cos. (iO ± b) =— cos. B. 
sin. (40 ± b) ss^ sin. b; 
which indicates^ that every arc comprised between ^O and 
iO% o^ tbat terminates in the third quadrant, will have its 
sine and its cosine both negative. In this case too, when 
B = -l-Of or the arc terminates at the end of the third quad- 
rant, we shall have cos. -JO =0, sin. ^O = ^ 1» 

Lastly, the case remains to be considered in which a ^|Of 
or in which the arc terminates in the fourth quadrant. Here 
the primitive equations (V) give 

COS. (40 ± b) = ± sin>.B. . 
sin. (I O ± B) = .— cos. B 5 
sothat in all arc8>between |0 and 0> ^^ cosines are posi- 
tive and the sinest n^ative. 

16. The changes of the tai^ents, with regard to positive 
tnd negative, may be traced by the application of the pre- 
ceding 
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ceding results to the algebraic expression for die tangent^ viz, 
tan. = — • For it is hence mamfest ^ that when thewie and 

COS. 

cosine are either both positive or both negative, the tangent 
will be positive } which will be the case in the first and third 
quadrants^ But when the sine and cosine have difierent 
signsy the tangents will be negative, as in the second and 
fourth quadrants. The algebraic expression for the cotan-^ 



COS. 



o 



gent, viz, cot. =s t-'^ will pcodnce exactly the same residts. 

The expressions for the secants and cosecants, viz; sec = 
— ., cosec. r: -r* show^ that the sims of the secants are the 

■ COB ' 8ID« O 

same as those of the cosines ; and those of the cosecants the 
• isame as those pf the sines. 

The magm^vde of the tangent at the end of the first and 
third quacbants will be infinite ; because in those places the 
sine is equal to radiuti the cosine equal to zero, and therefore 

— = oo (infinity). Of these, however, the former will 

be reckoned positive^ the latter negative. 

17. The magnitudes of the cotangents, secants, and cose* 
cants, may be traced in like manner *, and the results of the 
13th, 14th, and 15th articles, recapitulated and tabulated as 
below* 

0' 9(f 180^ 270^ 360' 

Sin. O R O — R 

Tan. O o^ O — oo 

Sec. R CO — R -. oo R }> (VL) 

Cos. R O ~H O R f 

Cot. oo O — oo o Po I 

Cosec. 00 R — 00^ *— R 00 J 

The changes of sines are these : 

sin. COS. tan. cot. sec. cosec. 

1st. 5th. 9th. 13th. J 5 + + + + + +) 

2d. 6th. 10th. 14thA | 4.-.--.^-+f 

3d. 7th. nth. 15th.\| + 4. - -( (^"-^ 

4th. 8th. I2th. 16th. ^ "^ - -\ -4.-^; 

We have been thus particulsMr in tracing the mutations, . 
both with regard to valu^ and algebraic signs, of the princt- 
pal trigpnometrical quantities^ because a knowledge of them 
is absolutely necessary in the application of trigonometry to 
the solution of equation^,, and to variotis astronomical and 
physical problems* 

1 8. We nay now proceed to the investigation of other ex- 
pressions relating to the sums, differences, multiples, &c, of 

arcs; 
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arcs ; and in order that these expressions may have the more 
generality) give to the radius any value Kp instead of confining 
it to unity* This indeed may always be done in an expres- 
sion, however complex, by merely rendering all the term^ 
homogeneous ; that is, by multiplying each term by such a 
power of R as shall viaKC it of the same dimtjisiony as the 
term in the equation which has the highest dimension. Thusj 
the expression for a triple arc 

sin. 3a = 3 sin. a -^ 4siB'. A (radius =1) 
becomes when radius is assumed == Rj 

R* sin. 3a = r' 3 sin. A — 4 sin', a 
i . 3r* sin. i— 4 siiiS. a 

or sm. 3 a = . 

Hence then, if consistently with tlils precept, r be placed 
for a denominator of the second member of each equation Y 
(art. 12), and if A be supposed equal to B, we shall have 

/ , V sin. A • COS. A •¥ sin. a . cos. a 
sm. (A + A) =c ■ ■ 

rrii ^* • ^ 2 sin. A . 009' A 

That is, sm. 2 a = . 

R 

And, in like manner, by supposing B to become successively 
equal to 2a, .3a, 4a, &c, there will arise 

sin. A . COS. 9a + COS. A . sin. €a' 

sm. 3a 1= 

R 

f\ . - sin. A . COS. Sa + cos. a .sin. 3a I fXnvf \ 

" sm, 4a = /■ (VllL; 

i ' . * 

^ sin. A . COS. 4a + cos. a . sin. 4a 

sm. 5A = 

And, by similar processes, the second of the equations 
just referred to, namely, that for cos. {a + B), will give suc- 
cessively, 

COS*. A — sin'. A 

cos. " 



^ cos*. A — sm*. A *> 

• 2A = r I 

„ COS. A . cos. 2a — sin. a . sin. 2a | 

R \ I 
COS. A . cos. 3a -— sin, a . sin. 3a \ 

• R .1 

COS. A . COS. 4a — sin. a . sin. 4a I 



cos 

cos. 4a 
COS. 5k = 



(IX.) 



19. If, in the expressions for the successive multiples of 
the sines, the values of the several cosines in terms of the 
sines were substituted for them ; and a like process were 
adopted with regard to the multiples of the cosines, other 
expressions would be obtained, in which the multiple sines 
would be expressed in terms of the radius and sine, and the 
multiple (posines in terms of the radius and cosine. 

r 

As 
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a$ 



As -sin. A = 



sin. 2a = 2sVr* — s* 
sin. 3 a = 3 s — 4s^ 



sin. 4a = (4s - 8-s3)v/R* — s* } 

sin, 5a = 5s-20s3 + 168^ j 

sin. 6a ='{6s-32s^ + 32sO^R^- s* 



(X.) 



Cos. A = 

COS. 2a = 
COS. 3a = 
COS. 4a = 



(XI.) 



c 

2C^- 1 

4c'- 3c 
8c*- 8c*+ 1 
COS. 5a = 1605-200^4- 5c 
.COS. 6 A = 32c^-48c*+18c*-l 

&C.&C*. J 

Other very convenient expressions for multiple arcs may 
be obtained thus : 

Add together the expanded expressions for sin. (b + a), 
sin. (B-A), that is, * 

add - - sin, (b + a) = sin. B . cos. a + cos. B . sin.=A, 

to - - sin. (B — a) 5n sin. b . cos. A r- cos. B . sin., a ; 

fhere results sin. (B-f a)+ sin. (b — a) = 2 cos. a . sin. b: 

whence, - sin. (b+ a) = 2 cos. A . sin. b — sin. (b — a). 
Thus again, by adding together the expfessioife for cos ( b + a) 
and COS. (b — a), we have 

COS. (b + a) + COS. (b — a) = 2 COS. A . COS. B; 

whence, COS. (b + a) = 2 cos. A . cos. b — cos. (b — a). 
Substituting in these expressions for the sine and cosine of 
B + A, the successive values a, 2a, 3a, &c, instead of b ; the 
following series will be produced. 

sin. 2a = 2 COS. 
sin. 3a = 2 cos, 
sin. 4a = 2 cos, 
sin- WA = 2 cos, 

COS. 2a =? 9 cos. A . cos. A— cos. (zzl)* 

COS. 3a = 2 cos. A •COS. 2a -r- COS. A. 

COS. 4a = 2 coj5. A . COS. 3 a — cos. 2a. 

COS. WA = 2 COS. A • COS. (?2— 1)a — COS. (w — 2)^. 

Several other expressions for the 'sines and cosines of mul- 
tiple arcs, might readily be found: but the above are' thfe 
most useful and commodious. .-.'>... 
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5. A . sin. A. "^ 

s. A . sin. 2a — sin; a. f 

5. A . sin. Sa — sin. 2a. - i 

5. A. sin. (n— 1)a — sin. (7Z— 2)a. J 



(X.) 



{xL) ' 



* Here we have omitted the powers of r that wereraecesSv-^ry to render ^fl 
the terms homologous, merely that the expressions m(ght be brought in ijpoii 
the page^ but tl»$y ma^ easily be' supplkd/'irhen needed,' by the rule in 
art. 18. . . 

20. 
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20. From die equation sin. tA = ^ 9 it will be 

easy, when the sine of an arc is known, to find that of its 
half. For, substituting for cos A its value v'C'^^^sin* ^V 

there will arise sin 2 A = ~ ^. This squared 

givCs K* sin* 2a = 4r' sin* a — 4 sin* A. 
Here taking sin a for the unknown quantity, we haye a quald- 
ratic equation, which solved after the usual manner, gives 

sin A = ± v/iH' ± i»v/R*-«n*2A. 
If we make 2 a = a', then will a » ^a', and consequently 
the last equation becom es 

sinjA^ - db \/i ^*± tR Vr*- si nTA'? . jjj j 

or sin jV = ± j- \/2r* ± 2r cos a' ; J . 

by putting cos a for its value \/ a*— sin* a', multiplying the 
quantities under the radical by 4, and dividing the whole se-> 
cond number by 2. Both these expressions for the sine of 
half an arc or angle will be of use to us as we proceed. 

21. If the values of sin (a+b) and sine (a — b), given by 
equa. v, be added together, there will resuk 

sin (A+B) + sin (A-.B) = £!i!Ll:f2U!?. whence, ^ 

sin A . cos B = 4R sin (a + b) + ^Rsin (A -b) . . (XUI.) 
Also, taking sin (a— b) from sin (a+b), gives 

sin (A+B) - sin (A-B) = ililLl:H2i±. whence, 

sin B. cos A = 4Bsin(A+B)-|:R. sin (a-b), .(XIV.) 
When A ^ B, both equa. xiii and xiv^ become 
cos A . sin A = iR sin 2a . . (XV.) 

22. In like manner, by adding together the primitive ex- 
pressions for cos (A +b), cos (A - b), there wUl arise 

/ . I _\ I , V 2 cos A • COS B ' - 

cos (a+b) + cos^(a-b) = jj 1; whence, 

cosA.cosB =::4^r.cos(a+b)+^R.cos(a-b) (XVI.) 
And here, when'A = b, recollecting that when the arc is 
nothing the cosine is equal to radius, we shall have 

cos* a = 4r . cos 2a + 4r* . . . (XVII.) 

23. Deducting cos (a + b) from cos (a - b), there will 
remain 

^-- /a .^n / I ' \ 2 sin A ; sin a * 

cos (A— B) — cos(a+b) = >— — 5 whence,^ 

sin A. sin B = iR . cos(A-B)-iR. cos (a+b) (XVni.)t 
y^hen A =* B, this formula becomes 



sin* A =: ^R* -^ |R . cos 2a . . . (XIX.) 
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^4. Multiplying together the expressions for sin (a. + i^) 
and sin (a— b)) equa. Vj and reducing, there results 

sin (a+ b) . sin (a — b) = sin* A — sin* b. 
And, in like manner, multiplying together the values of 
cos (a+ b) and cos (a— b), there is produced 

cos (A+b) . cos { A — b) == cos* A — COS* B. 

Here, since sin* a — sin* b, is equal to (sin a + sin 6) x 
(sin A — sin b), that is, to the* rectangle ox the sum and di& 
ference of the sines j it follows, that the first of these equa* 
tions conv^rtied into aiS analogy, becomes 

sin (a — b): sin a — sin b ::sinA + sinB : sin (a + b) (XX.) 
That is to say, the sine of the difference of any two arcs or 
angles^ is to the difference of their sines, as the sum ofthost 
sines is to the sine of their mm. 

If A and i be to each other as n + 1 to «, then the pre- 
ceding proportion will be converted into sin A : sin (n+ 1)a -* 
sin WA : : sin (w-f 1)a + sin nA : sin (2w+ I)a. . . . (XXI,) 

These two proportions arfe highly useful in computing a 
-^ table of sines \ as will be shown in the practical examples at 
the end of this chapter. 

25. Let us suppose a + b = a', and A — fi = b' ; then the 
half sum and the half difference of these equations Will giv6 
> respectively A = 4r(A'+B0> and B=:i(A'— B'). Putting these 
values of a and b, in the expressions of sin a . cos b, sin b . cos a^ 
cos A . cos b, sin a . sin b, obtained in arts. 21, 22, 23, there 
would arise the following formulae : 

sin -i-(A'-f b') .xos4<a'— b') == iB(sin a'+ sin %\ 
sin 4( a' — bO . cos i(A' + b') = iR(sin a' -* sin B'), 
cos i(A' f b') . cos i\k — b') = 4r(cos a' + cos b'), 
sin 4(a'+b') . sin 4(a'-b') = 4r(cos b'- cos a% 

Dividing the second of the^e formulae by the fir^t, ther^ will 

be had ^ 

•m|(A'-^BO. cosyx^+BQ _ sin|( V-0 cos|(a>bO sihA'^si na^ 
sin i(A'+ b') . cos i(A'-B') "" cos J(a'-7^ ' 8ioJ(A'-f-B')"*iitt A'+ain b'* 

But since — j= — , and ^ = -^ , it follows, thit the two 

cos Ji ' sin tan 

factors of the first member of this equation^ are 
— K — "' ^^^ unIP — ^^* respectively ; so that the equation 
■ manifotly beconils 12^1^1 = ^4=^^. • . . (XXH.) 

' tan f (a+b) sin a f sm b ^ ' 

This equation is readily converted into a very useful prb^ 
. portion, viz. The sum of the sines of two arcs or angles^ is /^ 
their differencey as the tangent of half the sum of those arc^ 
or angks, is to the tangent ojhalf their d^erence^ 

Vol. lit, F . 26. Operat- 
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2f. Operating with the third and fourth formulae of the* 
preceding article, as we have already done with the first and 
secondi we shall obtain 

tan \{a' +9') .tan{(A'^ b") ^ cot %'^r o% a' 
^~^""~^ R* "" cos a' + cos i" 

In like manner, we have by division^ 

• ? .= — —-r-— r=tan Ua+B ); ? j-COtiCA -F ; ; 

cos A + CO* B C0»5(a'+b) *^ ^ " COBB— COS a' *^ ' 

sin a'— sinB* ., , ,. nln a'— sin b' . .x * . 'v 

7 >= tan i(A -b)... : j = cot {(A +b)> 

COS A + COBB * ' cost— COS A *^ ' 

COB a'+C08 b' cot |fA'+p*) 

COS b'— cos a' taii ^v*'~"** / 

Making B = Oj in one or other of these expressk>RS| there 
results^ 



sin a' I ' .— ^ 

l+COSA * cot I a' 



1— CUBA * Un^A 

1 + COS a' cof -^ a' a I » 1 

1-cosa' "" uS>? "" ^°' *^ " tai.« A*' • 



These theorems will find their application in some of the 
investigations of spherical trigonometry* 

27. Once more, dividing the expression for sin (a ± b) 
by that for cos (a i b)/ there results 

, sin (a dbif) sin a . cos b dtz sin b . cos a 

cos (a ± b) cos A . cos B 7 »iu A . sin B * 

|hen dividing both numerator and denominator of the second 
fraction, bj cos a . cos b, and recollecting that ^^ — = — ,we 
shall thus obtain 

tan (a ± b) R(tan a db tan b) 

R "" R* :^:: tan a . tait b * 

, , 7 1 \ n*(tan a =fc tan b) /w-rrr 

or, lastly, tan (a ± b) = ~rz ; — -^ . . . (XXIIL 

. ' J ' ^ ■ ' r' rp tan A . tan b ^ 

Also, since cot = -—, we shall have 

' tan 

r , R* . R' H^ tan A • tan B 

; cot (a ± B) = J^^T^T^^ = tanAitaaa » 

which, after a little reduction, becomes 

. - cot, (A ± B) = ,„,',^,,7; (XXIV.) 

- 28. We might now proceed to deduce expressions for the 
tangents, cotangents, secants, &c, of multiple arcs, as well as 

some 



\ 
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. ^me of the usual formulae of verification in the construction 
of tables^ such as ' 

sin (54<'+A) + »m (54®-A)-sin (I80+ A)-.^in (18^-A)-sin (90O-a)5 
- urn A + sio (36°- a) + sin (720+A)«sin (36®+ a) + sin (72°- a). 

&c. &c. 

But, as these enquiries would extend this chapter to too 
great a length, we shall pass them by ; and merely investi- 
gate a few properties where more than two arcs or angles art 
concerned, and which may be of use in some subsequent 
parts of this volume* 

29. Let A, B, c, be* any three arcs or angles, and suppose 
radius to be unity ; then 

/ . V sin A . sin c + sin B • sin (a + b+C) 

sm (b+c) = — -,■ ,— - \ 

^ ' ' sin (a 4* b) 

For, by equa. v, sin (a + b + c)= sin a . cos (b + c)4-cos a . 
sin (b + c), which, (putting cos b . o.)s c — sin b . sin c for 
. cos (b -f-c)), is = sin a • cos B . cos c— sin a . sin b . sin c + 
cos a . sin (b4-c) ; and, multiplying by sin B, and adding 
sin A . sin c, there results sin A . sin c + sin b . sin (a+ b -|- c j 
rz sin A • cos b • cos c . sin b + sin a . sin c . cos^ b + cos A . 
sin b . sin (b + c) = sin a . cos b . (sin b . cos c + cos B • sin c) 
+ cos A . sin B . sin (b + c) = sin a . cos b . sin (b. + c) 4- 
Gos A • sin A . sin (B + c) =:.(sin A . cos b + cos a., sin b) x 
sin (b + c) = sin (a + B) . sin (b + c). - Consequently, by 
dividing by sin (a + b), we, obtain the expression above 
given. 

In a similar manner it may be shown j that 

/ \ ^ sin A . sin c — sin J . sin (a— B + c) 

Sin (b — c) r= . i V , T— ^- '. 

^ ' sin (a — b) 

So. If A, B, c, D, represent four arcs or angles, then writ- 
ing c + D for G in the preceding investigation, there will 
result, 

. , . . s- sin A . sin (c + D) + sin B . sin (a+b + c + d) 
sm (b + c+d) J=s ^ ^-r-7 ^ — ^** \ 

V" '^r ^/ 8in(A + B) 

A like process for five arcs or angles will give 

t , . . . sinA.sin (c + p + K)+sin B.sin (a + b + c + D+e) 
Sln(B + C + D+E)= ^ sio(A+B) —• 

And for any number, a, b, c, &c, to l, ' 

. , \ gin A.'sin(c + D + ...L') + sinB.sinrA + B + c+\.jJ 
sm (B + C+ ..,.L)=. — .in (A + 3) ' ^^-^^^ . 

31. Taking again the three a, b, c, we have 
sin (b — c) == sin b . cos c — sin c • cos b, 
sin (c — a) = sin c . cos A — sin a . cos c, 
sin (a— b) = sin A ► cos b — sin b . cos A. 
Multiplying the first of these equations by sin a, the second 
J F 2 by 



i 
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bf sin B| the third by «n c ; then adding together the eqn^ 
ticm^ thus transformed, and reducing ; there will result, 
sin A . sin (B--c)-i-sin B . sin(c— Aj+sin c • sin (a— B^aeO; 
cos A . sin(B~c)-|-co8B.sin (c— a)+cosc» sin (A— b)s=0; 
These two equations obtaining for any three angles what- 
ever, apply evidently to the three angles of any tnangle. 

32. Let the series of arcs or angles A, b, c, d • • • • Lf be 
contemplated, then we have (art« 24), 

sin { A + b) . sin (a — b) = sift* A — rin* B, 
sin (b + c) . sin (b— c) = sii^S b — sin* ^s 
sin (c + d) . sin (c — d) = sin* c — &in*D« 

8ic. kc. &c. 
sin (l + a) ; sin (l - a) ^ sin* l — sin* A. 
If all these equations be added together, the second mem- 
ber of the equation will vanish, and of consequence we shalk 
have 

sin (a+b) . sin (a — B) 4- sin (b+c) . sin (b— o) + &c . . • 
^ • • . « + sin (L-f a) + sin (l— a) = 0. 
Proceeding in a »milar manner with sin (a — b), cos (A+B)f 
sin (b — c), ccis (b + c), &c, there will at length be obtained 

cos(A+B).sm(A— b) + cos(B+c).sin (b--c)+&c.. • 
..»..•+ cos (l+a) . sin (l — a) = 0. 



d the last term l any number /i of circumferences;, 
[— A = n', c— b=d', &c, a + b = d', B+c=:3iy,. 



33. If the arcs a, B, c, &c . . . . l form an arithmetical 
progression, of which the first term is 0, the common differ-^ 
ence d', and 
then will B 

^c : and dividing the whole by sin d', the preceding equa- 
tions will become 

sin p' + sin 3d' + sin 5d' + &c = 0, \ /v vtt \ 
cos d' + cos 3d' + cos 5d' + &c = 0. / K^^^') 

If b' were equal 2d', these equations would become 
9inD'+sin(D'+E') -f sin(D'+2E') +sin (d'+ 5pO + &c=sO,. 
cosd'+cos(d'+e') + cos(d'+2b') + cos(D'-t- 3e')+ &c=0. 

3^. The last eqaation> however, only shows the sums of 
sines and cosines of arcs^ or angles in arithmetical progres- 
sion, when the common difference is to the first term in the 
ratio of 2 to 1. To investigate a general expression for an, 
infinite series of this kind, let 

s 11 sin A + sin(A+B)+sin (A+2k)4-sin(A-4-3B)+&c. 
Then, since this series is a recurring series, whose scale of 
relation is 2 cos B— 1, it will arise from the developement o£ 
a fraction whose denominator is 1 — 2;5 . cos^ B + z\ making 

• Now 
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Idow this fraction will be = »»■ A^■.{.i,(t^■.>.^ a^n^.W.^ 
Therefore^ when z = 1^ we have 

sin A + BIB Ca + b) — 2 sin a , cos B ^ • j j.v:-« t.^^- ^ « 2 v 

J = ^— TT • — • — > ana this, because £ sm a . 

2-*2coiB ' 

<os B = sin (a + b) + sin (a — b) (art. 21), is equal to 
iwn A - 8irt^(A-B)^ But, since sin A'- sin b'= 2cosi(A'+j^). 

S(l— cose) ' »\ • / 

sin i(A'— b'), by art. 25, it follows, that sin A — sin (a— bJ = 
2 cos (a — ^b) sin iB j besides which, we have i — cos b =s 
2 sin^ -l^B. Consequently the preceding expression becomes^ 
s = sin A + sin ( a + e) + sin (a+2b) + sin (a + 3b) + &c 

ad infinitum = ^^|^^. • • • (XXVL) 

^S. To find the sum of w + 1 terms of this series, w« have 
simply to consider that the sum of the terms past the (n-f- 1 )th, 
that is, the sum of sin [a+(w+1)b] + sin[A+(»-}-2)B] + 
sin [a + (n + 3)b] + &:c, ad infinitum y is y by the preceding 

•theorem, = ^*^' «^ "i * ' Deductii^g this, therefore, from 

the former expression, there will remain, sin A + stn (a+b) 
+ sin (a + 2b) + sin (a + 3b) + • . . . sip (a + tib) =: 

<iO§ (a— ^B)— co8[A-f(n + j)b] ^ «in(A + {«B).»in |(n+l)B /V-vtttt \ 
2810^8 "~ lin f B *^ '' 

By like means it will be found, that the sums of the 
cosines of arcs or angles in arithmetical progression', will be 

cos A + cos (a + b) + cos (A + 2b) + COS (a + ^B) + &Cj 

ad infinitum = - '^^j^^'^* • • (XXVIIL) 

Also, 
cos A + COS (a + b) + COS (a+2b) + cos (A + 8b) + . ••; . 

(COSA+WB) = jrj-jj . . • iAAlA.) 

36, With regard to the tangents of more than two arcs, 
the following pi*operty (the only one we shall here deduce) is 
a very curious one, which has not yet been inserted in works 
-of Trigonoifaetry, though it has been long known to mathe- 
matician^. Let the three .arcs A, b, c, together make up 
the whole circumference, O • then, • since tan (a + b) =: 

«i{9 rtsn A "h t&n b) 

R'-tonA.tatiB (^y ^^"^* xxiii), we have r*x (tan a + tan b+ 
tanx:) .= r*x [tan a + tan b — tan (A+B)]==R*x(tan a -f ^ 

r9 (tan A if tail's) . ,^. i» '• • -j 

tan B — •-—: r- — • ) =* by actual multiplication and re- 

R*— Ian A . tan b "^ ' -^ ^ 

duction, to tan A . tan b . tan c, since tan c === tan [O "" 
<A+B)] = - tan ^ + B) = - "'/'"^"T'i ' by What hfts 

* '-* . . R«— tan A .ton b' ' 

preceded 



70 ANALYTICAL PLANB TRIGONOMBTRY. 

preceded In this article. The result therefore is, that th^ 
sum of the tangents of any three arcs which together constu 
tute a circle, multiplied by the square of the radius^ is equal 

to the product of those tangents (XXX.) 

Since both arcs in the second and fourth quadrants have 
their tangents considered negative, the above property will 
apply to arcs any way trisecting a semicircle ; and it will 
therefore apply to the angles of a plane triangle, which are, 
together, measured by arcs constituting a semicircle. So 
that, if radius be considered as unity, we shall find that, the 
sum of the tangents of the three angles of any 'plane triangle^ 
is equal to the continued product of those tangents. (XXXI.) 

37. Having thus given the chief properties of the sines, 
tangents, &c, of arcs, their sines, products, and powers, we 
shall merely subjoin^investigations of theorems for the 2d and 
3d cases in the solutions or plane triangles, Thus, with re- 
spect to the second case, where two sid^s and their included 
angle are given : 

By equa. iv, a \ b : :• sin A : sin B, 

^j^j- • • f r/ + 6 : fl— i : ; sin A + sin B : sin A — sin b. 
and division 3, 

But, eq. XXII, tan4^(A+B) ; tan 4(a — b) : : sin a + sin B : 
sin A — sin B ; whence, ex equal, a-^b : a — b :: tan -|^( A -f b) : 
tan i(A-B). . . . (XXXII.) 

Agreeing with the result of the geometrical investigation, 
at p. IQ, vol, ii. 

38. If, instead of having the two sides /r, d, given, we know 
their logarithms^ as frequently happens in geodesic opera- 
tions, tan I^(a-tB) may be readily determined without first 
finding the number corresponding to the logs, of a and 6, 
For if a and b were considered as tl\e sides of a right-angled 
triangle, in which <f denotes the angle opposite the side a, 

then would tan ^ ~ — , Now, since a is supposed greater 

than by this angle will be greater than half a right angle, or 
it will be measured by ah arc greater than -j. of thecircumfer, 

ence, or than 4 O. Then, because tan («p - 4. 0) = ttt-^-^-^ 

^ ■ o^*^ ■ v'^8X'i+ tan $ tan ^Q 

and because tan ^Q ^ ^ ~^» ^^ ^^^'^ 

tan(?-iO-)={:-'l)^(l + |) = ,^- 
And, from the preceding article, 

a— fr tan |(a— b) tan ^(a — b) , 

— 1 = r— ¥7 \ ~ '■ — . i^ " • consequently, 

a+5 tanf(A + B) cot Jc * ^^ 

Jan Ir(A-B) = cot ^c i tan (?> - iQ). . . . (XXXIII.) 

From 
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Prom this equation we have the following practical rule : 
Subtract the iess from the greater of the given logs, the re- 
mainder will be the log tan of an angle : from this angle 
take 45 degrees, and to the log tan of the remainder add 'the 
log cotan of half the given ^ngle;. the sum will be the log 
tan of half the diffh^ey^ce of the other two angles of the plane 
triangle. 

^9. The remaining case is that in which the three sides of 
the triangle are known, and for which indeed we have al- 
ready obtained expressions for the angles in arts. 6 and 8.' 
But, as neither of these is .best suited for logarithmic compu- 
tation, (howexer well fitted they are for instruments of in- 
vestigation), another may be deduced thus : In the equation 

for COS A,:(given equation iij, viz, cos a z= — rr , if we 

substitute, instead of cos a, its value 1 — 2sIn*iA, change 
the signs of all the terms, transpose the 1, and divide by 2, 

we shall have sm i a = -7 = — -. 

Here, the numerator of the second member being the pro- 
duct of the two factors (a -^ b — c) and (a — A -J- c),*the equa- 

tion will become sin* -|-a = \ But, sin«e 

4^(rt+6--c)=i(a+*+0-^Vandi(fl--6+6)=:=»(fl+^+t;)~J5 
if we put s r= fl + A + r, and extract the square root, there 
will result, 

sin iA = v^ii?::^'i=^> . ") 

^th'i' = v/*4fc>: [ (XXXIV.) 

sinic=^ ^*— ^^!^-^ ) 

These expressions, besides their convenience for logarith- 
mic computation, have tlie further advantage of being per- 
fectly free fnom ambiguity, because the half of any angle of 
a plane triangle will always be Jess than a right angle. 

40, The student will find it advantageous to collect into 
one place all tliose formulse which relate to the computation 
of sines, tangents, &c* 5 and, in another place, those which 
are of use in the solutions of plane triangles : the former of 



* What is here given bein^; only a brief sketch of an inexhaustible sub- 
ject ; the Ecacler who wishes to pursue it further is referred to the copipus 
introduction to our Mathematical Tables, and the «oniprehensive treatises 
•on Trigonometry, by Emerson and many other modem writtya on'^the san^ 
subjc^ct, where he will find his curiosity richly grati&ed. 

these 



72 ANALTnCAL AANB TR|OOROMETRT. 

these are equations v, Viii, ix, X| xi, x, xi^ xii, xiii, Xiv, 
XV, XVI, XVII, xvin> xlx, xx, xxii, xxiiy xxiii, xxiv, 
XXVII ) the latter are eqna. ii, m, iv, vii, xxxii, xxxiii, 

XXXIV. 

To exemplify the use of some of these formulae^ the fol- 
lowing exercises are subjoined. 

EXERCISES. 

Ex, 1. Find the sines and tangents of 15*, 30% 45% 60°j 
and 75° : and show how from thence to find the sines and 
tangents of several of their submultiples*. 

First, with regard to the arc of 45 , the sine and cosine are 
manifestly equal ^ or they form the perpendicular and base 
' of a right-angled triangle whose hypothenuse is equal to the 
assumed radius. 'I'hus, if radius be R, the sine and cosine of 
45% will each be = v'iR*=iiv^i==iRA/ 2, If r be equal to 
1, as is the case with the tables in use, then 

sin 45° = cos 45^ = i-v/2 ~ •^07l068. 

tan 45 = — = 1 • = r— = cotangent 45^ 

cos »in ** 

Secondly, for the sines of 60* and of 30* : since each angle 
in an equilateral triaiirjle contains 60% if a perpendicular be 
demitted from any one angle of such a triangle on the oppo* 
site side, considered as a base, that perpendicular will be the 
sine of 60% and the half ba:e the sine of 30% the side of the 
triangle being the assumed radius. Thus, i f it be R, we shall 

have -yR for the sine of 30% and v/R*— iR*=TRV'?> ^^^ the 
sine of 60°. When |i = 1, these become 

sin 30» = -5 sin 60° = cos 30° = '8660254, 

Hence, tari 30° = j~ = ^ = ^ ^3 = -5773503, 

t^n 60* = >-|2 = >/3 = . . . . 1-7320508, 
Consequently, tan 60' = 3 tan 30^ 

Thirdly, for the sines of 15° and 73®, the former arc is the 
half of 30°, and the latter is the cohipliment of that half arc. 
Hence, substituting I for r and -J- V3, for cos A, in the ex-* 

pressionsin^A = ±^V^2r*± 2KCOSA . . • (equa. xii), 
it becomes sin l^'' = is/'^-W^ = •2588190, 
Hence, sin 75'=cos l5"=-y/i-^(2- V3) ^is/T+V^ zz 
^Ij^ =: -9659258. 

Consequently, tan IS" = ^ = |S = •2«'?9*92. 
^^^ '^ 75' = IS = 3-^320508, 

NOWf 
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Nowr from the sine of SO^ those of e°> 2"^^ and i"", mzj 
easily be found. Fort if 5A =» 30% we shall have, from 
equation x> sin 5a = 5 sin a — 20 stn^ a + 1 ^ sin^ a : or, if 
sin a = x, this will become 1 6x^ — 20x^ + 5s = '5. This 
equation solved by any of the approximatmg rules for such. 
.equations>\^iU give s =: * 104*52 8 5» which is the sine of 6\ 

Nes;t> to find the sine of 2% we have again, from equa* 
tion X, sin 3 a SB 3 sin a — 4 sin' A : that is, if jp be put for 
sin 2^, Sx — 4jr' =s *1045235. This cubic solved, gives 
X = '0348995 = sin 2o. - 

Then, if s = sin 1% we s hall, fr om the second of the equa* 

tions niarked x, have 2sv^l — s* = '0348995 j whence sJis 
found c -0174524 = sin 1% 

Ha& the expression for the sines of bisect^ arcs been ap* 
plied successively from sin 15°, to sin 7*^30®, sin 3®45', sin 
l''52^'i sin 56 W &c, a different series of values might have 
been obtained : or, if we had proceeded from the qninqui-* 
section of 45% to the trisection of 9% the bisection of 3% and 
so on, a different series still would have been found. But 
what has been done above, is sufficient to illustrate this me*, 
thod. The next example will exhibit a^ very simple and 
compendious way of ascending from the sines of smaller to 
those of larger arcs. 

JEx. 2. Given the sine of 1% to find the sine of 2^, and 
then the sines of 3% 4*, 5% 6% 7% 8% 9°, and 10% each by a- 
9ingle proportion. / 

Here^ taking first the expression for the sine of a doul^le 

arc, equa. x, we have sin 2*=2sinl'v/l— sin*l°="0348995. 

Then it follows from the rule in equa. xx, that 
sin 1' ; sin 2°-sih 1° : : sin 2^ + sin V : sin S** = -0523360 
sin 2' : sin 3° -sin 1° : ; sin 3* + sin l' : sin 4** = '0697565 
sin 3° : sin 4^- sin r z : sin 4° -f- sin T : sin S"" = '0871557 
sin 4^=^ : sin 5'' -sin 1° : : sin 5*» + sin 1^ : sin S*' = '1045285 
sin 5* i sin 6°-sin 1** : : sin 6* + sin 1* : sin T = -1218693 
sin 6* : sin 7^ -sin 1* :: sin T + sin r : sin S** = -1391731 
sin 7'' : sin 8«-sin I*' :: sin 8" -f sin T : sinV = '1564375 
^in 8^ : sin 9°-sin l'* : : sin 9*^ 4- sin T isinlO'* = -1736482 

To check and verify operations like these, the proportions 
should be changed at certain stages. Thus, 

sin 1° : sin 3^-sin 2° ; ; sin S** + sin 2** : sin 5% 
sin r ; sin 4°-sin 3^ : : sin 4* + sin 3° : sin 7% 
sin 4^ : sin r- sin 3*^ : : sin 7^ + sin 3* : sin 10^ 
The coincidence of the results of these operations with the 
^alogous results in the preceding, will manifestly establish 
f he correctness of both. 
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Cor, By the same method^ knowing the sines of 6*, 10% 
and 15**, the sines of 20% 25% 35% SS^'y QS"", &c, may be 
found, each by a single proportion. And the sines of 1% 9% 
and 10% will lead to those of 19% 29% 39% &c. So that the 
sines may be computed to any arc : and the tangents and 
other trigonometrical lines, by means of the expressions in 
art. 4, &c. 

Ex. 3. Find the sum of all the natural sines to every mi- 
nute in the quadrant, radius = I . 

In this problem the actual addition of all the terms-would 
be a most tiresome labour : but the solution by means of 
equation xxvii, is rendered very easy. Applying that theo- 
rem to the present case, we have sin (a + -f wb) r= sin 4 5°, 
sin \{n -f 1 )b = sin 45^030% and sin ^b =: sin 30". Therefore 

•— ' ^:;;=; = 3i38-2467465 the same sum required. 

From another method, the investigation of which is omitted 
here, it appears that the same sum is equal to Hco^ 30 "+ l). 

Ex. 4. Explain the method of finding the logarithmic 
sines, cosines, tangents, secants, &c, the natural sines, cosines, 
&c, being known. 

The natural sines and cosines being computed to the ra-* 
dius unity, are all proper fractions, or quantities less than 
unity, so that their logarithms would be negative. To avoid 
this, the tables of logarithmic sines, cosines, &c, are com-* 
puted to a radius of 10000000000, or 10*°; in which case 
the logarithm of the radius is 10 times the log of 10, that isj 
it is 10. 

Hence, \fs represent any sine to radius h, then 10*° x 5= 
sine of the same arc or angle to rad 10'°. And this, in logs 
is, log 10'° s = 10 log 10 + log J = 10 + log s. 

The log cosines are found by the same process, since the 
cosines are the ^ines of the complements. 
' The logarithmic expressions for the tangents, &c, arc dc* 
duced thus : 

Tan = rad — . Theref. log tan = log rad + log sin — log 

cos = 10 + log sin — log COS. 

Cot = ~. Therf.logcot=:2lograd-— logtan=20— logtan. 

Sec = — . Therf.log sec =2 log rad —log cos =20— log cos. 
Cosec =.— . Therf . J .cosec = 2 log rad -^log sin = 20 — log sin. 

-w , . cbord« (3 sin I arc)* 2 x sii»* -I arc 

Versed sine = — — = ^^ — ^ ' • z;: ^ — • 

diam 2 rad rad 

Therefore, log vers sin = log 2 + 2 log sin -^ arc — 10. 

- Ex. 5. 
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Ex, 5. Given the sum of the natural tangents of the an- 
gles A and B of a plane triangle == 3'1601988, the sum ofthe 
tangents of the angles B and c = 3*8765577, and the conti* 
nued product, tan a . tan B • t^ 0= 5*3047057 : to find the 
angles a, b, and c. 

It ha$ been demonstrated m art. 36, that when radius is 
umty, the product of thenatural tangents of the three angles 
of a plane triangle is^qual to their continued product. Hence 
the process is this : 

From tan A + tan B + tan c = 5*3047057 
Take tan a + tan b . . . . = 3*1601988 

Remains tan c r= 2- 1445069= tan e^J'- 

From tan a + tan B + tan c == '5^3047057 
Take tan B + tan c . . • • = 3*8765577 

Remains tan a = 1 -428 1480 = tan 55^. 

Consequently, the three angles are bS^^^ 60^ and C5\ 

Eiv, 6. There is a plane triangle, whose sides are three 
t^QDsecvitive terms jn the natural series of integer numbers, 
and whose largest angle is just double the smallest. Required 
the sides and angles of that triangle ? 

If A, B, c, be three angles of a plane triangle, a, 6, f, the 
sides respectively opposite to A, b, C; and s = a + A + c. 
'J'hen from equa. 111 and xxxiv, we have 

sin A = ^^^ i,sUs-fl).(is~i).(-is~c), 

and sin ^c = v r-^ * 

Let the three sides of the required triangle be represented 
ty *^> j: + 1, and ^4-2; the angle a being supposed oppo- 
site to the side r> and c opposite to the side x 4- 2: then the 
preceding expressions will become 

2 . 3x -f 3 g4-3 x + 1 T-l 

*^" ^ =(x;+i).(f+2)V 2 • "T" • '"s "" • ^a~* 

sm^c = V ■ ^ ; IX ■ 

Assuming these two expressions equal to each other, as they 
ought to be, by the question 5 there results, after a little re- 
duction, x^ — ^x^ — v*^ "~ 2 = 0, a cubic equation, with one. 
positive integer root x = 4. Hence 4, 5, and 6, are the 
sides of the triangle. 

sin A = T-V^Tm = 7.\v/^7^ =T:T.^3'v/7=iv/7. 
«Jn B =Av^'^» sin c = tVv^'7; sinic=r V^;|;|.t.=^^v^7- 
The anjgle§ are, a = 4I°'409r>O3 = 41^24' 34"34'", 

B = 55°-77ll91 = 55 46 16 18, 
C =82°'8 19206 = 82 49 9 8. 

Any 
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Any direU solution to this curious probltfmt except by me^ns 
of the analytical formulae employed abovet would be exceed* 
ingly tedious and operose, . 

Ex.l. Demonstrate that sin IS* =» cos 12^ is a: ^R 

(-If V5)yandsin54^ = cos 36^ is = iR(I+^5). 

JEx. S, Demonstrate that the suim of the sines of two arcs 
which together make 60", is equal to the sine of an arc 
which is greater than 60** by either of the two arcs': Ex. gr. 
sin 3' + sin 59''57' = sin $0*3' j and thus that the tables may 
be continued by addition onIy« 

Ex. 9. Show ihe truth of the following proportion : As 
the sine of half the difference of two arcs, which together 
make 60°, or 90% respectively, is to the difference ot their 
sines ; 90 is 1 to V2, or V'S, respectively. 

£x. 10. Demonstrate that the sum of the squares of the 
sine and versed sine of an arc, is equal to the square of double 
the sine of half the arc. 

Ex. II. Demonstrate that the sine of an arc is a. mean 
proportional between' half the radius and the versed »ne of 
double the arc* , 

Ex. 12. Show that the secant of an arc is equal, to the 
sum of its tangent and the tangent of half its complement. 

Ex. 15. Prove that, in any plane triangle, the base is to 
the difference of the other two sides, as the siiie of half the 
sum of the angles at the base, to the sine of half their 
difference : also, that the base is to the sum of the other two 
sides, as the cosine of half the sum of the angles at the base, 
to the cosine of half their difference. 

Ex, 14. How must three trees, A, B, c, be planted, so 
that the angle at a may be double the angle at b, the angle 
at B ^uble that, at c j and so that a line of 400 yards may 
just go round them i 

Ex. 15. In a certain triangle, the sines of the three an- 
gles are as the numbers 17^ 15, and 8> and the perimeter is 
160. • What are the sides and angles ? 

Ex. 16. . The logarithms of two sides of a triangle are 
2-2407293 and 2-5378191, and the included angle, is 37^20'. 
It is required to determine the other angles, without first 
finding any of the sides f 

Exi. 17. The sides of a triangle are to each other as the 
fractions -p |i i : what are the angles? 

Ex.U. 
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' Ex. 1^. Show that the seoant of 60*, is double the tan* 
gent of 45^, and that the secant of 45® is a mean proportional 
between the tangent of 45^ and the secant of f 0^ 

^ Ex. 15. Demonstrate that 4 times the rectangle of the 
aines of two arcs, is equal to the difference of the squares of 
the chords of the sum and difierence of those arcs. 

Ex. 20, Convert the equations marked xxxiv into their 
equivalent logarithmic expressions ; and by means of them 
and equa« IV| find the angles of a triangle whose sides are 5, 
^y and 7. 



CHAPTER IV. 



SPHERICAL TRIGONOMETRY. 



SECTION L . ^ 

Qeneral Properties of Spherical Triangles. . 

Art. !• DefA* Any portion of a spherical surface bounded 
by three ares of great circles, is called a Spherical Triangle, 

Def. 2. Spherical Trigonometry is the art of computing 
the measures of the sides and angles of spherkal triangles* 

Def. 3. A right-angled spherical triangle has one right 
angle : the sides about the right angle are called Ugs ; the 
side opposite to the right angle is called the hypothenuse^ 

Def. 4. A quadrantal spherical triangle has one side equal 
to 9^® or a quarter of a great circle. 

Def. 5. Two arcs or angles, when compared together, ate 
said to be alike ^ or of the same affection^ when both are less 
than 90^, or both are greater than 90*. But when one is 
greater and the other less than 90"^, they are said to be iwlike^ 
or of differerU affections. 

Art. 2. The small circles of the sphere do not fall under 
consideration in Spherical Trigonometry } but such only as 
hare the same centre with the sphere itself. And hence it as 

that 
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that spherical trigonometry is of so much use in Practical 
Astronomy, the apparent heavens assuming the shape of ^ 
concave sphere, whose centre is the same as the centre of the 
earth. 

3. Every spherical triangle has three sides and three an-* 
gles : and if any three of these six parts^ be given, the re- 
maining three may be found, by some of the rules which 
will be investigated in this chapter. 

4. In plane trigonometry, the knowledge of the three an- 
gles, is not sufficient for ascertaining the sides: for in that " 
case the relatioiis only of the three sides can be obtained, and 
not their absolute values : whereas, in spherical trigonome- 
try, where the sides ^e circular arcs, whose values depend 
on their proportion to the whole circle, that is, on the num- 
ber of degrees they contain, the sides may always be deter- 
mined when the three angles are known. Other Remarkable 
differences between plane and spherical triangles are, 1st. 
That in the former, two angles always determine the third; 
while in the latter they never do. 2dly. The surface of a 
plane triangle cannot be determined from a knowledge of the 
angles alone ; while that of a spherical triangle always can. 

5* The sides of a spherical triangle are all arcs of great 
circles, which, by their intersection on the surface of the 
sphere, constitute that triangle. 

6. The angle which is contained between the arcs of two 
great circles, intersecting each other on the surface of the 
sphere, is called a spherical angle ; and its measure is the same 
as the measure of the plane angle v.liich is formed by two 
lines issuing from th& same point of, and perpendicular to, 
the common section of the planes which determine the con- 
taining sides : that is to say, it is the same as the angle made 
by those planes. Or, it is equal to the plane angle formed 
by the tangents to those arcs at. their point of intersection. 

7. Hence it follows, that the surface ^.,^— -£ 
of a spherical triangle baCj and the , /^^^~-r 
three planes which determine it, form /l\ / 
a kind of triangular pyramid, bcga, r^i'i\ 
of tvhich the vertex G is at the centre tl J//."^ 
of the sphere, the base abc a portion ^'g:^^^ 
of the spherical surface, and the faces \ ; / 
AGC, AGB, BGC, sectors of the great ^na/ ^^ 
circles whose intersections determine V* 
the sides of the triangle. * . ^ 

J)ef. 6. A line perpendicular to the plane of a great circle, 
passing through the centre of the sphere, and terminated by 

two 
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two points, diametrically opposite, at its surface, is called the 
axis of such circle ; and the extremities of the axis, or the 
points where it meets the surface,^re called-the poles of that 
circle. Thus, pgp' is the axis, and p, p', are the poles, of the 
great circle cnd. 

If we conceive any number of less circles, each parallel to 
the said great circle, this axis will be perpendicular to them 
likewise ; and the points P, p', will be their poles also. 

8. Hence, each pole of a great circle is 90^ distant from 
every point in its circlunference; and all the arcs drawn from 
either pole of a little circle to its circumference, are equal to 
each other. 

9. It likewise follows, that all the arcs of great circles dra^vn 
through the poles of another great circle, are perpendicular 
to it : for, since they are great circles by the supposition, 
they all pass through the centre of the sphere, and conse- 
quently through the axis of the said circle. The same thing 
may be affirmed with regard to small circles. 

10. Hence, inx)rder to find the poles of any circle, it fe 
merely necessary to. describe, upon the surface of the sphere, 
two great circles perpendicular to the plane of the former ; 
the points where these circles intersect each other will be the 
poles required. 

J I . It may be inferred also, from the preceding, that if it 
were proposed to draw,- from any point assumed on the sur- 
face of the sphere, an arc of a circle which may measure the 
shortest distance from that point, to the circumference of 
any given circle ; this arc must be so described, that its pro- 
longation may pass through the poles of the given circle. 
And conversely, if an arc pass through the poles of a given 
circle, it will measure the shortest distance from any assumed 
point to the circumference of that circle. 

12, Hence again, if upon the sides, ac and bc, (produced 
if necessary) oi a spherical triangle-BCA, we take the arcs on, 
CM, each equal 90 , and through the radii gn, gm (figure to 
art. 7) draw the plane ngm, it is manifest that the point c 
will be the pole of the circle coinciding with the plane ngm : 
so that, as the lines gm, G]>t, are both perpendicular to the 
cornmon section gc, of the planes agc^ bgc, they measure, 
by their inclination, the angle of these planes ; or the arc nm 
measure that angle, and consequently the spherical angle 

BCA. 

13. It is also evident that every arc of a little citcle, de- 
seribed from the pole c as centre, and containing the same 
number of degrees as the arc mk*, is equally proper for mes^« 

suring 
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suring the angle bca; though it is customary to use cmlj 
arcs of great circles for this purpose. 

14. Lastly, we infer, that if a spherical angle be a right 
angle, the arcs of the great circles which form it, will pass 
mutually through the poles of each other : and that, if the 
planes of two great circles contain each the axis of the other, 
or pass through the poles of each other, the angle which they 
include is a nght angle. 

These obvious truths being premised and comprehended, 
the student may pass to the consideration of the following 
theorems. 

' THEOREM X. 

Any Two Sides of a Spherical Triangle are together Greater 

than the Third. 

This proposition is a necessary consequence of the truths 
that the shortest distance between any two points, measured 
on the surface of the sphere, is the arc of a great circle pa$s<- 
ing through these points. ' 

THEOREM ft. 

The Sum of the Three Sides of any Spherical Triangle is 

Less than 3dO degrees. 

FoF, let the sides AC, bc, (fig. to art. 7) containing any 
angle a, be produced till they meet agfain in D : then will the 
arcs DAC, DBC, be each 180% because all great circles cut each 
other into two equal parts : consequently dac -|- dbg =^ 360\ 
But (theorem 1) da and db are together greater than the 
third side AB of the triangle dab ; and therefore, since 
CA + CB + HA + DB = 360°, the sum CA + CB + AB is less 
than 360°. a. £. D. 
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THEOREM III. 



The Sum of the Three Angles of any Spherical Triangle is 
always Greater than Two Kight Angles, but Less than Six. 

For, let ABC be a spherical triangle, G 
the centre of the sphere, and let the 
chords of the arcs ab, bc, ac, be drawn : 
these chords constitute a rectilinear tri- 
angle > the sum of whose three angles is 
equal to two right angles. But the angle 
at B made by the chords, ab, bc, is less than the angle tfa^, 
, formed by the two tangents B«^ 9r, or less than the angle of 

inclinatioA 
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{ttcBhation of the two planefSGBC, cba, wh^ch (strt. 6) is the 
spherical angle at B ; consequently the sphefrical angle at Bis 
gteatrr ibscti the angle at b made by th<s chords ab, cb. In 
like manner^ the spherical angles at A and C, are greater 
than the respective angles made by the chords meeting at 
those points. ConsequetUtly, tfhe d«tn of the three angles of 
the spherical triangle abc, is greater than the sum of the 
three angles of the rectilinear triangle made by the chords 
A13, BC, Ac^ -that is, ffcezter than two right angles, q. b. I^d. 

fi. Tbit kH^ ^ indihation of no two of the planer can be 
«o ft«at as two ii^t angles ; becafise, in that cs^ the two 
fdanes wobU beconve but one continued plane, tod the arcs^ 
instead ^.ixJUg afcs of ^listinctcirdes, would be joint arcs of 
one and the same circle* Therefore, each of the thre^^phe* 
rical angtas must be less dian two right angles $ and oonse- 
quendj thdir^im less Am six right an^s. a., s. S'^i^. 

Car. 1. Htoce it follows, that a spherical triangle may 
have all its anjglies either right or obtuse ; and therefore the 
knowledge totatiy two right angles is not sufficient for the 
determination of the tfaira. 

Car. 2. if the three angles of a q>berical triangle be/ight 
of obtuse, the three sides are likewise each equal to, or greater 
than 90^ : and, if each of the angles be acute, each of the sides 
is also less than 90* ; and conversely^ 

SkM^m. TVom the preceding theorem the student misiy 
ctesrly perrefve what is the essential difference -between plane 
and spherical triangles, and how ab^ultl it would be to apply 
the rules of plane trigcfnometry to ifbe solution of cases itt^ 
spherical trigonometry. Yet, though the difference between 
the two kinds of triangles be really so great, still thefe are 
various properties which are common to both, and which may 
be demonstrated exactly in the same inanher. Thus, for ex- 
ample, it might be demonstrated here, (as wefl as with regard 
to plane triangles in the elements of Geometry, vol. 1) that 
two sfphrtical triangles are equal tc^ each other, 1st. When 
the three ^des of the one are tespectivdy equal to the three 
sides of the trther. 2dl;^. When each of them has an equal 
angle contained betfween equal sides: and, Sdly. When they 
have each two equal angleis at the extremities of equal bases. 
It might also be ^own, that a spherical triangle is equilateral^ 
isosceles, or scalene, according «s it hath three equal, two 
equal, 6r three unequal angles : and again, that the greatest . 
ride is dtways opposite to the greatest angle, and the least side 
to tM least angle. Bat the brevity that our plan required. 

Vol. III. - G compels 
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compels us merely to mention these particulars* It may be 
addedy however, that a spherical triangle may be at once 
i^ht^ngled and equilateral; which can never be the case 
with a plane triangle* ^ 

THEOREM IV. 

If from the Angles of a Spherical Trianglci as Poles, there 
be described, on the Surface of the Sphere, Three Arcs of 
Great Circles, which by their Intersections form another 
Spherical Triangle \ Each Side of this New Triangle will 
be the Supplement to the Measure of the Angle which is 
at its Pol«, and the Measure of each of its Angles the Sup-^ 
plement to that Side of the Primitive Triangle to which it 

. is Opposite. 

From B, A, and c, as poles, let the 
arcs DP, DE, F£, be described, and by 
their intersections form another spheri- 
cal triangle def ; either side, as D£» of 
this trfangle, is the supplemeRt of the 
measure of the angle a at its pole \ and 
either angle, as d, has. for its measiu-e 
the supplement of the side ab. 

Let the sides ab, ac, bc, of the primitive triangle, be pro- 
duced till they meet those of the triangle def, in the points 
I, t, M, N, G, K : then, since the point a is the pole of the 
arc DiLE, the distance of the points a and e (measured on an 
arc of a great circle) will be 90^ ; also, since c is the pole of 
the arc £F, the points c and £ will be 90^ distant i conse- 
quei^tly (art, 8) the point £ is the pole of the arc j^c* In like 
manner it may be shown,, that f is the pole of £e^ atfd d that 
of AB. 

This being premised, we shall have dl = 90-% and lE = 90*^ ; 
whence pL + ie = dl + el + il =: de + il = 180®. 
Therefore de = 180° — it : that is, since ij- is the measure 
of the angle bag, the arc de is =: the supplement of that 
measure. Thus also may it be. demonstrated that ef is equal 
the supplement to mn, the measure of the angle bca, and ' 
that DF is equal the supplement, to gk, the measure of the 
angle abc: which constitutes the first p^t of the proposition. 

2dly. The respective measures of the angles of the triangle 
D£F are supplemental to the opposite sides of the triangles 
ABC. For, since the arcs al and bg are each SQi'y therefore 
is AL + bg = GL + ab :?= 180°.; whence GL = 180** — ab j^ 
that is, the measure of the angle D is equal to the supplement 
to Aa. So likewise may.it be shown that AC, Jic^ are equal 

ta 
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to the supplements to the measures of the re4)ectively oppo- 
site angles £ and f. Consequently, the measures of the angles 
of the triangle d£F are supplemental to the several opposite 
sides of the triangle ABC. Q. £. D^ 

Cor. 1. Hence these two triangles are called supplemental 
or polar triangles. 

Cor. 2. Since the three sides db, bf, df, are supplements 
to the measures of the three angles a, b> c i it results that 
©B + EF + DF + A + B + C=3 X l80''=540^ But (th. 2), 
DE + EF + DF < 360*^ : consequently a + a + c > ISC'*. 
Thus the first part of theorem 3 is very compendiously de* 
monstirated. 

Car. 3. This theorem suggests mutations that are some« 
times of use. in computation. — ^Thus, if three angles of a 
spherical triangle. are given, to find the sides : the student 
may subtract each of the angles firom ISO"", and the three re- 
mainders will be the three sides of a new triangle; the angles 
of this new triangle being found* if their measures be each 
taken from 180*^, the thr^e remainders will be the respective 
sides of the prijnitive triangle, whose angles were given* 

Scholium. The invention of the preceding theorem is due 
to.-Philip Zstmgsberg. Vide, Simon Stevin, liv. 3, de la Cos- 
mographie, prop. 31 and Alb. Girard in loc. ' It is often how* 
ever treated very loosely by authors on trigonometry ; some 
of them speaking of sides as the supplements of angles, and 
scarcely any of them remarking which of the several triangles 
formed by the intersection of the atcs de, ep, df, is the one 
in question. Besides the trbmgle def, three others may be 
formed by the intersection of the semi- 
c^ircles) alid if the whole circles be consi- 
sidered, there will be seven other triangles 
formed* But the proposition only obtains ' 
with regard to the^ central triangle (of 
eadt hemisphere}* which is distinguished 
from the three others in this, that the two 
angles a and f are situated on the same 
side of EC, the two b and b on the same side of ac, and the 
two c and d on the same side of ab. 

THEORBM V. 

' _ • 

In Every Spherical Triangle, the following proportion obtains, 
viz. As Four Right Angles (or 360**) to, the Surface of a 
Hemisphere; or, as T^^ Right Angles (or ISO"*) to a Great 
Circle of the S{diere y so is the Excess of the three angles 
of the triangle above^Two Right Angles, to the Area of 
the triangle. 

G 2 ^ Let 





' Let A9C be die spberkal trimgle. Com- 
plete one of its ndes as BC iato the circle 
9CBVi which may be supposed to .bound 
the upper hemisphere. Pfolong also^ at 
both endsj the two sides ab, ac, uittil 
they form semicircles estimated from each 
angle, that is, untH bae =s abb » cat <= 
ACD=180*. Then will otfstIWJ'sbpB'; 
and consequently the triangle AEF,t)nl9ie anterior hemisphere^ 
will be equal to the tdftn^ fiC3> en the oraonte hemisphere. 
Putting 772, mV to rejn^sent the surface of dies^ triangles, p 
for that of the triingle baf, jrfor that of CA£, and ii for that 
of the proposed triangle abc. Then tf apd m^ together (or their 
^qual a and m together) make up the surface of a spheric hme 
comprehended between the two semicircles acd, abd, inclin- 
ed in the angle a : a and J9 togeti^er make iq> the lune m-* 
eluded between the semicirdes c af,cbf; making theangle c t 
« and y together make updiespliericlune included between 
the semicircles bce, bae, making the angle B. And the sur* 
face of each of these lunes, is to tmitt^f liie faemi^here, as the 
angle made by the comprduendiAg semicircles, to two right 
angles. TJ^Lercfbre, patttc^ is for the ^uxface of the hewi* 
^ihere^ we have ^ 

ISC : A :i is : a +.m. . » 

ISO*".: B :: 4S : + 9* 
180" I c i: is : a + p. 

Whence, 180*^ : a+b+c :: is : 3fl+w4-p-f ij=2a+is; 

and consequently, by division of proportiDny - 

as ISO** : A + b4- C-ISQ** :: 4s:^+.|iS— 4s =:flfl; 

or, 180":a + b+C-18O'::|t5: a := ^S. ^'j"^^7^^^ » 

Q. E. J5*. 

Cor. 1* Hence the excess of the three angles of any sphe- 
rical triangle above two right angles, tenned technically the 
spherical excess, fumidiesa corrept iixiea8cire4)f the satfaceof 
that triangle. - . 

Cor. 2. If «• zr 3-14159S, and d the diameter of -tfie 

sphere, then is ird^ . ;^t^ = the area of the spherical 

triangle. " . 

* This determination of the area of a sphenical triangle is due to Albert 
Girard (who died about 1 633 ) . But tbe demonstration no^ commonly j^ivan 
of the rule was first published by Dr. Waltis. It was considered as a mere 
spepulative truth, until General Roy, in n87, ei&ployed k very iudiciously 
in the great Trigonometrical Survey, to correct the errors of spherical alleles. 
See Phii. Trans* Tel. 80, and the next chapter of this volume^ 

Cor. 3. 



Can S» Since. the leng& oS iStke radiu|> in any circkr* 
•qfxai t^ the lenajfUi^ o( 57*2^5^7^5 dsgress, meaanred' on die 
circui^ftrencs of that circle y if.the sfihericai excess, be nuiL- 
tiplied by 57*295'7795, d^e product vrill ei^nresa the surface 
cf the trlaogre iascjuare degrees* 

&m. A. When «'= 0, then a -t-B ,+ c==riso* : and when 
A ^ 4s» then it -f B- 4- C sx 540^ , Gon^equentlythe mm of / 
the three angles of a spherical triangle^ is always between 2 
and 6 right angles : which is another confirmation of th. 3. 

€or. 5. ' W&en txto of the angles of a spherical triangle 
are right angles, the stirface of 3ie triangle varies with its 
third angle. And when a spherical 'trianne has three right ^ 
angles its- surface is one-eighth^of the sur^ce of the sphere. 

Remkvk, Some of the uses of the ^hericalexcess> izi the 
more extensive geodesic operations, will be shown in the fol- 
lowing chapter. The mode of finding itjt, and thence die area 
when the three angles of a ^hemcal triangle are.given, is ob* 
vious enough; but it is often req,ui$ite to ascertain it by means 
of other data, as> when two sides and the included angle are 
given,, or when all the three sides, are given. In the former 
case, let a and b be the two sides^ c the included angle* and 

^, 1_ . 1 ^i. • ^ . cot ifl . cot \h + COS c 

E the spherical excess: then is cot *E= — r-^ . \ 

When the three sides a, i, r, are given, the spherical excess 
may be found by the foUbwing very elegant theorem, dis- 
covered by Simon Lhuillier : 

tan^E == V^(tan — - — , tan — j — ,tan —^ — . tan-r-p^ — ). 

The investi^ien of these theorehis would'occupymorespace 
than- can be aUdtted to' them in the- present volumjs. 

* * 

■ ■ 

TfiucaasM. yt. 

In every Spherical Pblygon, or surface.included byr :my nqm* 
ber of intersecting great circles, the subjoined proportion 
obtains, viz, As P^ur Right Angles, or S60% to the Surface 
of a Hemisphere; or, as Two.Kighi; Ang^es^ or' 1W°, to a 
Great Circle of the Sphere ;; so is the Excess of the Sum 
of the Angles abave the Product of 180' and Two-Less 
than the Number of Amg^esof the spherical polygon, to 
its Area* 

For, if the pdygon he supposed to be divided' into ae many 
triangles as k ha& sides, by great cinrles drawn fVom all the 
angles tfaroughtany point within it^ forming at that point tile 
viertical aogks o£ til the tmngles. Then, bf th. 5, it will be 

* as 
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as 360* :i8 : : a+b+c- 180^ : iu area. Therefbrey putdng 
p for the sum of all the angles of the polygon, n for their 
number, and v for the sum of all the vertical angles of' its 
constituent triangles, it will be, by composition, 
as 360* : ifi : : p 4- V — ISO"" . n : surface of the polygon. 
But V is manifestly equal to 360"* or 180'' x 2. There&re, 

as 360* « 43 : : P-(n-2)180*> : fs . ^-^Yeo^^^ ' *^ ^^ ^' 

the polygon, a. s. p. 

Cor. 1. If ir and d represent th^ same quantities as in 
, theor. 5 cor. 2^ then the surface of the polygon will be exr 

pressed by fd* . '"" ''^^^^ - 

Cor. 2. If R° = 57*2957795, then will the surface of the 
polygon in square degrees be = r** .(p—(n— 2)180*). 

C^, 3. When the surface of the polygon is 0, then p s; 
(n — 2) 1 80^ ; and when it is a maximum, that is, when it is 
equal to the surface of the hemisphere, then p= (w— 2) ISO* 
+ 360^ = n . 1 80* : Consequently ?, the sum of all the angles 
of any spheric polygon, is always less tlian 2n right angles, 
, but greater than (2n— 4) right angles, n denoting the num- 
^)e^ of angles of the polygon. 



GENERAL SCHOLIUM, 

On the Nature and Measure of Solid Angles^ 

A Solid angle is defined by Euclid, that which is made by 
the meeting of pnore than two plane angles* which are not in 
the same plane, in one point. 

Others define it the angular space comprized between 
several planes meeting in one point. 

It may be defined still more generally), the angular space 
included between several plane surfaces or one or more curved 
surfaces, meeting in the point which fonu$ t^e summit of the 
angle. 

According to this definition, solid angles bear just the same 
relation to the surfaces which comprize them, as plane angles 
do to the lines by which they are included : so that, as in the 
latter, it is not the magnitude of the lines, but their mutual 
inclination, which determines the angle ; just so, in the former 
it is not the magnitude of the planes, but their mutual ineli-* 
^nations which determine the angles. And hence all those 
geometers, from the time of Euclid down to the present pe^ 
riod| who have con^ned their attention principally to the mag* 

nitudc 
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nitude of the plane angles, instead of their relative portions, 
have never, been able to deveiope the properties of this class 
of geometrical quantities ; but have affirmed that no solid 
angle can be said to be the half or the double of another, and 
have spoken of the bisection and trisection of solid angles, 
even in the simplest cases, as impossible problems. 

But all this supposed difficulty vanishes, and the doctrine 
of solid angles becomes simple, satisfactory, and universal in 
its application, by assuming spherical surfaces for their mea- 
sure 5 just as circular arcs are assumed for the measures of 
plane angles*. Imagine, that from the summit of a solid an- 
gle (formed by the meeting of three planes) as a centre, any 
sphere be described, and that those planes are produced till 
they cut the surface of the sphere ; then will the surface of 
the, spherical triangle, included between those planes, be a 
proper measiu'e of the solid angle made by the planes at their 
common point of meeting: for no change can be conceived 
in the relative position of those planes, that is, in the magni- 
tude of the solid angle, without a corresponding and propor- 
tional mutation in the surface of the spherical triangle. If, 
in like manner, the three or more surfaces, which by their 
meeting constitute another solid angle, be produced till they 
cut the surface of the same or an equal sphere, whose centrp 
.coincides with the summit of the angle 5 the surface of the 
spheric triangle or-polygon, included between theplanes which 
determine the angle, will he a correct measure of that angle. 
And the ratio which subsists between the areas of the spheric 
trianglesj polygons, or other surfaces thus formed, will be ac- 
curately the ratio which subsbts between the solid angles^ 
constituted by the meeting of th'e several planes or surfaces, 
at the centre of the sphere. 



^m 



-U. , 



* It may be proper to anticipate bere the only objection ^ich can bejnade 
to this assumption ; which is founded on the principle, that quantilies should 
iUways be measured by quantities qf the same kind. But this, often and posi- 
tively as it is affirmed, is by no means necessary^ nor in many Gases is it 
possible. To measure is to compare mathematically : and if by comparing 
two quantities, whose ratio we know or can ascertain, with two other quan- 
tities whose ratio we wish to know, the point in question becomes determiqed : 
it signifies not at all M'bether the magnitudes which constitute one ratio,-ar« 
like or unlike the magnitudes which constitute the other ratio. It is thus that 
siathematicians, with perfect -safety and correctness, make use of space as a 
dneasure of velgcity, mass as a measure of inertia, mass and velocity con- 
jointly af a measure of force, space as a measure of time, weight as a measure 
of density, expansion as a measure of heat, a certa.in function of planetarf. 
velocity as a measure of distance from the central body, arcs of the same 
•circle as measures of plane angles ; and it is in conformity with this general 
procedure that we adopt surfaces, of the jame sphere, as measures of solid 
angles, 

H^ncir, 



H^c9» the comgmsoa of solid angles becomes: ainatteir of 
great ease and simpltcitj t for> since the areas of spherical 
triangles are measured by the excess, of the sums of their an* 
gles each aboTe two right aisles (th. 5) ; and the areas of 
spherical polygons of n sides, by the excess of the sum of 
their angles above 2/1-^4 right angles (th, 6) ; it follows, that 
th« magnitude of a trilatenu solid an^e, will be measused by 
the excess of the sum of the thtee angles, maEde respectivel]^ 
by its bounding planes, above 2 right angles; and the mag;? 
nitudes of solid angles formed by n bouiuling pl^e^, by tha 
excess of the sum of the angles of inclination of the several 
planes above 27Z — 4 right angles. 

As to solid angles limited by curve surfaces, such as tbi 
angles at the vertices of cones ; they will manifestly be mea^ 
sured by the spheric surfaces cut off by the. prolongation of 
their bounding surfaces, in the same manner a» angles deter-v 
mined by planes are measiured by the triangles or polygonSf 
they mark out upon the same» or an equal sphere, m all 
cases, the maximum limit of solid angles, will be the plfln^ 
towards which the various planes determining such angles 
approach, as they div^ge further from each ot^er about the 
s^e summit :, just as a right line is the maximum limit of 

a lane angles, being formed by the two bounding lines wh«n 
ley make an angle of 180°. The maxinmm limit of solid 
singles is measured by the surface of a hemisphere, in like 
manner as the maximum limit of plane angles is measured by 
the ^rc of a semicircle. The solid right angle (^ther angle^ 
£o|r example, of a cube) is -^^i^*) of the maximum solid an^ 
gle : while the plane right angle is half the maximum plasA 
angle. 

The analogy between plane. and solid angles being thu^i 
traced, we may proceed to exemplify this theory by a few inr 
stances ; assuming 1000 as the numeral measure of the maxi* 
mum splid angle = 4 times 90° solid = 360** solid. 

1 . The solid angles of right prisms ^re compared with great 
facility. For, of the three angles made by the three planes 
which, by their meeting, constitute every ^uch solid angle, 
two are right angles ; and the third is the same as tbi^corre« 
sponding plane angle of the polygonal base; on which, there- 
fore, the measure of the solid angle depends. Thus, with, 
respect to the right prism with an equilateral triangular base, 
each solid angle is formed by planes which repectively make 
angles of 90°, 90% and 60°. Consequently 90**+ 90^ + eO'*- 
- J 80°=6O*', is the measure of such angle, compared with 360^ 
^he maximum angle. It is, therefore, one«>sixth of themaxi* 
mum angle. A right prism with a square base, has, in like 

* manner^^ 



»aiin«r, cadi solii wgte iwasured by aof +90^+ 90?- W^^ 
«s90^, which is ^ of the oaaximum angle. And thus it may be 
found, that each sc3^ aia§le of a right prism, with an .equilateral 

feriangiilar bas^ is i max, angle =^ -^ . lOQQ. 

9<]nare base ia :J- * • • • = t 'l^^^* 



peatagonal base ift 

hexagonal' ist ^ 

beptagoaat is- 

octagonal is \ 

iionagonaL is 

decagonal is | 

undecagonal is 

duoctecagonaL is t^ 

791 gonai h 



=51 ^ AQOO. 

^ ^ aooou 
^ ^ .woo. 

= ^ .1000* 
= ^.1000. 
= ,V .1000. 
= ^ .1000. 
= i% .1000. 

= ri aooa 



Hence it may be deduced^ that each solid anele of a regu- 
Jat prism, with triangular base, is half each solid angle pf a 
prism with a regular hi^icagonal base. Each with regular 
s<|uare base = |- of each, with regular octagonal base,, 
pentagonal = |. ,»..•.• . decagonal, 
hexagonal :^ ^ .••••• • duodecagonalj 

im gonal =? — ^ * w. gonal ba^e. 

Hetice again we may infer, that the sum of all the soHd 
angles of any prism of triapg^ilar base, whether that base be 
regular or irregular, is kaifih^ sum of the solid angles of a 
prism of quadrangular base,r regular or irregular. And, the 
sum of the solid angles of any prism of 
teti:agonal bj^se is :;: -I sum of angles in prism ofpentag. base, , 

pentagonal • . . =:.|. hexagonal, 

hexagonal ...s;^ heptagonal, 

;yi gonal .... ^^^7 ...••. v(w» + 1 ) gonal. 

2« Let us compare the solid angles of the five rejB;uIar 
bodies. In these bodies, if ?» be the number of sides ofeach 
face ; n the number of planes winch meet at each solid angle; 
^Q = hairthe circumference pr 180^$ and A. the plane angjle 

YBftde by two adjacent faces : then we have sin |^a=: — ^j— * 

Sim 
This theorem g^ves, for the plane angle formed by every two 
contiguous faces of. the tetra^ron, TO'^Sl'^S"; ofthehexai^- 
jJron,90*; of theoctaedron, 1 09^*28' 18"; of thedodecaedron,^ 
1,16"33^54"; of the icosaedron, 138'll'23". But, in thesa 
polyedrse, the niimber of faces meeting about eadi spUd angle^ ' 

3,3, 
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S, 3, 4, 3, 5 respectively. 0>nsequehtIy the several solid an- 
gles will be determined by the subjoined proportions : ' 

Solid Angle. 

360° : S.TO'Sl'^S" - 1S0° : : 1000 : 87-73611 Tetraedron. 
Seo** : 3.90** - 180" : : 1000 : 250- Hexacdron; 

360° : 4.109°28'18"-360° : : 1000 r 216'35185 Octaedron. 
360* : 3.1 16°33'54"- 1 80° : : 1000 : 47 1-39'5 Dodccaedron. 
360° : 5.138*il'2S*-540° : : lOOO : 419-30169 Icosaedron. 

3. The solid angles at the vertices of cones, will be deter- 
mined by means of the spheric segments cut oflF at the bases 
of those cones; that is, if right cones, instead of having plane 
bases, had bases formed of the segments of equal spheres, 
whose centres were the vertices of the cones, the surfaces of 
those segments would be measures of the solid angles at the 
respective vertices.. Now, the surfaces of spheric segments^ 
are to the surface of the hemisphere, as their ahkudes, to the 
radius of the sphere ; and therefore the solid angles at the 
vertices of right coness will be to the maximum solid angle, 
as the excess of the slant side above the axis of the cone, to 
the slant side of the cone. Thus, if we wish to ascertain the 
solid angles at the vertices of the equilateral and the right- 
angled cones; the axis of the former is iy/Sy of the latter, 
^V^2, the slant side of each being unity. Hence, 

Angle at vertex. 

I : 1 -iv/S : : 1000 : 1 33-9'7464, equilateral cone, 
1 : 1 -4v^2 : : 1000 : 292-89322, right-angled cone. 

4. From what has been said, the mode of determining the 
solid angles at the vertices of pyramids will be sufficiently ob- 
vious. If the pyramids be regular ones, if n be the number 
effaces meeting about the vertical angle in one, and A the 
angle pi inclination of each two of its plane faces ; if n be the 
number of planes meeting about the vertex of the other, and 
a the angle of inclination of each two of its faces : then will 
the vertical angle of the former, be to the vertical angle of the 
latter pyramid, as na-(n~2) 180°, to na~(>i-2) 180°. ^ 

If a cube be cut by diagonal planes, into 6 equal pyramids 
with square bases, their vertices all meeting at the centre of 
the circumscribing sphere; then each of the solid angles,' 
made by the four planes meeting at each vertex,, will bej- of 
the maximum solid angle ; and each of the solid angles 
at the bases of the pyramids, will be -rV of the maximum solid 
angle. Therefore, each solid angle at the base of such pyra- 
mid, is one-f(nirih of the solid angle at fts vertex : and^ if the 
angle at the vertex be bisected, as described belowj either of 
the solid angles arising from the bisection, will be double of 
either solid angle at the base. Hence also, and from the first 

subdivision 
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fiubdivbion of this scholium^ each solid angle of a prism, with 
equilateral triangular base, will be half each vertical angle of 
these pyramids, and double each solid angle ^t their bases. 

The angles made by one plane with another, must be as- 
certained, either by measurement or by computation, accord- 
ing to circumstances. But, the general theory being thus 
explained, and illustrated, the further application of it is left 
to the skill and ingenuity of geometers; the following^ simple 
example, merely, being added here. 

J?r. Let the solid angle at the vertex of a s<}uare pyra* 
mid be bisected. 

1st. Let a plane be drawn through the vertex and any two 
opposite angles of the base, that plane will bisect the $olid 
angle at the vertex ; forming two trilateral angles, each equal 
to half the original quadrilateral angle^ 
^ 2dly, Bisect either diagonal of the base, and draw any plane 
to pass through the point of bisection and the vertex of the 
pyramid ; such plane, if it do not coincide with the former, 
will divide the quadrilateral solid angle into two equal qua- 
drilateral solid angles. For this plane, produced, will bisect 
the great circle diagonal of the spherical parallelogram.cut off 
by the base of the pyramid ; and any great circle bisecting 
such diagonal is known to bisect the spherical parallelogram^ 
pr squar,e ; the plane, therefore, bisects the solid angle, 

Cor. Hence an indefinite number of planes may be dra^^n, 
^ach to bisect a given quadrilateral solid angle« 



SEcnoN n. 

JtesoltUim of Spherical Triangles. 

The different cases of spherical trigonometry, like those in 
plane trigonometry, may be solved either geometrically or al- 
gebraically, We shall here adopt the analytical niethod, as 
well on account of its being more compatible with brevity^ 
as because of its correspondence and connexion with the sub- 
stamce of the preceding chapter*. The whole doctrine may 
be comprehended in the subsequent problems and theorems. 



* For the geometrica) method, the reader my coosidt Simsoii's or 
playftiir's ^uclid, tr Bishop ^ord^y's Elementary Treatises oa Practical 
^athfmatics. 

PROBLEM 
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To Find EquatibiiH from which may be deduced theSoIutio]^ 
oPall the Gases ol Spherical* Triangles* 

Let ABC be a ^Ikencal tri»g^; AD thft tangent^, and gd 
Ihe secant} of the arc 4B). A£ the tangent^ ami G£ the s»> 
caa^j of thi^ arc acj. let 
the capital letters a, b,c, 
denote the angles of the 
triangle, and the small 
letters a, b, ^,.the"op- 
posite sides bc, AC, ab* 
Then the first equa- 
tions in art. 6 Pi. Trig, 
applied to the two triangles ADis> gdb» givej for the Ibvmer^ 
DE* = tan* b + tan'f — tan b . tan e: . cos A ^. for the.lattery 
DE* = sec* b + sec* c — sec i . sec c . cos cl Substractiog 
the first of these equations from the second^ and obserTing 
that sec* b — tan* 6 = b^ = I, we shall have^ afijer a little 

t . , , sin ft . COS c cot a ,-,.- 

reduction. 1 + — -— — coa- A r = 0» yfoietxt 

' co» b . cos c cos 6 . cos c 

the three following symmetricatl equations are obtained : 
cos a = cos V . cos c. 4- sin A . sin c . cos aI 
cos b = cos a . cos r + sin a . sin c . cos b^ (I.) 
cos c =s cos a . cos h 4* sin^ » . sin ft « cos- 



theorem W\i 

In Every Spherical Triangle, the Sines of the Angles are Pro- 
portional to the Sine& of their, Opposite Sides. 

If, from the first of the equations marked i, the value 
of cos A be drawn» and stidisututedt fti\ i* in the equation 
sin* A = 1 — cos** A j we shall have 

• 4 - 1 COS* a<v co**i« . cos^'c — 2cos a . ooa I . cos ft . 

Sm* A =^ 1 r-r-r r-r » 

sin9 O • ^Q^ c 

Reducing the terms of tjie aeooad side of this eqaatioii to>3 
coipioon denonunatorvmulti{dying'bothiniimeEator andtdeno*- 
xaina^os by sin* a^ and eslmctuig die sqw root there will residt 

sm A = Sin a • ^-^ -r r— 7 — r~^ -. , 

Here^ if the whole fraction which multiplies sin a^ be denoted 
By K (see art. 8 chap, iii), we may wnte sin a = k • sin a. 
And, since the fractional fector, in the* above eqnatfon, con- 
tains terms in which the sides ai fr, c, are alike affected, we 

have 




have similar equations for sin B^ and sin c. That is to say, 

we have 

£in A = K • sin A • . . sins = R • sin A . . • sin c = K . sin c. 

Consequently, H^ =£f == £l • - - C^'-) ^^^^ '^ ^ 
algebraical expression of the theoiiem. 

THEOREM VIII. 

\In ^eryJUj^t-An^ed Spherical Triwigle, the Cosine of 
the Hypothenuse, is eqoal to the Product of the Cosines 
of the Sides Including die right angles 

l''or, if A be measured by 5:Oj its cosme becomes nothings 
^d the first of the equations i becomes cos 4i = cos & « cos r* 

TilBORBM IX. 

Ill Every Ri|;ht- Angled Spherical Triangle, the Cosine of 
either Obhque Angle, is equal to the Quotient of the 
Tangent o£ the Adjacent Side di^ded by the Tangent of 
the Hypotheause. 

If» in tbe second of thefequtttsons i, the preceding value of 
COS. tf be jmbstitttf^ed for it, and for sin « ks vakie t^ 
cos a • cos b « cos c \ then, recollecting that 1 -^ co^ cstimf r, 
there will, restdt, tan « . cqs r • cos b =: sin c : whence it 
fdlows that, 

tanc 

tan a • cos B = tan c, or cos b = : — ; 

' / -tana 

Thus sdso it is found that cos c = i — . 

tana 
THEOKBH X. 

In Any Right- Angled Spherical Triangle, the Cosine of one 
of the Sides about the ^ht angle^ is equal to the Quotient 
of the Cosine of the Opposite ai^Ie divided by the Sine of 
tht Adjacent angle. 

S'romth. 7* we have -^^ =: ?J5-. wfajch, when A Is a 

^ 8in A 9H14L ' ' 

right^angle, becoaies «iixiply sin a ec ^^« Again, from tfa. 9^ 

^ Slu cl 

mre^have cos q±: — — . Hence, by division, 

cos e tan h sin a 00$ a 
sin B *^ sin ^ ' -tan a "^ cus h * 

Now, th. .8 gives ^^.53 cos r. Therefore ^^-|=cos c j and 

• • cm • sin B ' 



7HBORBJM 



in like manner, j^rj^ = cos i. tt, 9. s. 
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THEORBM ZI. 

In Ever7 Right- Angled Spherical Triangle, the Tangent of 
either of the Obhque Angles, is equal to the Quotinit of 
the Tangent of the Opposite Side, divided by the Sine of 
the Other Side about the right angle. 

«, • • sin 5 . _ tan e 

For, smce sin b =r -:— -, and cos B = ; — :, 

' sin «^ tan tr 

m sin B sin b tan a 

we have =: -; — . : — . 

cos B iin a tan c 

Whence, because (th. 8) cos a zz cos b • cos c, and since 
sin a = cos a . tan a, we have 

sin fr _^ sin ^ sin h 1 ^^ tan h 

"* cosa . tanc'^cos^.cosc. tanc"~coii' * coac.tane sine* 

In like manner, tan c = -?^. a. E. d. 

' sia& 



THEORBM XII. 

In Every Right- Angled Spherical Triangle, the Cosine of the 
Hypothenuse, is equal to the Quotient of the Cotangent of 
one of the Oblique Angles, divided by the Tangent of the 
Other Angle. 

For, multiplying together the resulting equations of the 
preceding theorem, we have 

tan b tan e 1 

tan B . tan c = -t-t . -: — = ■ 

sin b sm c cos b .cose 

But, by th. 8, cos b . cos c = cos a. 

Therefore tan b . tan c = ---, or cos a =: ^-. a. E. D. 

cos a tan B 



THEOREM Xin. 

In Every Right- Angled Spherical Triangle, the Sine of the 
Difference between the Hypothenuse and Base, is equal to 

. the Continue^ Product of the Sine of the Perpendicular, 
Cosine of the Base, and Tangent of Halif the Angle Oppo- 
site to the Perpendicular ; or equal to the Continued Pro- 
duct of the Tangent of the Perpendicular, Cosine of the 
Hypothenuse, and Tangent of Half the Angle Opposite to 
the Perpendicular *. 



* This theorem is dne to M. Prony, who published it withoot^emimstra* 
tion in the Connaissance des Temps for the year 1 808, and mada Qsa of it ia 
the coDstruetiou of a chart of the cvursa of the Pa» - ^ 

Here> 



Here, retaining the same notation, since we have 
sin a = ?^ , and cos b = ~-^ ; if for the tanefents there be 

sin B ', tan a ' ** 

substituted their values in sines and cosines, there will arise^ 

sin 6 

sm c * COS a = cos b . cos c. sm a = cos b . cos c.-. — . 

sin B 

Then substituting for sin a, and sin c • cos a, their values ia 
the known formula (equ. v chap, iii) viz, 

in sin (a— c) r: sin a . cos c — cos a • sin r^ 

and recollecting that -^. = tan -J-b, 

It will become, sin (a — c) = sin b . cos c . tan ^b ; 
which is the first part of the theorem : and, if in this result 

we introduce, instead of cos r, its value ~-^ (th.^), it will 

be transformed into sin (a — c) = tan ( . cos a . tan ^b ; which 
is the second part of die theorem, a. E. d. 

Cor. This theorem leads manifestly to an analogous one 
with regard to rectilinear triangles, which, if h, b, and p de- 
note the hypothenuse, base, and perpendicular, and b, p, the 
angles respectively opposite to 4, p ; may be expressed thus: 

A — i = p . tan ip A — p =s: ft • tan ^B. 

These theorems may be found useful in reducing inclined 
lines to the plane of the horizon. 



PROBLEM II. 

Given the Three Sides of a Spherical Triangle; it is re- 
quired to find Expressions for the Determination of the 
Angles. 

Retaining the notation of prob. 1, in all its generality, we 
soon deduce from the equations marked i in that problem, 
the following ; viz, 

cos a — cos h . cos c" 

cos A ~ -^ r-r : 

sm 6 . sin c 

cos If — > cos a . cos c 

cos B = : ^-r: 

sin a ' sm c 

cos c — cos a . cosb 

COS C = : T—: 

sma.smi; 

As these- equations, however, are not well suited for idga-f 
rithmic computation; they must be sa transformed, that their 
second members will resolve into factors. In order to this, 
substitute in the knowh equation 1 — cos a = 2 sia* Ja; 
the preceding value of cos a> and there will result . : ; 

_ . - ." cos (*— c) — cos «. 'j 

But, 



9B sSMfKICAX TlltdOiiU A%1M • 

But, because cos b' — cos a' r:: 2 sin i( a'+B*) . iSHt ^( a'>*»') 
(«rt. 25 eh* m)f and ooiuequently, 

COS (D — c; -*• COS a =: 2 tm ■■ lj" * . «n— rj— : 

we hzvCf obviously^ 

• . sin |^(a + ft— c) . sin |(a ^ r— t) 

«ui ^A ^ g.^^ fr . sin c • 

Whence, making s r: fl + i + t, there restilts 

sm 4-A = \X . 

So, ako, sin |B a= \ /""^*7 ' 



— / "^ (i< 



And, sin ^c = ^^ 

The expressions for the tangents of the half angles, might 
have been deduced with equal facility f and we should have 
obtained, for example, 

tan 4 A = \/ J — -. — j7 r— . (m-j 

Thus again, the exf»ressions for the cosine and cotangmt 
of half one of the angles, are 

* w sjn « . sin #• 



cot iA =± V^- 



sin ^ . sin c 
sin )s . sin j(9— •) 



sin (ls-^).gin(fi-.c)* 

Thie three latter flowing natvflrally from the former, by meaas 
of the values tan =z — , cot = -r-* (art. 4 eh., iii.) 

cos' sm . 

Car. 1. When two of the sides, as ^and r, becotfie 6qiM(^ 
tfafen the eX{a*esston for sin iA becomes 

I sin (i«-*t) sin \a 

sm -tA ss , -* ," • 

^ sm b sm V 

Cor. 2. When all the three sides are equal, orfl ss ft =sj r^ 
then sin ^A = -^r-^. 

* sm a 

Cor. S. In this case, tf a = i ss c = 90* 5 then sin -JA =? 
ij^ sr^V^S = sin 45^ and A = B = c = 90'. 

Cor. 4. If a=*=<: = 60° : then sin^A = j-^ = 4.^/3 =- 

*n 35°15'51": and A = B = C ==70° 3l'42", the same as the 
angle between two contigaous :{dases of atetraedrsm. 

Cor. 5. If d = > == r were assumed = 12tf*: then sin |A=? 

> . .. ^ rs 1^^ = 1 ; and a ::: b = c = I8O0.; which shows 

that no such triangle can be conMHicted (coBfiDtmiMy t& 
th. 2)} but that the three sides would, in suchirase, form three 
continued arcs completing a great circle of the sphere* 

PROBLBH 
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PROBI.EM lit. 

Given the Three Angles of a ^ Spherical Triangle, to find 

Expressions for thej Sides. 

If from t^e first and third of the equations marked i. 
(prob. l)j cos 6' be exterminated^ there will reeulty 
^ cos A • sin c 4- cos c • sin a . cos b =: cos a »sm b^ 

• 

But, it follows from th« 7, that sin c =z "'" ^ * ^'" » , Substitute 

' ' - sm A 

inc: for sin c this value of it, and for - — . -. — * their equi-* 

valents cot a, cot a, we shall have, 

cot> . sin c + cos c . cos 6 == cot tf . sin b. 

... • r COS a • f sin h sin b 

Now, cot « i sin a = - — • sm ^ =: cos tf • -: — = cos a . t— ^» 

' sin ft SiQ a- sin a 

(th. 7). So that the preceding equation at length becomes, 

cos A . sin c = cos a . sin b ^ sin A • cos c . cos ^« 
In like manner, we have, 

cos B . sin c = cos 4 . sin A *- sin b . cos c • cos am 
Exterminating cos b from these, there results 

cos A = cos a . sin B . sin c *- cos b . cos C. T » , 
So like- 1 cos b =c: cos i . sin a . sin c — cos a . cos c. > (JVi) 
wise 3 cos c = cos c . sin a . sin b — cos a . cos b. 3 
This system of equations is manifestly analogous* to equa- 
tion I \ and if they be reduced in the manner adopted in the 
last problem, they will give 



cos |( A + B + C) . COS ^(b + C — a) 

r ■ I 1 - ■■ J I J I II [ J- II 

sin B . ftiti C 

COS JCa + B + c) . COS \{ 



sin ia = v^— 

* ^ sin B . ftiti C 



i(a + c-b) (^, 



. ,1 ^' COS ^lA + B + C; . COS *VA + C — B> \ t\7 \ 

sm io ^ \/ : : . > \y *) 

* ^ sm A . sin c 1 



. .' ^ cos i(A + B + c) . CO»|(a+ B 

Sip iC = v/ r—^ :-^ 

^ sin A . sin B 

The expression for the tangent of half .a side is 

y C08|(A+B + C) . COS^(b + C — a) 

tan ia = s/ 17 — : f ^7 r. 

* ^ COS *(a + C— B) . cos J(a+ B— C) 

■." The values of the cosines and cotangents are omitted, to' 
save room^ but are easily deduced by the student. 

Cor* 1. Whenjtwo of the angles, as b and c, become equal, 

then the value of cos lu becomes cos ^a zz.- - . ■•.. 



T' :i 

* * sra B" 



C<w*« 3* When a = 9 = c : then cos \a = ^^^, ._..>; 
Cor. 3. When a = b ±= c = 90°, then a == * » r =s= {90^^' 
Car, 4. If A = B = c =s €0**; tfien cos \a t= ^\'^ - ,v -.'= 1. 

' * sm 60 

So that a =- 4 = c =: 0. Consequently no sjuch triw^gle can 
be Qonstmcted : conformably'to th. 3, 
•Vol- III. H Cor. 



\ 
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Cor.S, If a=:bs=c=120*j thencos^ =i2I^=:--* = 
fv^3 = COS 54*44^. Hence a = A = c = I09'f28'i8". 

Jc'A<?f. fir, in the preceding values of sin ^, sin ^b^ &c, the 

quantiti^ under the radical were negative in reality, as they 

. a^e ill ajlpearance, it would obviously be impossible to deter* 

mine the value of sin ia^ &c. But this value is in fact always 

reaL For, in general, an (j: — |0) = — cosjr: therefore, 

A ^ B ^ C 

sin ( — -J 1^0) = •" cos \{jl + b + c); a quantity which 

is always positive, because, as a + b + c is necessarily com- 
prised between iO and 40> we have t(a + b + c) — ^^O 
greater than nothing, and less than -JO. Further, any one 
side of a spherical triangle being smaller than the sum of the 
other two, we have, by the property of the polar triangle' 
(theorem 4), ^O — a less than 4O — B + ^Q — c; whence 
4^(b + c — a) is less than ^O 9 and of course its coisine \sf 
positive! 

Given Two Sides of a Spherical Triangle, and the Included 
AAgle ; to obtain Expressions for the Other Angles. ' 

1. In tlie investigation of the last problem, we had 
cos A • sin c = cos a . sin b — cos c • sin a • cos b : 

and by a simple permutation of letters, we have 

cos B . sin c = cos 6 • sin a — cos c . sin 4 . cos a : 

adding together these two equations, and reducing, we have 
sin c (cos A + cos b) =: ^.1 - cos c) sin [a + J). 

No\v^ we have from theor. 7, 

sin a ___ sin c , sin b sin c ' 

. sin A ^~ »inc* Fins sine* 

Freeing these equations from their denominators, and respect- 
ively adding and subtracting them, there results 

sin c (sin a + sin b) = sin c (sin a -J- sin A), 
and sin c (sin a — sin b) = sin c (sin a — sin b). 
Dividing each of these two equations by the preceding, there 
will be obtained 

sin A-f sin b sin c sin a + sin h 

cosA + c'OSB 1— COS c sin(a+^)' 

ein A— sin B sin c sin a-^siii h' 

cos A + cos B """ I— cos c ' sin (a-i li) 

Comparing these with' the equations in arts. 25, 26, 27, chr iii, 
there will at length result 



* / I \ .cos |(fl — M . 

tan ■|:(a + b) =5 cot ic * -—It — tt* 
tan i(A - b) = cot 4c • ■ . '\\ .; , 



Cor^ 
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^ Cor, When a ^ b^ the first of the abov;e equatlotis be- 
comes tan A = tan B = cot \c . sec a. 

And in this case it will be> as rad : sin iC : : sin a or 
sin & : sin ^, 

And, as rad : cos A or cos B : : tan a or tan b : tan ic 

2. The preceding values of tan i{k + b), tan 4^(a — b) are 
very well fitted for logarithmic computation : it may, not^ 
withstanding, be proper to investigate a theorem which will 
^t once lead to one of the angles, by means of a subsidiary 
angle. In order to this,- we deduce immediately from the 
second equation iri the investigation of prob. 3, 

cot a . sin ft • r 

cot A = ^ — : — cot C . COS O* 

sin c 

Then, choosing the subsidiary angle ^ so th^t 

tan (p =. tan a . cos c, 
that is, finding the angle ^, \fhose tangent is equal td the 
product tan a . cos c, which is equivalent to dividing the 
original triangle into two right-angled triangles, the preced- 
ing equation will become 

cot A = cote (cot ^. sin A— cos i)=-: — ^(cosf .sinA— sinf .cosi). 

And this, since sin (A— ?) i=cos ^ . sin 6— sin ^ .cos A, becomes 

cot C . ./ V 

cot A = -T — . sm (b — 0). 

sm (p ^ ^' 

Which is a very simple and convenient expression. 

PROBLEM V* 

Givfen TV70 Angles of a Spherical Triangle, and the Side 
Comprehended between them % tf) find Expressiions for 
the Other Two Sides. 

1. Here, a similar analysis to that employed in the pre- 
ceding problem, being pursued with respect to the equations 
IT, in prob. 3, will produce the following formulae: 

■ sin«+sin^ sine sin a -f sins 

COS a + COS Z; 1-fcosc' sin(A-f-B)* 

sin rt— sin h sin c sin A— sin b 

cos a + cos b 1 + cos c * sin (a + b) ' 

Whence, 'as in prob. 4, we obtain 

tan 



tan 



Ua + 6) = tan ^c . — T: . ;./ 

*^ • ' * cos|(a+h) f 

Ua - i) = tan u . -r-n -A 

^^ ' ^ sm|(A + B} -/ 



(VII*.) 



* The fornaulae infiirke«t vi, and vii, converted into analogies, by making 
the denominator of the second member the first term, the other two factors 
the seqond and third terms, and the first member of the equation, the fourth 
term of the proportion, as . 

H 2 2. If 
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d. If it be wisked to obtain a side at oncej b^ means of a 
subsidiary angle ; then^ find f so that = tan f 5 then witt 

cot e f ^\ 

cot a zz — . cos (B — 0h 
cos© ^ ^' 

PROELEM VI. 

Giren Two Sides of a Spherical Triangle, and an Angfo' 
Opposite to one of them ; to find the Other Opposite^ 

Angle. 

Suppose the sides given are a^ bj and the given angle B : 

- - . - ^ , . sin a. sin B 

then from theor. 7, we have sin A =» — r — ; or, sin a, a- 

fourth proportional to sin by sin Bj and sin (U 

PROBLEM VII. 

6iven Two Angles of a Spherical Triangle, and a Sid^ 
Opposite to one of them ; to find the Side Opposite to- 
the othe/. 
Suppose the given angles are a, and b, and b the give» 

side : then th. 7, gives sin a = 7^ ; Or, sin a, afoux;th' 

proportional to sin b, sin by and sin a. 

Scholium, 
In problems 2 and 3, if the circumstances of the question 
leave any doubt, whether the arcs or the angles sought, are 
greater or less than a quadrant, or than a right angle, the 
difficulty will be entirely .removed by means of the taMe of 
mutations of signs of trigonometrical quantities, in different 
quadrants^ marked vii in chap. 3. In the 6th and 7th pro- 
blems, the question proposed will often be susceptible of two 
solutions : by means of the subjoined table the student may 
alvVays tell when this will or will not be the case. 

1 . With the data a, A, and b, there can be only one solution 
when -B = ^ sQ (a right angle), 
©r, when B<|-0 . • ^ * a < \ O ....A>a, 

B>^0 ••. •• ^>tO ••.• b < a. 

- — ■ ■ — — ,,.,.»....^_.^ __^^^__j. 

cos 5(a+ b) : cos l(a— ft> : : cut Jc : tan |(a + b), 
hm i(<i + t) : s|n ila—h) :: cot^c : tan |(a— B), &c. Stc. 
arv Ctilled the Anahgies of Napier^ being invented by that celebrated geome- 
%ev! He likewise invented other rules for spherical trigonometry, known by 
the name of Napier's Rules far the circular parts ; but these, notwithstanding 
their ingenuity, are not inserted here; because they are too artificial to be 
appliiKi by a young ronsputist, to every ease that may occur^ without con* 
lidtrable danger of misappreheasion and error. 

The 
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i o — 


B < A, 


i O • • • • 


B < 40-A, 


iO . .•• 


B > tO-A, 


io 


B > A., 


irO ... . 


B > A, 


•^- CJ . • • • 


B > lO-A, 


i o 


B < iO~A, 


i o 


B < A, 


A = iO. 





The triangle is susceptible of two forms .and solutloiis 
when B<^0....«<^0.-..6<^> 

B<4.0 a>iO...-*< 40^tf» 

B>:j.O .-•• «<tO •••' *> tO-^i 

B < or > ^ O ....« = T O. 

2. With the data a, b, and 4, the triangle canexkt but it, 
one forrq, 

when A = ^ O (one quadrant), 
4 > ^ O • • • • A.> 

* > T O .... A < 
6 < ^ O . • • • A > 
^ < T O • • • • A < 

It is su??ceptible of two forms, 

when i > ^ O . * . * a > 

^ > ^ O .... A < 

b < iO A > 

* < i O .... A < 
6 < or > f O .... 

It may here be observed, that all the analogies and formulae* 
•of spherical trigonometry, in which cosines or cotangents are 
not concerned, may be applied to plane trigonometry, taking 
care to use only a side iiistead of the sine or the tangent of a 
side ; or the sum or difference of the sides inst6;:d of the sine 
cr tangent of such sum or difference. The reason of this is 
obvious : for analogies or theorems raised, not only from the 
cohsideration of a triangular, figure, but the curvature of the 
sides also, are of consequence more general \ and therefore, 
though the curvature should be deemed evanescent j by reason 
of a diminution of the surface, yet what depends on the /r/- 
MJigle alone will remain, notwithstanding. 

We have now deduced all the rules that are essential in 
tlie operations 6f spherical trigonometry ; and explained uii- 
tdei* what limitations ambiguities may exist. That the student,' 
however, may waht n6thing further to direct his practice in 
this branch of science, we shall add three tables, in which the 
several formulae, already given, are respectivelyappliedtothe 
solutidn of all the cases of right and oblique-anjgled spherical 
{triangles^ that can possibly occur. 
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Suestionsfor Exercise in Spherical Trigonmnetiy. 

Ejt. 1. In the righr-angled spherical triangle bac, right- 
angled at 1, the hypothenuse a = 18° 20', and one leg c =: 
1&^b'2f^ are given ^ to find the angles Bj and C^ and the other 

Here, by table i case 1, sin c r= -: — ; 

* J ' sin t» ' 



Sin a 



tan c * cos a 

COS B, =a : — ; .... cos b =: . ^ 

tan a cos c 

Or, log sin c =: log sin c — log sin a + 10. 
log cos B = log tan c — log tan a + 10. 
log cos b = log cos a — log cos c + 10. 

HeAce, iO + log sin c = 10 + log sin Te^'fi^' = 19-9884*^4 

log sin a = log sin 7S"20' = 9-990933S 

Remains^ log sin c = log sin 83*56' = 9-9915556 

Here c is acute, becau^ the given leg is \t%s than 90°. 

Again/ 10 -f log tan c = 10 + log tan 76^52' = 20-6320468 

log tan a = log tan '78''20' = 1 0-685 1 149 

I III I ^^mmmm^t^ 

Remains, log cos b = log cos 27*'45' = 9*94693 \ 9 

B is here acute, because a and c are of like affection. 

Lastly* 10 + log cos a = 10 +• log cos 78''20' = 19-3058189 

log cos c ::;: log cos 76*^52' == 9*3564420 

Remains, log cos b =z log cos 2T 8' =: 5^-9493763 

wherfe b is less than 90°, because a and c both are so. 

£x. 2. In a right-angled spherical triangle, denoted as 
above, are given a = 78^20', » = 27°45' 5 to find the other 
sides and angle. 

' Aiis. b = 27° -8', c = 76°52', c = 83*56'. 

* 

£x. 3. In a spherical triangle, with a a right angle, givea 
t = 117''S4', c = 81°51* ; to find the other parts. 

Ans. a = 1 13°55', c == 2a*5r, b = 104^ 8'. 

£x. 4. Given * = 27** 6', c = 76°52' ; to find the other 
parts. Ans. 11 = 78^ 20', b = 27*'45% c = 83°56'. 

J?jr. 5. Given i = 42° 1 2', b = 48* ; to find the other parts. 

Ans. a = 64°40'i, or its supplement, 
c = 54°44', or its supplement, 
c =3 64° 35', or its supplement. 

• Ear* 6. Given b = 48°, c = ^4° 35' 5 Veqliired the other 
parts i Ans. b zz 42° 12', c i: 54°44', a i= e4°40^|.. 
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JEx. 7. In the quadrantal triangle IBC, given the qua- 
(drantal side a = 90% an adjacent angle c =s 4f^i2\ and the 
opposite angle A = 64^40^ ; r^uirei the other parts of the 

triangle ? 

JSjt. 8. In an.oblique*angIed spherical triangle are given 
thQ three sides, viz, a == 66%0\ i = 83°13', < :;; U4^30'i 
to find the angles. 

Here^4}y the fifth case of table 2^ we h^ve 

sm l-A = \X i-r-j- — r— ^' : 

^ am . siQ f 

Or» log.sin ^a =:: log sin (4^— *)H-lQg sin(U-^)+ V. cpmp. 
log sin 6 -|- ar. eomp. log sin c : where ,s n a -f- 4 f C. . 

log sin (is-^b) = log sin 43^*58'^ == 9-84'15749 

log sin (4f-c) = log sin 12''41'i sr 9^341 H385 

A. clog sin A = A . c . log sin 83°13' = 0^0030508 

A. clog sin c = A . clog sin 114^30' =: 00409771 

Sum of the four logs 19'22'74413 

Half sum = log sin ^a = log sin 24^15'.}- = 9*6 1 87206 

II. " 
Consequently the angle a is 48"3l'. 

Then, by the common analogfy, 

As, sin a , . . sin 56*40' . . . Ipg = 9*921 94QI 

To, sin A . . . sin 48'*31' ... log ==. 9* 5745,^19 
Sois, sin b ... sin SS'^l's' . ._. log == 9 996^492 

To, sin B . . - sin 62''56' .... log = 9-9495770 
And sp is, sin c - . . sii^ lU^'SO' ... log == 9*9590229 

To, sin c . . . sin 125°19' ... log = 9-9116507^ 
So that the remaining angles are, b = 62°56', and c = 125*19'. 

2dly. By way of comparison of methods, let \x$ find the 
angle a, by the analogies of Napier, according to v:a^e 5 
table 3. In order to which, suppose a perpendicular demit- 
ted from the angle p on the opposite side c. Then shall live 

Ivive taOt i diff. seg^ of c = — ^ — - — j~r^ — A, 

This in logarithms, is 

log tan i(Ma) = log tan 69^56''4: = 10'4375601 
log tan ilb-a) =; log t^n IS'^ie'i = 9-S7278i9 

... . Theirsum =5 195l034aU 

Subtract log tan |c = log tan 57**15' = 10'1916394 

Rem. log cos dif. seg. = logcos 22°34' = 9-6187026 

Hence, the segments of the base are 79®49' and 34^4 1'. 
> - Therefore,^ 
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Therefore, since cos A =k taii 19H9^ x cot b: 
To log tan adja. seg. = log tan 79*459' = I0'74f56237 
Add log tan side * = log tan 83*13' = 9-OT53563 
The sum, rejecting 1 from the mdex 7 ^ -^^^o 

= log cos A =5 log cos 48°32 3 

The other two angles maybeTound 5s before. The pre- 
ference iSf in this case, manifestly due to the former method* 

Ex. 9. In an oblique-angled spherical triangle, are given 
two sides, equal to 1 14*30' and 56*40' respectively, and the 
angle opposite the former equal to 125^0'; to find the other 
parts. Ans. Angles 48*30', and 62''55'i side, 8 3° 12'. 

JSx, 10. Given, in a spherical triangle, two angles, eqaaf 
to 48*30' and 125*20', and the side opposite the latter; to 
find the other parts* 

Ans. Side opposite first angle, 56^40' j other side, 83*12'; 
third angle, 62**54'. 

Ex. II. Given two sides, equal 11 4*^30', and 56'40'; and 
their included angle 62^54' : to find the rest. 

£x. 12. Given two angles, 125*20' and 48**30', aiid the side 
comprehended between thepi 83*'l2': to find the other parts. 

£x. 1 3. In a spherical triangle, the angles are 48*^31', 62**56', 
and 125*20' 5 required the sides ? 

JSx. 14. Given two angles, 50^12', and 58*^8'; and a side 
opposite the former, 62*42' 5 to find the other parts. 

Ans. The third angle is either 130*56' or 156*14'. 
Side betw. giv. angles, either 1 19°4' or 152*14'. 
Sideopp. 58'^8', either 79*1 2' or 100*48'. 

Hx. 15. The excess of the three angles of a triangle^ 
measured on the earth's surface, above two right angles, is 
1 second ; what is its area, taking the earth's diameter at 
7957| miles ? 

Ans. 76*75299, or nearly 76| square miles. 

£x. 16. Determine the solid angles of a regular pyramid 
with hexagonal base, the altitude of the pyramid being to 
each side of the base, as 2 to 1. 
Ans. Plane angle between each two lateral faces 126^52'l l"4^. 

between the base and each face 66^35' 12"y* 
Solid angle at the vertex 1 14*497687 The max. angle 

Each dittb at the base 222*34^985 being lOOO. 
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CHAPTER V. 



OK OEOPESIC OPERATIONS, AND THE FIOUl^E OF TBE 

EARTH. 



BE» 



SECTION L 

Generd Account of this kind of Surveying. 

Art. 1. In the treatise cm Land Surveying in the second 
volume of this Course of Mathematics, the directions were 
restricted to the necessary operations for surveying fields^ 
farms, lordships, or at most counties ; these being the onlj 
operations in which the generality of persons, who practise 
this kind of measurement, are likely to be engaged : but there 
are especial occasions when it is requisite to apply the prin- 
ciples of plane and spherical geometry, and the practices of 
surveying, to much more extensive portions of the earth's 
surface \ and when of course much care and judgment are 
called into exercise, both with regard to the direction of the 
practical operations, and the management of the computations* 
The extensive processes which we are now about to consider^ 
and which are characterised by the terms Geodesic Operations 
and Trigonometrical Surveyings are usually undertaken for 
the accomplishment of one of these three ^objects. 1 . The 
finding the difference of longitude, between two moderately 
distant and noted meridians ; as the meridians of the observa- 
tories at Greenwich and Oxford, or of those at Greenwich and 
Paris. 2. The accurate determination of the geographical 
positions of the principal places, whether on the coast or in- 
land, in an island or kingdom ; -with a view to give greater 
accuracy to maps, and to accommodate the navigator with the 
actual position, as to latitude and longitude, of the principal 
promontories, havens, and ports. These have, till lately, been 
desiderata, even in this country : the position of some import- 
Ant points, as the Lizard, not being known within seven mi- 
ixutes of a degree •, and, until the pub'ication of the Board of 
Ordnance maps, the best county maps -being so erroneous, as 
in some cases to exhibit blunders of three unties in distances 
of less than twenty, 

3. The 
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3. The measurement of a degree in various situations; and 
thence the determination of the figure and magnitude of the 
earth. 

When objects so important as these are to be attained, it is 
manifest that, in order to ensure the desirable 'degree of cor- 
rectness in the resuhs, the* instruments' employed, the opera- 
tions performed, and the computations required, must each 
have the greatest possible degree of accuracy. Of these, tha 
first depend- on the artist \ th« seeond on the surveyor, or 
engineer, who conducts them ; and the latter on the theorist 
and calculator : they are th^se last which will chiefly engkge 
our attention in the present chapter. 

2. In the determination of distances of manymiles,.whether 
fcr the survey of a kingdom, or for the measurement of a de- 
gree, the whole line intervening between two extreme points 
is not absolutely measured ; for this, on account of the in- 
equalities of the earth's surface, would be always very difficulty 
and often impossible. But, a line of a few miles in length is 
very carefully measured on some plain, heath, or marsh, which 
is so nearly level as to facilitate the measurement af an actually 
horizontal line; and this line being assumed as the base of the 
operations, a variety of hills and elevated spots are selected^ 
at which signals can be placed, suitably distant and visible one 
£rom another': the straight lines joining these points consti- ' 
tttte a double series of triangles, of which the assumed base 
forms the first side; the angles of these, that is, the angle* 
made at each station or signal stafi^, by two other signal staflls^ 
are carefully measured by a theodolite, which is carried suc- 
cessively from one station to another. In such a series of tri-' 
angles, care being always taken that one sideis common to two 
of them, all the angles are known from die observations at the 
several stations; and a side of one of them being given, namely> 
that of the base measured, the sides of all the rest, as well as 
the distance from the first angle of the first triangle, to any 
part of the last triangle, may be f6und by the rules of trigo- 
nometry. ' And so again, the bearing of any one of the sides, 
with respect to the meridian, being determined by observa- 
tion, <he bearings of any of the rest, witl^ respect to the same 
meridian, will be known by computation. In these opera- 
tions, k is alwa)^ advisable, when circumstances will admit 
of it, to measure anothe? base (called a base of verification) 
at Or near the ulterior extremfty of the series: for the length ' 
of this base, eofnpuied as one of the sides of the chain of tri- 
af»gles, compared with its length determined by actual aSmetJt^ 
skremen^y will be a test of the accuracy of all the operation* • 
made in the series between the two bases, % 
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3. Now, in every series of triangles, where 
each angle is to be a^ertained with the same in« 
strument, they should, as nearly as circumstances 
will permit, be equilateraL For, if it were pos- 
sible to choose the stations in such planner, that 
each angle should be exactly 60 degrees i then; 
the half number of triangles in the series, multi- 
plied into the length of one side of either trian- 
gle, would, as in the annexed figure, give at once 
the total diirtance ; and then also, not only the 
sides of the scale or ladder, constituted by this se- 
ries of triangles, would be perfectly parallel, but 
the diagonal steps, marking the progress from 
one extremity to the other, would be alternately ^Vr 
parallel throughout the whole length. Here too, 
the first side might be found by a base crossing it perpendicu- 
larly of about half its length, as at H; and the last side veri- 
fied by another such base, r, at the opposite extremity. If the 
respective sides of the seriesof triangles were 12 or 18 miles, 
these bases might advantageously be between 6 and 7> or be- 
tween 9 and 10 miles respectively; according to circumstances. 
It may also be remarked, (and the reason of it will be seen in 
\he next section) that whenever only two angles of a triangle 
can be actually observed, each of them should be as nearly 
as possible 45°, or the sum of them about 90*; for the less 
the third or computed angle differs from 90°, the less proba- 
bility there will be of any considerable error. See prob. 1 
sect. 2, of this chapter. 

4. The student may obtain a general notion of the method, 
employed in measuring an arc of the meridian, from the fol- 
lowing brief sketch and introductory illustrations. 

The earth, it is well known, is nearly spherical. It may be 
either an ellipsoid of revolution, that is, a body formed by 
the rotation of an ellipse, the ratio of whose axes is nearly 
that of equality, on one of those axes; or it may approach 
nearly to the form of such an ellipsoid or spheroid, while its 
deviations from that form, though small rdattveli/y may still 
be- sufficiently great in themselves, to prevent its being called- 
a spheroid with mucfh more propriety than it is called a sphere- 
One of the methods made use of to determine this point, is 
by means of extensive Geodesic operations. 

The' earth however, be its exact form what it may, is a? 

' planet, which not only revolves in an orbit, but turns upon 

an axis. Now, if we conceive a plane to pass through the 

axis of rotation of the earth, and through the zenith of any 

place on its surface, th^ plane, if prolonged to the limits of 

Vol. III. I the 



lU 



TKIGONOMETRICAL aURVXTING. 



the apparent celestial sphere, would there trace the circtfm- 
ference of a great circle, which would be the meridian of thaft 
place. All the points of the earth's surface, which have their 
zenith in that circumference, will be under the same celestial^ 
meridian, and will form the corresponding ttrrestriat meri* 
diaiu If the earth be an irregular spheroid, this meridian will 
be a curve of double curvature; but if the earth be a solid of 
revolution, the terrestrial meridian will be a plane curve.* 
• 5. If the earth were a sphere, then every point upon a 
terrestrial meridian would be at an equal distance from the 
centre, and of consequence every degree upon that meridian 
would be of equal length. But if the earth be an ellipsoid 
of revolution slightly flattened at its poles, and protuberant 
at the equator ; then, as will be shown soon, the degrees of 
the terrestrial meridian, in receding from the equator towards 
the poles, will be increased in the duplicate ratio of the right 
sine of the latitude; and the ratio of the earth'is axes> as well' 
as their actual magnitude, may be ascertained by comparing 
the lengths of a degree on the meridian in different latitudes. 
Hence appears the great importance of measuring a degree* 

6. Now, instead of actually tracing a meridian on the sur- 
face of the earth, — a measiu*e which is prevented by the in- 
terposition of mountains, woods, rivers, and seas,— a c<mi- 
struction is employed wluch furnishes the same result. It 
consists in this. 

Let ABCDEF, &c, be a series of triangles, carried on, as 
nearly as may be, in the direction of the meridian, according 




to the observations in art. S.TKese triangles are'reallyJfpAenca/ 
or spheroidal triangles ; but as their curvature is extremely 
^mall, they are treated the same as rectilinear triangles, either • 
by reducing them to the chords of the respective terrestrial . 
.^rcs AC, AB, Bc, &c, or by deducting a third of the excess^ 
of the sum of the three angles of each triangle above twQ 
right angles, from each angle of that triangle, and working 
with the remainders,, and the three sides, as the dimension& 
of a plane triangle ; the proper reductions to the centre of 
ihe station, to the horizon, and to the leyel of the sea, having 
been previously made. These computations being mad^ 
3 ; tlu-owghout 
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throughout the series, the sides of the successive triangles ar6 
Contemplated as arcs of the terrestrial spheroid. Suppose 
that we know, by observatioii, and the computations which 
will be explained in this chapter, the azimuth^ or the indi* 
nation of the side AC to the first portion AM of the measured 
meridian, and that we find, by trigonometry, the point- M 
where that curve will cut the side Bc. The points a, b, c, 
being in the same horizontal plane, the line am will also 
be in that plane: but, because of the curvature of the 
earth, the prolongation mm', of that line, will be found 
tibiyve the plane of the second horizontal triangle bcd : ifi 
therefore, without changing the angle cmm', the line mm' 
be brought down to coincide with the plane of this second 
triangle, by being turned about BC as an axi?, the point M.' 
wfll describe an arc of a circle, which will be so very small^ 
that it may be regarded as a right line perpendicular to the 
plane bcd : whence it follows, that the operation is reduced 
to bending down the side mm' in the plane of the meridian^ 
-and calculating the distance AMMVto find the position of the 
point m'. By bending down thus in imagination, one after 
another, the parts of the meridian on the corresponding ho- 
rizontal triangles, we may obtain, by the aid of the computa- 
tion, the direction and the length of such meridian, from one 
extremity of the series of triangles, to the other. 

A line traced in the manner we have now been describings 
or deduced from trigonometrical measures, by the means we 
have indicated, is called a geodetic or geodesic line: it has the 
property of being the shortest which can be drawn between 
its two extremities on the surface of the earth ; and it is there- 
fore the proper itinerary measure of the distance between, 
those two points. Speaking rigorously, this curve diflers a 
little from the terrestrial meridian, when the earth is not a 
solid of revolution : yet, in the real state of things, the dif- 
ference between the two curves is so extremely minute, that 
it may safely be disregarded. 

7. If now we conceive a circle perpendicular to the celes- 
tial i^eridian, and passing through the vertical of the place 
of the/bbserver, it will represent the prime vertical df that 
place. The series of all the points of the earth's surface which 
have their zenith in the circumference of this circle,, will form 
the perpendicular to the meridian, which may be traced in 
like manner as the meridian itself. 

In the sphere the perpendiculars to the meridian are great 
circles which all intersect mutually, on the equator, in two 
points diametrically opposite : but in the ellipsoid of revolu- 

I 2 tion> 
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tion, and a fortiori m the irregular spheroid, these concurring 
perpendiculars are curves of double curvature. Whatever be 
the nature of the terrestrial spheroid, the parallels to the 
equator are curves of which all the points are at the same 
latitude: on an ellipsoid of revolution^ these curves are plane 
and circular. / 

8. T^e situation of i. place is determined, when we know 
either the individual perpendicular to the meridian, or the 
individual parallel to the equator, on which it is found, and 
its position on such perpendicular, or on such parallel. 
Therefore, when all the triangles, which constitute such a 
series as we have spoken of, have been computed, according 
to the principles just sketched, the respective positions of 
their lingular points, either by means of their longitudes and 
latitudes, or of their distances froln the first ixieridian, and 
from the perpendicular to it. The following is the method 
of computing these distances. 

Suppose that the triangles abc, bcd, &c, (see the fig. to 
art. 6) make part of a chain of triangles, of which the sides 
are arcs of great circles of a sphere, whose radius is the dis- 
tance from the level or surface of the sea to the centre of the 
earth; and that we know by observation the angle CAX, which 
measures the azimuth of the side ac, or its inclination to the 
meridian ax. Then, having found the excess s, of the three 
angles of the triangle Acc (ct* being perpendicular to the me- 
ridian) above two right angles, by reason of a theorem which 
will be demonstrated in prob. 8 of this chapter, subtract a 
third of this excess from each angle of the triangle, and thus 
by means of the following proportions find ac, and cc. 
sin (90" — -jK) : cos (CAC — fE) : : AC : Ac ; 
sin (90** — 4e) : sin (CAC— je) : : AC : cc. 
The azimuth of ab is known immediately, because bax = 
CAB — CAX; and if the spherical excess proper to the triangle 
abm' be computed, we shall have 

AM B = 180® — m'aB — ABM' + E. 

To determine the sides am', bm', a third of E must be de- 
ducted from each of the angles of the triangle abm' ; and 
then these proportions will obtain : viz, 
sin (180° — m'ab — abm'+I-e) : sin (abm' — 4.E) :: ab : AM', 
5in (180°-tM'AB — abm'.+-|^') : sin (m ab — \e) : : ab : bm'. 
In each of the right-angled triangles a 6b, mVd, are known 
two angles and the hypothenuse, which is all that is neces- 
sary to determine the sides a6, is, and mW, dDi. Therefore 
the distances of the points B, D, from the meridian and from 
the perpendicular, arc known. 

9. Pr«- 
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9. Proceeding in the same manner with the triangle acn, 
or M'DN, to obtain an ahdoN, the prolongation of cd; and 
then with the triangle dnf to find the side nf and the angles 
DNF, dfn, it will be easy to calculate tjie rectangular co- 
ordinates of the point r. 

The distanceyV and the angles den, n^, being thus known, 
we shall have (th. 6 cor. 3 Geom.) 

/fp — 180^ — EFD — dfn — NPf. 
So that, in the right-angled triangley'FP, two atigles and one 
side are known ; and therefore the appropriate spherical ex- 
cess may be computed, and thence the angle Fp/'and the sides 
yp, FP. Resolving next the right-angled triangle enP, we shall 
in like manner obtain the position of the point E, with respect 
to the meridian AX, and to its perpendicular ay; that is to say^ 
the distances Ee, and a^=ap— ep. And thus may thecomputist 
proceed through the whole of the series. It is requisite how- 
ever, previous to these calculations, to draw, by any suitable 
scale, the chain of triangles observed, in order to see whether 
any of the subsidiary triangles acn, nfp, &c, formed to faci- 
litate the computation of the distances from the meridian, and 
from the perpendicular to it, are too obtuse or too acute. 

Such, in few words, is the method to be followed, when we 
have principally in view the finding the length of the portion 
of the meridian compi-i^ed between any two points, as. A and 
X. It is obvious that, in the course of the computations, the 
azimuths of a great number of the sides of triangles in the 
series is determined ; it will be easy therefore to check and 
verify the work in its process, by comparing the azimuths 
found by observation, with those resulting from the calcu- 
lations. The amplitude of the whole arc of the meridian 
measured, is found by ascertaining the latitude at each of its 
extretnlties ; that is, commonly by finding the differences of 
the zenith distances of some known fixed star, at both those 
extremities. 

10. Some mathematicians, employed in this kind of opera- 
tions> ha^e adopted different means from the above. They 
draw through the summits of all the triangles, parallels to the 
meridian and to its perpendicular ; by these means, the sides 
of the triangles become the hypothenuses of right-angled tri- 
angles, which they compute va order, proceeding from some 
known azimuth, and without regarding the spherical excess> 
considering all the triangles of the chain as described on a 
plane surface. This method, however, is manifestly defective 
in point of accuracy. 

Others have computed the sides and angles of all the tri- 
angles, by the rules of spherical trigonometry. Others again, 

' reduce 
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reduce the observed angles to angles of the chords of the re* 
spective arches ; and calculate by plane trigonometry, from 
such reduced angles and their chords. Either of these twa 
methods is equally correct as that by means of the spherical 
excess : so that the principal reason for preferring one of 
these to the other, must be derived from its relative facility. 
As to the methods in which the several triangles are contem- 
plated as spheroidal^ they are abstruse and difficult, and may^ 
happily, be safely disregarded : for M. Legendre has demon- 
strated, in Menwires ae la Ctasse des Sciences Physiques ei 
Mathematiques de VInstituty 1806, pa. 130, that the differ- 
ence between spherical and spheroidal angles, is less than <mc 
sixtieth of a second, in the greatest of the triangles which 
occurred in the late measurement of an arc of a meridiant 
between the parallels of Dunkirk and Barcelona. 

1 1 . Trigonometrical surveys for tl\e purpose of measuring 
a degree -of a meridian in different latitudes, and thence in- 
ferring the figure of the earth, have been undertaken by 
different philosophers,^ under the patronage of dijfferent go-f 
vernments. As by M. Maupertius, Clairaut, &c, in Laplandji 
1786; by M. Bouguer and Condamine, at the equator, 1736 — 
1743 j. by Cassini, in lat. 45% 1739— 40; by Boscovich and 
Lemaire, lat. 43% 1732 ; by Beccaria, lat. 44° 44', 1768 ; by 
Mason and Dixon in America, 1764 — 8; by Major LambtODji 
in the East Indies, 1 803 ; by Mechain, Delambre, &c, France, 
&c, 1790 — 1805; bySwanberg, Ofverbom, &c, in Lapland, 
1802; and by General Roy, Cqlonel Williams, Mr. Dalby, 
and Colonel Mudge, in England, from 1784 to the present 
time. The three last mentioned of these surveys are doubtless 
the most accurate and important. 

The trigonometrical survey in England was first com- 
Dienced, in conjunction with similar operations in France, in 
order to determine the difference of longitude between the 
meridians of the Greenwich and Paris observatories : for this 
purpose, three of the French Academicians, M. M. Cassini, 
Mechain, and Legendre, met General Roy and Dr. (now Sir 
Charles) Blagden, at Dover, to adjust their plans of opera- 
tion. In the course of the survey, however, the English 
philosophers, selected from the Royal Artillery oiKcers, ex- 
panded their views, and pursued their operations, under the 
patronage, and at the expence of the Honourable Board of 
Ordnance> in order to perfect the geography of England, and 
to determine the lengths of as many degrees on the meridian 
as fell within the compass of their labours. 

) 2. It is not our province to enter into the history pf these 

surveys; 
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\surveys : but it may be intefesting and instructive to speak a 
little of the instruments employed, and of the extreme accu- 
racy of some of the results obtained by them. 
' These instruments are, besides the signals, those for mea- 
suring distances, and those for measuring angles. The French 
philosophers used for the former purpose, in their measure- 
ment to determine the length of the Tnetre^ rulers of platina 
and of copper, forming metallic thermometers. The Swedish 
mathematiciains, Swanberg and Ofverbom, employed iron 
bars, covered^ towards each extremity with plates of silver. 
General Roy commenced his measurement of the base at 
"Hounslow Heath with deal rods, each of 20 feet in length. 
Though they, however, were made of the best seasoned tim- 
ber, were perfectly straight, and were secured from bending 
'in the mpst effectual manner; yet the changes in their lengths, 
•occasioned by the 'variable moisture and dryness of the air, 
-were so great, as to take away all confidence in the results 
-deduced from them. Afterwards, in consequence of having 
found by experiments, that a solid bar of glass is more dilat- 
able than a tube of the same matter, glass tubes were substi- 
tuted for the deal rods. They were each 20 feet long, inclosed 
in wooden frames, so as to allow only of expansion or con- 
traction in length, from heat or cold, according to a law 
ascertained by experiments. The base measured with these 
was found to be 274'04-08 feet, or about 5* 19 miles. Several 
years afterwards the same base was renieasured by Colonel 
Mudge, with a steel-chain of 100 feet long, constructed by 
Ramsden, and jointed son>ewhat like a watch-chain* This 
-chain was always stretched to the same tension, supported on 
troughs laid horizontally, and allowances were rnade for 
changes in its length by reason of variations of temperature, at 
the rate of 0075 of an inch for each degree of heat from 62** 
of Fahrenheit : the result of the measurement by this chain was 
found not to differ more than 2|. inches, from General Roy's 
determination by means of the glass tubes : a minute differ- 
ence in a distance of more than 5 miles ; wiiich, considering 
that the measurements were effected by different persons, and 
with different instruments, is a remarkable confirmation of 
-the accuracy of both operations. And further, as steel chains 
can be used with more facility and convenience than glass 
•rods, this remeasurement determines the question of the com- 
|)arative fitness of these two kinds of instruments. 

13. For the determination of angles, the French and Swe- 
dish philosophers employed repeating circles of Borda's con- 
struction: iQ^tniments which are-extremely portable, and with 
whicb^ though they are not above 14 inches in diameter^ the 

observei:s 
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observers can take angles to within l" or 2" of the truth. 
But this kind of instrument, however great its ingenuity in 
theory, has the accuracy of it^ observations necessarily limited 
by the imperfections of the small telescope which must be 
attached to it. General Roy and Colonel Mudge made use of 
a very excellent theodolite constructed by Ramsden, which, 
having both an altitude and an azimuth circle, combines the 
powers of a theodolite, a quadrant, and a transit instrument, 
aind is capable of measuring horizontal angles to fractions of 
a second. This instrument, besides, has a telescope of a much 
higher magnifying power than had ever before been applied 
to observations purely terrestrial; and this is one of the supe- 
riorities in its construction, to which is to be ascribed the ex- 
treme accuracy in the results of this trigonometrical survey. 

Another circumstance which has augmented the acccu'acy 
of the English measures, arises froo^ the mode of fixing and 
using this theodolite. In the method pursued by the Con- 
tinental mathematicians, a reduction is necessary to the plane 
of the horizon, and another to bring the observed angles to 
the true angles at the centres of the signals : these reductions^ 
of course, require formulae of computation, the actual em- 
ployment of which may lead to error. But, in the trigono- 
metrical survey of England, great care has always been taken 
to place the centre of the theodolTie exactly in the vertical 
line, previously or subsequently occupied by the centre of the 
signal : the theodolite is also placed in a perfectly horizontal 
position. Indeed, as has been observed by a competent judge, 
♦^ In jio other survey has the work in the field been conducted 
so much with a view to save that in the closet, and at the 
same time to avoid all those causes of error, however minute, 
that are not essentially involved in the nature of the problem. 
The French mathematicians trust to the correction of those 
errors ; the English endeavoui; to cut them (j/f' entirely; and it 
can hardly be doubted that the latter, though perhaps the 
slower and. more expensive, is by far the safest proceeding.'* 

14. In^>roof of the greatcorr^ctness of the English sur- 
vey, we shall state a very few particulars, besides what is 
already mentioned in art. 12. 

General Roy, who first measured the base on Hounslow- 
Heath, measured another on the fl^t ground of Romney- 
Marsh in Kent, near the southern extremity of the first series 
of triangles, and at the distance of more than 60 miles from 
the first base. , The length of this base of verification, as 
actually measured, compared with that resulting from the 
computation through the whole series of triangles, differed 
inly by 28 inches. 
* " Colonel 
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Colonel Mudge measured another base of Terification on 
Salisbury plain. Its length was 36574f'4? feet, or more than 
7 miles ; the measurement did not differ more than one inch 
from the computation carried through the series of triangles 
from Hounslow Heath to Salisbury Plain. A most remark- 
able proof of the accuracy with which all the angles, as well 
as rfie two bases, were measured ! 

The distance between Beachy-Head in Sussex, and Dun- 
nose in the Isle of Wight, as dedticed from a mean of four 
series of triangles, is 339397 feet, or more than 6^ miles. 
The extremes of the four determinations do not differ more 
than 7 feet, which is less than 1 1- inches in a mile. Instances 
of this kind frequently occur in the English survey*. But 
we have not room to specify more. We must now proceed 
to discuss the most important problems connected with this 
'Subject \ and refer those who are desirous to consider it more 
minutely, to Colonel Mudge*s ** Account of the Trigonome- 
trical Survey j" Mechain and Delambre, " Base du Systeme 
Metrique Decimal j" Swanberg, " Exposition des Operations 
faites en Lapponie ;" and Puissant's works entitled ** Geo- 
desie" and " Traite de Topographic, d'Arpentage, &c.** 



« 



SECTION 11. 



problems connected with the detail of Operations in ^xtoiswe 

Trigonometrical Survys^^ 

PROBLEM I. 

It is required to deternline the Most Advantageous 

Conditions of Triangles. 

1. In any rectilinear triangle abc, it is, from the propor- 
tionality of sides to the sines of their opposite angles, ab ^ 
Bc : : sin c : sin A, and consequently ab . sin 
A = EC . sin c. Let ab be the base, which J^ 

is supposed to be -measure^ without percep- 
tible error, and which therefore is assumed 
as constant ; then fin3ing the extremely 
"*' ' ■■ ' ' ■'■■'' ■■ ' '■»■'■ '■ .III ... '"" I- 

• Pnissant, in his " €(eod^sie," after quoting some of, them, says, *' Nean« 
moins, jus(]u*4 present, rieon'egale en exactitode les operations geociesi<)ues 
qui ont servi de foudement i noire systfeme metrique." He, however, gives 
ifo instances. We have no wish to depreciate the labours of the French 
ineasures j but we cannot yield tfaem the preference on mere assertion. " 

smsdl 
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&mall variation or fluxion of the equation on this hypothesis. 

It is AB . cos A . A rr sin c • KC -\- bc . cos c ,q. Here, since 
ve arelgnorant of the magnitude of the errors or variations 

expressed by a and c, suppose them to be equ^l (a probable 
supposition, as they are both taken by the same instrument)^ 
and each denoted by v z then will 

•• IB cos A — BC COS C 

•in c ' 

or, substituting - — for its equal -^^ the equation will be- 

' , cos A CO§ Cv 

come BC = x; X (bc . bc . -. — }; 

^ sm A tin c* ' 

OTy finally, bc = v . bc (cot A — cot c). 

This equation (in the use of which it must be recollected 
that V taken in seconds should be divided by r", that is, by 
the length of the radius expressed in seconds) gives the error 

BC in the estimation of bc occasioned by the errors in the 
angles A and c. Hence, that these errors, supposing them 
to be equal, may have no influence on the determination of 
BC, we must have a = c, for in that case the second member 
of the equation will vanish. 

2, But, as the two errors, denoted by a, and c, which we 
have supposed to be of the same kind, or in the same direc- 
tion, may be committed in different directions, when the 

equation will be bc = ± v . bc (cot a 4- cot c) \ we must 
enquire what magnitude the angles a and c ought to have, 
«a that the sum of their cotangents shall have the least value 

jpossiblc; for in this state it is. manifest that Bcwill have it$ 
least value. But, by the formulae in chap. 3s we have 

, ^ , si:» (a + g) sin (a + c) 

-eOt A + cot C = ~^ : = ;; -^ -1 ; = 

sin A. sine -J cos (aw c) — -{cos (a + jcJ 

2 sin B 
cos (a V3 c) + cos B* 

Conseqirently, bc = ± v . Bc . 



COS (a (O C) -i- CO&B* 

And hence, whatever be the magnitude of the angle B, the 
error in the value />f.BC will be the least when cos (a co c) isf 
the greatest possible, which is, when a = c. " 

We may therefore infer, for a general rule> that ihe most 
advantageous state of a triavgle^ when we mould determine 
0ne side onlj/^ is when the base is equal to the side sought. 

3. Since, by this rule, the base should be equal to the side 
sought, it is evident that when we would determine two side^p 
the most advantageous condition of a triangle is that, it be 
equUateraL 

^ 4. It 
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4. It rarely happens, however, that a base can be commo- 
tHously measured which is as long as the sides sought. Sup* 
posing, therefore, that the length of the base is limited, but 
that its direction at least may be chosen at pleasure, we proceed 
to enquire what that direction should be, in the case where 
one only, of the other two sides of the triangles is to be de- 
termined. 

Let it be imagined, as before, that ab is the base of the 

triangle Abc, and bc the side required. It is projx)sed to find 

the least value of cot a T cot c, when we cannot have a =c 

^. Now, in the case where the negative sign obtains, we have 

. . AB — BC.COS.B BC — AB . COS B AB*— DC* 

cot A — cot C = : = — : „ 

hC.tmiB AB.SIJIB AB.BC.Sin^ 

This equation again manifestly indicates the equality of ab and 
BC, in circumstances where it is possible : but If ab and BC 
are constant, it is evident, from the form of the denominator 
of the last fraction, that the fraction itself^ will be the leasts 
or cot a — cot c the least, when sin b is a maximum, that 
is, when B = 90°, 

5. When the positive sign obtains, we have cot A + cot c = 

. ^ . a/Cbc*- AB« sin* a) , y/ BC« /x 

cot A + ^^^^— r ' = cot A + ^( --r- l). 

• A£ sin A * V V V AB* sm* a ' 

Here, the least value of the expression under the radical sign, 
is obviously when A = 90°. And in that case the first tern\, 
cot A, would disappear. Tlierefore the least value of cot A-+ 
cot c, obtains when a =90**; conformably to the rule giv^n 
by M. Bouguer fFtg. de la T\rre, pa. 88). But we have^ 
"already seen that in the case of cot a — cot c, we must have 
b = 90. Whence we conclude, since the conditions A = 90% 
b 3= 90®^ cannot obtain simultaneously, that a medium result 
would give A = b. 

If we apply to the sjde Ac the same reasoning as to bc, 
similar results will be obtained : therefore in general, aV/e^rt 
the base cannot be equal to one or to both the sides required^ 
the most advantageous condition of the triangle w, that iht 
base be the longest possible^ and that the two angles at tlie 
base be equal. These equal angles however, should never, 
\t possible^ be less than 23 degrees. 

PROBLEM II. 

To deduce, from Angles measured Out of one of the stations, 
but Near it, the True Angles at the station. 

When the centre of the instrument cannot be placed in the 
vertical line occupied by the ajcis of a signal, the angles ob- 
served must undergo a reduction, according to circumstances. 

l.Let 
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1. Let c be the centre of the station, 
p the place of the centre of the instru- 
ment, or the summit of the observed an- 
gle apb: it is required to find g, the 
measure of A cb> supposing there to be « 
known ai^ = p, bpc = jt?, cp =: d, 

BC = L, AC = R. * 

Since the exterior angle of a triangle is equal to the sum 
of the two interior opposite angles (th. 16 Geom.), we have, 
with respect to the triangle iap, aib = p + iap ; and with 
regard to the triangle bic, aib = c + CBP. Making these 
two values of aib equal, and transposing lAP, there results 

C = P + IAP — CBP* 

But the triangles cap, cbp, give t 

cp . rf.sJn(p + &) 

sm CAP = sm IAP = — sm apc = ^^ — ^ ; 

AC m 

CP . ^ J . sin b 

sm CBP = - . sm Bpc = . 

BC L 

And, as the angles cap, gbp, are> by the hypothesis of the 
problem, always very small, their sines may be substituted 
for their arcs or measures : therefore 

C — P = ^ — ^ -. 

R L 

Or, to htfve the reduction in seconds, 

d ,sin(p + p) sinfr. 
C — P = -T— pj ( ^^ ^ -). 

The use of this formula cannot in any case be embarrassing^ 
provided the signs of sin p, and sin (p + /?) be attended to. 

^Thus, the first term of the correction will be positive, if the 
angle (p -f- p} is comprised between and 1 80^ ; and it will 

. become negative, if that angle surpass 180°. The contrary 
will obtain in the same circumstances with regard to the se- 
cond term, which answers to the aftgle of direction />. The 
letter r denotes the distance of the object a to the right, i. 
the distance of the object b situa^.ed to the left, and p the 
angle at the place of observation, between the centre of the 
station and the object to the left. 

2. An approximate reduction to the centre may indeed be 
obtained by a single term ; but it is not quite so correct as 
the form above. For, by reducing the two fractions in the 
second member of the last equation but one to a common 
denominator, the correction becomes 

</l . sin (p+p)— rfa . sin p 
. C — P = ^ ^ -^ 



LR 

R . Sin A R . sin A 



But the triangle abc gives l = r-^. — =— = ■- . '" ' . ' \ ' • 

** ® sin B 5in (a + c) 

And 
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4 

And because p is always very nearly equal to c> the sine of 
A + p will diflfer extremely little from sin (a + c), and may 

R sin A 

therefore be ^bstittited for it, makinc: l = — z r. ' " 

Hence we manifestly have . 

— ^ ' ^'" * • ^'" ('''^•J^) — rf ■ s'H y . sin (A-f p) ^ 



R « Sin A 



Which, by taking the expanded expressions for sin (p-f p), 
and sin (a + p), and reducing to seconds, gives 

d sin p . sin (a— p) 
sm 1 R .sm A 

3. When either of the distances r, l, becomes infinite, 
. with respect to rf, the corresponding term in the expression 
art. 1 of this problem, vanishes, and we have accordingly 

d . sin p / <2 . sin (v + p) 

C — P = ~;f or C — P = :~pr- • 

L . Sin 1 ' R , sin 1 

The first of these will apply when the object a is a heavenly 
body, the second when b is one. When both a and b are 
such, then c — p =: 0. 

But without supposing either A or b infinite, we may have 
c — P =0, or c r= P in innumerable instances : that is, in 
aH cases in which the centre p of the instrument is placed in 
the circumference of the cirde that passes through the three 
points A, B, c ^ or when the angle Bpc is equal to the angle 
•AC, or to BAG + 180°. Whence, though c should be inac- 
cessible, the ^gle ACB may commonly be obtained by obser- 
vation, without any computation. It may further be ob- 
served, that when p falls in the circumference of the circle 
passing through the three points A, b, c, the angles A, B, c, 
" may be determined solely by measuring the angles 'Apb and 
Bpc. For, the opposite angles abc, apc, of the quadrangle 
inscribed in a circle, are (theor. 54 Geom.) := 180 . Conse- 
quently, ABC = 180' — APC, and bag z= 180»— (abc + acb) 

5= ISO"*- (ABC+ APB). 

4» If one of the objects, viewed from a further station, be 
a vane or staff in the centre of a steeple, it will frequently 
happen that such object, when the observer comes near it, is 
both invisible and inaccessible. Still there are various me- 
thods of finding the exact angle at c. Suppose, for example, 
the signal-staff be in the centre of a 
circular tower, and that the angle APB 
was taken at p near its base. Let the 
tangents pt, pt', be marked, and on 
^them two equal and arbitrary distances 
'P?w, Tniy be measured. "Bisect mrn at- 
> tl^e point n^ and, placing there a signal- 
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stzff, measure the angle «pb, which, (since vn prolonged ofr» 
-vionsly passes through c the centre,) will be the angle p of 
the preceding investigation. Also, the distance ps added to 
the radius cs of the tower, will give pc = d in the former 
investigation. 

If the circumference of the tower cannot be measured, and 
the radius thence inferred, proceed thus: Measure the angles 
BFT, BPr', then will bpc = -j(bpt + bptO = p ; and cpt = 
BPT— BPC : Measure ft, then pc = PT . sec cpt := d. With 
the values ofp and rf> thus obtained, proceed as before^ 

5» If the base of the tower be polygonal and reguhVf as 
most commonly happens ^ assume p in the point of intersec-r 
tionoftwoofthe sides prolonged, and bpc' = ^(bpt + bpt') 
as before, pt= the distance from p to 
the middle of one of the sides whose 
prolongation passes through p; and 
hence Pc is found, as above. If the 
figure be a regular hexagon, then the 
triangle vmvi is equilateral, and pc = 




problem iir. 

To Reduce angles measured in a Plane Inclined to the- 
horizon, to the Corresponding Angles in the Horizontal 
Plane* 

Let bca be an angle measured in a plane inclined to the 
horizon, and let b'ca be the corresponding angle in the ho- 
rizontal plane. Let d and d' be the zenith distances, or the 
complements of the angles of elevation aca', bob'. Then 
from z the zenith of the observer, 
or of the angle c, draw the arcs za, 
zby of vertical circles, measuring the 
zenith distances r/, d% and draw the 
arc ab of another great circle to 
measure the angle c. It follows 
from this construction, that the an- 
gle z, of the spherical triangle zabj 
is equal to the horizontal angle a'cIb ; and that, " to find it» 
the three sides za = d,zb =i d\ ab s= c, are given. Call the 
sum of these s ; then the resulting formulae of prob. 2 ch. iv„ 
applied to the present instance, becomes 



zi.- 




y sin i(«— rf) . sin 4(s— (f) 

sm iz = Sin ^c = \/ . J ^ .? ^ \ 

* * ^ sill <2 . siti d! 



If 
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If h and A' represent the angles of altitude ACA', »cb', the 
preceding expression will beccnne 

▼ cos A , cos h 

Or, in logarithms, 

log sin f c = i{20 + log sin i (c + A — A') + log shot 

i{c + h — A) — log cos h — log cos h). 

Cor. 1. l£ h=: h\ then is sin ic = — ^-r"} and 

' * cos ft ' 

log sin AA cb' = 10 + log sin i^acb — log cos A. 

C:?r. 2. If the angles A. and A' be very small, and nearlf 
equal ; then, since the cosines of small angles Tary ex- 
tremely slowly, we may, without sensible error, take 
log sin iA'cB' =r 10 + log sin |^ACB — log cos 4(A + A'). 

Car. 3. In thi^ case the correction x = a'cb*— acb, may 
be found by the expression . < ^ 

X = sin l"(tan 4rC(iO - ^)* - cotic(^r). 

And in this formula, as well as the first given for sin ^c, i 
and d' may be either one or both greater or less than a qua- 
drant ; that is, the equations will obtain whether aca" and 
Bob' be each an elevation or a depression. 

Scholium. By me^ms of this problem, if the altitude of a 
hill be found barometrically, according to the method de- 
scribed in the 2d volume, or geometrically according to some 
of those described in heights and distances, or that given in 
the foHowing problem ; then, finding the angles formed at 
the place of obser\'ation, by any objects in the country below, 
and their respective angles of depression, their horizontal an- 
gles, and thence their distances, may be found, and their re- 
lative places fixed in a map of the country ; taking care to 
have a sufficient number of angles between intersecting lines, 
to verify the operations. 

PROBLEM IV. 

Given the Angles of Elevation of any Distant object,, talcen 
at Three places in a Horizontal Right Line, which does 
not pass through the point directly below the object; and 
the Respective Distances between the stations ; to find 
the Height of the Object, and its Distance from either 
station* 

Let AED be the horizontal plane : fe the perpendicular 
height of the object F above that plane ; a, b, c, the three 
places of observation ^ fae, fbe, fce, the respective angles 

of 
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of elevation, and ab, bc, the 
given distances. Then, since 
the triangles aef, bbf, cef, are 
all right angled at e, the dis- 
tances AE, BE, CE, will mani- * 
' festly be as the cotangents of the 
angles of elevation at a, b, and * 
c: and we have to determine 
the point E, so that those lines 
may have that ratio. To effect 
this geometrically use the following 

Construclwn, Take bm, on ac produced, equal to bc, 
BN equal to ab ; and make 

MG : bm( = bc) : : cot a : cot b, 
and bn( = ab) : ng : : cot b : cot c. 
With the lines mn, mg, ng, constitute the triangle, mng ; 
and join bg. Draw ae so, that the angle eab may be equal to 
, mgb ; this line will meet bg produced in £, the point in the 
horizontal plane falling perpendicularly below f. 

Devunist ration* By the similar triangles A£B, gmb, we 
have A£ : BE : : mg : mb : : cot a : cot B, 
and BE : ba( = Bn) : : BM : BG* 
Therefore the triangles bec, bgn, are similar ; consequently 
BE : EC : : BN : NG : : cot B : cot c. Whence it is obvious 
that A£, BE, C£, are respectively as cot a, cot b, cot c. 

Calculation. In the triangle mgn, all the sides are given, 
to find the angle gmn = angle aeb. Then, in the triangle 
MGB, two sides and the included angle are given, to find the 
* angle mgb = angle eab. Hence, in the triangle aeb, are 
known ab and all the angles, to find ae, and be. And then 
EF = A£ , tan A == BE • tan b. 

Otherwise, independent of the construction, thus. 

Put AB = p, BC = d, EF = or; and then express algebraic* 
ally the following theorem, given at p. 128 Simpson's Select 
Exercises : 

AE* . BG + CE* , AB = BE* . AC + AC . AB . BC, 

the line EB being drawn from the vertex e of the triangle 
ACE, to any point B in the base. The equation thence ori- 
ginating is V 

dx^ . cot* A + ixr* .cot*c.= (o+rf)-^*- cot* B + (b+d)ix/. 
And from this, by transposing all the unknown terms to one 
side, and extracting the root, there results 

xzz / {n + d)i}d . 

y d . cot« A + D . cot« c— (d + rf) oot« ■' 

Whence 
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■ 

» 

Whence ef is kno^^ and the distances AE, be, cEi are 
readily found. 

Var. When d = d, or n 4- rf = 2d = 2d, the expression 
becomes better suited for logarithmic computation, being then 

;r = d -T- V(t cot* A + i cot* c - cot* b). 
In this case, therefore, the rule is as follows : Double the log. 
cotangents of the angles of elevation of the eofereihe stations,, 
find the natural numbers answering thereto, and take half 
their sum ; from which subtract the natural number answer- 
ing to twice the log. cotangent of the middle angle of el^va^ 
tion : then half the log. of this remainder subtracted from the 
log. of the measured distance between the 1st and 2d, or the 
2d and 3d stations, will be the log. of the height of the object. 

PROBLEM V. 

In Any Spherical Triangle, knowing Two Sides and the 
Included Angle ; it is required to find the Angle Compre- 
hended by the Chords of those two sides. 

• Let the angles of the spherical tri- 
angle be A, B, C, the corresponding 
angles included by the chords a', b', 
c'; the spherical sides opposite the 
former fl, 6, c, the chords respect- 
iyely opposite the lattei* a, /3, y ; then, 
there are given 6, c, and a, to find a'. 

Here, from prob. 1 equa. i chap, iv, we have 
cos fl = sin A . sin c . cos a -f- cos b . cos c. 

But cos c = cos {iC-\-\c) = cos* ^c — sin*ic (by equa. V 
ch. iii) = (I - sin* \c) - sin* ^c = 1 - 2 sin* ^c. And in like 
manner cos a = 1 — 2 sin* 4^, and cos i = 1 — 2 sin* ^* 
Therefore the preceding equation becomes 
I -- *1 sin* ^a =z Af sin \b . cos -j^6 . sin ^c. cos \c . cos A + 

(1-2 sin* \b) . (1 - 2 sin^ ^c). 
But sin ^a = 4a,, sin \b = i^, sin -Jc = 4:7 • which valu6^s 
substituted in the equation, we ol^tain, after a little reduction, 

2 X ^*'*'^'^"' = ^y . co^ ib.co^ic. cos A f- i^y\ 

Now, (equa. ii ch. iii), cos a' = — isF^' Therefore, by 
substitution, 

/3y . cos a' = Py . cos ib . cos ic , cos A + iPy^i 
whence, dividing by jSy, there results ■ 

cos a' = cos ib . cos if . cos A + ij3 . iy ; 
or, lastly, by restoring, the values of IP, 4y, we have 
. cos a' =: cos ib . cos -Jc . cos A + sin ^b , sin icv * • (1.) 

Vol. hi. K C<^» 
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Cor. 1. It follows evidently from this formul*, that v&eit 
the spherical angle is right or obtuse, it is always greattf 
than the corresponding angle of the chords. 

Cor, 2. The spherical angle^ if acute, is less than the €or« 
responding angle of the chords, when we have cos A greater 

. sin 1^ . sin \c 
than :; s-r; ^—r. 

PROELBM Vi. 

Knowing Two Sides and the Included Angle of a Rectilinear 
Triangle, it is required to find the Spherical Angle of th# 
Two Arcs of which those two sides are the chords. 

Here jS, y, and the angle a' are given, to find A. Now, 
since in all cases, cos == v^ ( 1 — sin*), we have 

cos ib . cos ic =-/[(! —sin^ift) . (1 — sin* 4c)]; 
we have also, as above, sin 4^ = i^y and sin \c = iy* 
Substituting these values in the equation i of the preceding 
problem, there w^ll result, by reduction^ ' 

cos a'— i^y /TT \ 

To compute by this formula, the values of the sides /3, y, 
must be reduced to the corresponding values of the chords of 
a circle whose radius is unity. This is easily efiected by di-^ 
viding the values of the sides given in feet, or toises, &c, by 
such a power of 10, that neither t)f the sides shall exceed 2^, 
the value of the greatest chord, when radius is equal to unity. 

From this investigation, and that of the preceding problem^, 
the fcillowing corollaries may be drawn. 

Cor. 1 . If c ^ by and of consequence y = jS, then will 
cos a' = cos a . cos* ic + sin* |c; and thence 
1 - 2 sin* 4 a'= ( 1 -- 2 sin* i a) cos* 4-c+ ( 1 - cos* ^c) : 
from which may be deduced 

sin 4: a' = sin -^a . cos ^r, . . . (HI.) 

Cor, 2; Also, since cos ^c =\/(l — sin* |c)=^(l— ^y*),. 
equa. II will, in this case, reduce to 

•sm^A = -jT, 1 X /. ^t s « • • • (lv.> 

Cor, 3. From the equation iir,- it appears that the vertical 
angle of an isQsceles spherical triangle, is always ^rt^a/er tha» 
the corresponding angle of the- chords. 

Cor^ 4# If A = 90% the formulae i, ii, give 
cos a' = sin ^b . sin jc = ^j8y» . . . (V.) 

These five formulae are strict and rief"^ 'U.-. x^hatever be 
the magnitude of the triangle. But if f)- .- ; t ,?,n crle.: be smally 
the arcs may be pat instead of the sin-^- .-; un. Vj then , 

Cor. 5. As cos a' = sin ''90'*-- a'! - - *. i?c 90^*-*'^ 
the small excess of the spherics* ik- .. • :- . over the corre- 

' sponding 



i 
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sponding recttlinear angle^ will, supposing the ar<;$ b^ c^ taken 
lot secoudsf be given in seconds by the following expression 

90--.*^ = *^ = ^,. ...(VI.) 

The error in this formula will not amount to a second, 
.trhen b + c is less than 10% or than 700 niiles measured on 
the earth's surface. 

Cor. 6% If the hypotenuse does not exceed 1^^**, we may 
substitute a sin c instead of c, and a cos c instead of b ; this 
will give 4c = a* . sin c . cos c s: ^* . sin 2(90* — b) =: 4tf*» 
sin 23 : whence 

(fiO -A.) p=. —^ — C: - 3^. . . . . (vn.) 

if tf=li% and Bti=c=r45*' nearly; then wil} QO'^-A'rsn'.?. 

Cor. 7. Retaining the same hypothesis of A =: 90**, and 
* ==• or < ] i% we have 

, b* cot i be ^ /TTTTT * 

B - B = —^^ = -3^ (VIII.) 

Mao c -^ c' jfi* ^ (IX.) 

Cor. 8. Comparing formulae VHt, IX, with Vi, we Jbav^ 
^ -^ 3' CE c — c' = t(^°- a'X Whence it appears that the 
sum of the tvo excesses of the objique spherical angles, over 
the correspoitaing angles of the chords, in a small right-an- 
gled tmnglet \ equgl to the excess of the right angle over 
the corresponding angje of :the chords. So that either of the 
formulae vi, vii, viii, ix, will suffice to determine the diflfer- 
cnce of each of the three angles of a small right-angled sphe- 
rical triangle, from the corresponding angles of the chords. 
And hence this method may be applied to the measuring an 
arc of the meridian by means of z series of triangles. Se« 
iirts. 8, 9, sect. 1 of this chapter. 

PROBLEM VM. 

In a Spherical Triangle abc, Right Angled in A, knowing 
the Hypothenuse bc {less than 4?"*) and the Angle B, it is 
required to find the Error e committed through finding 
by Plane Trigonometry, the Opposite Side ac. 

Referring still to the diagram of prob. 5, where we now 
5uppose the spherical angle a to be right^ we have (theor. 10 
ehsljp. iv) sin ^ SIX sin a . sin b. But it has been remarked at 
pa. -5 vol. ii, that the sine of any .mrc a is equal to the sum of 
tbe following series ; 

sin A « A - ^ + lipr -^^ 2,3,^5.6.1 + *^' 
•r,siu A =S A - ~ + j^ - j~jj + &C. 

K 2 And, 
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Ani, In the present enquiry, all the terms after the second 
may be neglected, because the 5th power of an arc of 4* dr- 
vided by 120, gives a quotient not exceeding 0"*0i. Con- 
sequently, we may assume sin i = A — -^^ sin a = a— ^'5 
and thus the preceding equation will become, 
, b — ^5. = sin B{a — ^aO 
or, i = a . sin B — ^(a^ . sin b — i^). 
Now, if the triangle were considered as rectilinear, we should 
have b := a . sia B ; a theorem which manifestly gives the 
side b or AC too great by ^(a^ • sin b — b^). But, neglecting 
quantities of the fifth order, fOr the reason already assigned, 
the last equation but one' gives A^ = a' • sin' B. Therefore, 
by substitution, e zz^^a} , sin b(1 — sin^ b) : or, to have thi^ 
error in seconds, take r" =: the radius expressed in seconds, 

- ,, . fl' . cos* B 

SO shall ^ = — fit . sin b . 



//_// 



6r"r 

Cor. 1. If fl = 4'', and b = 35°16', in which case the 
value of sin B . cos* B if a maximum, we shall find ^ = — 4:^". 

Cor, -2. If, with the same data, the correction be applied, 
to find the side c adjacent to the given angle, we should have 

f a» . sin* B 

e = a . cos B . i3^.^. . 

So that this error exists in a contrary sense to the other; the 
one being subtractive, the other additive. 

Cor. 3. The data being the same, if we have to find the 
angle c, the error to be corrected will be 



f, « sin 2b 



e" = ii» 



4ff • 
R 

As to the excess of the arc over its chord, it is easy to find it 
correctly from the expressions in prob. 5 : but for arcs that* 
are very small, compared with the radius, a near approxima- 
tion to that excess will be found in the same measures as the 
radius of the earth, by taking -^ of the quotient of the cube 

of the length of the arc divided by the square of the radius. 

I, 

PROBLEM VIII. 

It Is required to Investigate a Theorem, by means of which^ 
Spherical Triangles, whose Sides are Small compared with 
the radius, may be solved by the rules for Plane Trigono- 
metry, without considering the Chords of the respective 
Arcs or Sides. 

liet «, by Cy be the sides, and A, b, c, the angles of a sphe- 
rical triangle, on the surface of a sphere whose radiusls r j 

then 
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Ihen a similar triangle on the surface of a sphere whose radius 
= i, will have for its sides — , — , — ; which, for the sake 
of brevity, we represent by a, jS, y, respectively : then, by 

, . - cos a — COS & . cos y 

equa* i chap, iv, we have cos a = r— ^ — -. ■. 

* r^ » sm^ . sin y 

Now, r being very great with respect to the sides a, b, c, 

we may, as in the investigation of the last problem, omit all 

the terms containing higher than 4th powers, in the series 

for the sine and cosine of an arc, given at pa. 5 vol. ii : so 

shall we have, without perceptible error» 



COS a = 1 - — + 5X4- • • sm i3 = /3 - — . 

And similar expressions may be adopted for cos /S, cos y,* 
Sin y. Thus, the preceding equation will become 

? . ' Wl-i^;-iy«) 

Multiplying both terms of this fraction by 1 4*-y(K*+7^)j to 
simplify the denominator, and reducing, there will result, 

^°'^- 2i8y ■+ 24i5; '• 

Here, restoring the values of a, ^3, y, the second member of 
the equation will be entirely constituted of like combinations 
of the letters, and therefore the whole may be represented by 

Let, now, a' represent the angle opposite to the side a, in 
the rectilinear triangle whose sides are equal in length to 
the arcs a, i, c j and- vre shall have 

;^^°'^= — iAr7 = 26^- 

Squaring' this, and substituting for cos* a' its value 1 —sin* a', 
there will result 

- 46V sin* a' = a* + b^-{-c' — 2a*i* - 2aV - 26V* = n. 
So that, equa. *i, reduces to the form 

cos A = cos a' — -4 sin* a'. 

Let a = J^'V-Xf then, as jr is necessarily very small, its second 

power may be rejected, and we may assume cos a ;= cos a' — 

. .r . sin a' : whence, substituting for cos A this Value of it, we 

shall have »r =: -^ sin a'. 

It hence appears that a: is of the second orde^, with respect ^ 

to — and — 5 and of course that the result is exact to quan-. 

tJties within the fourth order. Therefore, because A=A'-f .r, 

, . be . - 

A = A + n • Sin A . 
, But, 
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But, by prob. 2 role 2, Mensuration of Planes, iie sin a' k 
the area of the rectilinear triangle, wkose sides are a, b, and f « 

Therefore a = a-' + -^ ; 



f area 

or A =5 A - --. 

art?» 

ftilike •• ^ " - 
manner 



f / 8re» 



And A' + b' + c'= 180" = a + b + c- ^? 

or, ^^ = A + B + c — 180®. 

Whence, since, the spherical excess is a measure of the aren 
(th. 5 ch. iv), we have this theorem : viz. 

^ spherical triunglt beiyig prop^edy of which the sides arc 
very small, compared with the radius oftlie sphere; if from 
each of its angles one third of the excess of the sum of its 
three angles above two right angles be subtracted y the angles 
so dtmhmhed mai/ be taken for the angles of a rectilinear 
friavgle^ whose sides are egual in length to those qfthe pro-^ 
posed spherical tiiangk^^ 

Scholium. 

We have already given, at tb. 5 chap, iv, expressions for 
finding the spherical excess, in the two cases, where two sides 
and the included angle of a triangle are kjQOwn, and where 
the three sides are kno^vn. A few additional rules qiay with 
propriety be presented here. 

1. The spherical excess E, may be found in seconds, by the 

expression- £ = — -; where s is the surface of the triangle = 

\bc . sm A = iab . sm c = \ac . sm 8 = 4^ . -r— r, T w 

the radius of the earth, in the same measures as a, by and c, 
^d W =r 206i264''-8y the seconds in an arc equa) in length to 
the radius. 

If this formula be applied logarithmically ; then log r" =: 



* This carions theorem was first aiuoonceil by M. Legendre, in the 
Memoirs of the Paris Academy, for 1 787. X>egendre's investigation is nearly 
t)kt same as the above: a shorter investigation is given by Swaiiberg, at p. 40, 
•f his ** Exposition des Operations faites en Lapponie i*' but it is defective in 
point of perspicuity, 

'2. From 
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, 2. From the logarithm of the area oif the triangle, taken 
as a plane one, in feet, subtract the constant log 9'3267737, 
then the remainder is the logarithm of the excess above 180'^ 
in seconds nearly*. 

3. Since s .=s ^bc . sin A, we shall manifestly have E = 

•^ be . sin A. Hence, if from the vertical angle B we demit 

the perpendicular bd upon the base Ac, dividing it into the 
two segments a, j8, we shall have ^ ^ a-f /3, 

«nd thence e = |^ f(« + jS) sin A = — ac. ^ 

sin A + ^ /3^ . sin A, But the two fight- / 

angled triangles abd, cbd, bemg nearly rec-^ aC ^^ 
tilinear, give a=(X . cos c> and j? s c . cos A; 
whence we have 



r" . . b" 



E = ~ or . sin A . cos c -t- r^c^ . sin A . cos a. 

In like manner, the trkmgle abc, which itself is so small as to 
jdifier but little from a plane triangle, gives c. sin A = a. sin c. 
Also, sin A . cos A := 7 sin 2a, and sin c • cos c zr |^ sin 2c 

^equa. xy ch . iii ) . Therefore, finally, 

r" r" 

E = r-^fl* . sin 2c + 7-- c* . sin 2a, 

From this theorem a table may be formed, from which the 
spherical excess may be found ; entering the table with each 
of the sid.es above the base and its adjacent angle, as argu- 
;nents. 

4. If the base b and height A, of the triangle are. given, 

then we have pyid^ntly E =5: ibh — . Hence results the fol- 
lowing simple logarithmic rule : Add the logarithm of the 
base of the triangle, taken in feet, to the logarithm of the 
perpendicular, taken in the same measure; deduct from the 
sum the logarithm 9*6278037; the remainder will be the 
rommon logarithm of the spherical excess in seconds and 
<lecimals. 

5. Lastly, when the three sides of the triangle are given 
in feet ; add to the logarithm of half their sum, the logs, of 
the three differences of those sides and that half sum, divide 
the total of these 4 logs, by 2, and from the quotient subtract 
ihe leg. 9*3267737 j the remainder will be the logarithm of 
the spherical excess in seconds &c, as before. 

One or other of these rules will apply to ail cases in which 
the spherical excess will be required. 



*0m >^— — it^^iih* 



• This is General Roy's rule gireij in the Philosophical Transactions, for 
sl790,pa. 171. 

PROBLEM 




1S6 TRIGONOMETRICAL SURVEYING, 



PROBLEM IX. 

Given the Measure of a Base on any Elevated evel ; to find 
its Measure when Reduced to the Level* of the Sea. 

Let r represent the radius of the earth, or the distance 
from its centre to the surface of the sea, r + h the radius re- 
ferred to the level of the base measured, the altitude A being 
determined by the rule for the measurement of such altitudes 
by the barometer and thermometer, (p. ^55 vol# ii, 6th edi- 
tion) ; let B be the length of the base measured at the eleva- 
tion A, and b that of the base referred to the 
If yel of the sea. Then because the measured 
base is all along reduced to the horizontal plane, . 
the two, B and by will be concentric and similar 
arcs, to the respective radii r + A and n There- 
fore, since similar arcs, whether of spheres or 
spheroids, are as their radii of curvature, we have 

r + A : r : : B : i = -^. 

Hence, also b — J = b — —^ =«= j— - ; or, by actually di-^ 
viding bA by r + A, we shall have 

B-i=BX (---+—-— + &C.) 

Which is an accurate expression for the excess of b above b. 

But the mean radius of the earth being more than 21 mil- 
lion feet, if A the difference of level were 50 feet, the second 
and all succeeding terms of the series could never exceed 
the fraction i y ^ooc'666oofc > ^^^ ^^7 therefore safely be neg- 
lected: so that for all practical purposes we may assume 

B — A = , Ori in logarithms, add the logarithm of the 

ineasure4 bas^ in feet, to the logarithm of its height above 
the Iqv^I of the sea, subtract frqm thd^sum the logarithm 
7*3223947, the remainder will be the logarithm of a number^ 
which taken from the measured base will leave the reduced 
base required. 

PROBLEM X. 

I 

To determine the Horizontal Refraction. 

1 . Particles of light, in passing from any object through 
the atmosphere, or part of it, to the eye, do not proceed in a 
right line j but the atmosphere being composed of an infini- 
tude of strata (if w^ may so call them) whose density increases 
as they are posited nearer the earth, the Itiminous ray^ which* 

pass - 
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pass through it are acted on as if they passed successively 
through media of increasing density, and are therefore in- 
flected more and more towards the earth as the density aug- 
ments. In consequence of this it is, that rays from objects^ 
whether celestial or terrestrial, proceed in curves which are 
concave towards the earth; and thus it happens, since the eye 
always refers the place of objects to the direction in which the 
rays reach the eye, that is, to the direction of the tangent to 
the curve at that point, that the apparent, or observed eleva- 
tions of objects, are always greater than the true ones. The. 
difference of these elevations, which is, in fact, the effect of 
refraction, is, for the sake of brevity, called refraction: and 
it is distinguished into two kinds, horizontal or terrestrial 
nelraction, being that which affects the altitudes of hills^ 
towers, and other objects on the earth's surface ; and astro^ 
Jiomical refraction, or that which is observed with regard to 
the altitudes of heavenly bodies. Refraction is found to vary*, 
with the state of the atmosphere, in regard to heat or cold>. 
humidity or dryness, &c : so that, determination? obtained for. 
one state of the atmosphere, will not answer correctly for an- 
other, without modification. Tables commonly exhibit the 
rsefraction at different altitudes, for some assumed mean, state. 

2- With regard to the horizontal refraction, the following, 
method-.of determining it has been successfully practised in, 
tjie English Trigonometrical Survey. 
. Let A, a', be two elevated stations on 
the surface of the earth, bd the inter- 
cepted arc of the earth's surface, c the 
earth'« centre, ah', a'h, thevhorizontal 
lines at a^ a', produced to meet the oppo- 
site vertical lines ch', ch. Let tf, a', re- 
present the apparent places of the objects 
A, a', then is a' a a' the refraction observed 
at A, and ak'fii the refraction observed at a'; and half the* 
sum of those angles will be the horizontal refraction, if we 
assume it equal at each station. i 

Now, an instrument being placed at each of the stations • 
A, a', the reciprocal observations are made at the same in--, 
stant of time, whith is determined by means of signals or 
watches previously regulated for that purpose: that is, the 
observer at a takes the apparent depression of a', at the 
same moment that the other observer takes the apparent, 
depression of A. 

In the quadrilateral aca'i, the two angles A, a', are right, 
angles, and therefore the angles i and c are together equal to 
two right angles : but the three angles of the triangle iaa' 

are 
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are together equal to two right angles ; and cons^qnetitly the 
angles a and k' are together equal to the angle c> whtch is 
measured by the arc 8D. If therefore the sum of the two 
depressions ha'ct, h'a^V he taken from the sum of the angiei 
Ha'a ^aa', or, which is equivalent, from the angle c, (which, 
is known, because its measure bd is known) ; the remainder 
is the sum of both refractions, or ^angles a^K^ a'As!. Hence 
this rule, take the sum qf the twa depressiovsfrom ike mea* 
sure cfthe intercepted terrestrial arc, half the remainder is 
the refraeiion. 

3* If, by reason of the minuteness of the contained arc bd, 
one of the objects, instead of being depressed, appears eleva^ 
ted, as suppose a' to a!'i then the sum of the angles a'^AA' and 
«a'a will be greater than the sum lAA'-f ia'a, or than c^ by 
ithe~a]igle of elevation a^AA' ; but if from the former sum 
^lere be taken the depression ha' a, there will remain the 
sum of the two redactions. So that in this case the rule be* 
comes as follows ; take the depression /ram the sum qfth^ 
contoined arc and eleviitian, half the remainder is the re-* 
Jr action* 

4. The quantity of thjs terrestrial refraction is estimated 
by Dr. Ma^kelyne at one-tenth of the distance of the object 
observed, expressed in degrees of a great circle* So, if the 
distance be 10000 fathoms, its lOth part lOOQ fathoms, is 
the 60th part of a degree of a great circle on the earth, or I', 
which therefore is the refraction in the ahitude of the object 
at that distance. 

But M. Legendre is. Induced, he says, by several experi-^ 
inents, to allow only -^th part of the distance for the refirac- 
tion in altitude. So that, on the distance of IGOOO fitthcnns, 
the 14th part of which is 714 fathoms, he allows only ^^" or 
terrestrial refrr«rtion, so many being contained in the 714 
fathoms. See his Memoir concerning the Trigonqmetrical 
loperations, &:c. 

Again, M. Delambre, an ingenious French astronomer, 
makes the quantity of the terrestrial refhiction to be the 11th 
part 6f the arch of distance. But the English measurers, 
especially Col. Mudge, from a multitude of exact observa* 
tions,deteritiine the quantity of the medium refraction to'be 
the 12th part of the said distance. 

The quantity of this refraction^ however, is found to vary 
considerably, whh the different states of the weather and atr 
mosphere, from the ^th to the -^xh of the contained arc. 
See Trigonometrical Survey, vol. 1 pa. IGO^ 355* 
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Having given the mean results of observations on the ter- 
irestrial refraction, it may not be amiss, thoughwe cannot 
enter at large into the investigaticm, to present here a con*ect 
table of mean astronomical refractions. The table which has 
been most commonly given in books of astronomy is Dr^ 
Bradley's^ computed, from the rule.r = 51" x cot (a + Sr\ 
where a is the alt:iti2de> r the refractton, and r ^ 2'S6" when 
a = 20°. But it has be^i found by numerous observations, 
that the refractions thus computed are irather too smtdL*-^ 
taplace, in his Mecanique Celeste (tome iv pa. 27)' deduce* 
a formula which is strictly similar to Bradley'3 j foj^ it i* 
r.=s 7)1 X tan (2 — 72r), where z is the zenith distance,, aitid tth 
and n .are two constant quantities to be determined from ob- 
servation. The only advantage of the formula given by d» 
French philosopher, over that given by the English astrono- 
Hier, is, that Laplace and his colleagues have found tnore 
-correct coefficients than Bradley had. 

Now, if B = 57°'2957795, th^ arc equal to the radius, \i 

We make 972 = —, (where k is a consTant co^ffipent wliich, a» 
well as n, is an abstract number,) the preceding equation will' 
become ~ =: A x tan(^— wr). Here, as the refraction r Is 
always very amall, as v/ell as the correction «r, the trigono*- 
metrical tangent of the arc nr may be substituted for — ; thui 

mm 

l¥e shall have tan rir =^ if . taii (z — 7ir\ 

'But nr ^ iz - {iz-- nr) .... ^-^nr^z-i-z 4.(j2-w); 



Conseq, 



tan nr 



,2 r 
Un(-- 



■ 2»r 



) 



t&B \zT^nr). 






2 sin £— sin (g-r-2wf) . 

- "^ — sin« + 8in (3*-*3nr) 



Sin ;e:. 



1-* 



}}eoce, sin (a— 2/ir) = j^ 

This formula is easy to use, when the coefficients n and j-rr 

^e knbvim: and it has been ascertained, by a mean of many 
observations, that these are 4 and -99765175 respectively. 
Thus I^aplace's equation becomes' 

sin (z - 8r) = •99765 1 75 sin z : 
jmd from this the following table has been computed. Besides 
j;he refractions, the differences of refraction, for every 10 
minutes of altitude, are given ; an addition which will render 
the table xmore extensively useful in all cases where great 
;iiccuracy is required. 
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Table of Refractions. 
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PROBLEM XI. 

To find the Angle made by a Given Line with the . 

Meridian* 

1. The easiest method of finding the angular distance of a 
given line from the meridian, is to measure the greatest and 
the least angular distance of the vertical plane in which is the 
star marked a in Ursa minor (commonly called the pole star), 
from the said line : for half the sum of these two measures 
^ill manifestly be the angle required* 

2. Another method is to observe when the sun is on the 
given line ; to measure the altitude of his centre- at that time, 
and correct it for refraction and parallax. Then, in the sphe- 
rical triangle zps, where z is the zenith 
of the place of observation, p the ele- 
vated pole, and s the centre of the 
sun, there are supposed given zs the 
szenith distance, or co-aititude of the 
sun, PS the co-declination of that lu- 
minary, Pz the co-latitude of the place of observation, and 
ZPS the hour angle, measured at the rate ^f 1 B"" to an hour, 
to find the angle szp between the meridian pz and the ver- 
tical zs, on which the sun is at the given time- And here, 
as three sides and one angle are known, the required angle is 
readily found, by saying, as sine zs : sine zps : : sine PS : 
sine pzs ; that is, as the cosine of the sun's altitude, is to the 
sine of the hour angle from noon ; so is the cosine of the 
sun's declination, to the sine of the an^le made by the given 
vertical and the meridian. 

Note, Many other methods are given in books of Astro- 
nomy ; but the above are sufficient for our present purpose* 
The first is independent of the latitude of the place ; the se- 
cond requires h. 

^ PROBLEM xli. 

To find the Latitude of a Place. 

The latitude of a place may be found by observing the 
- greatest and least ahitude> of a circumpolar star, and then 
applying to each the torrection for refraction ; so shall half 
the sum of the altitudes, *thus corrected, be' the altitude of, 
the pole, oar the latitude. - ■ 

t For 
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For, if P bp the elevated pole, st " 
the circle described by the star, PR 
atr EZ the latitude : then since p^== 
W> p« must be ~ j(r/+ba'). 

^/his method is obviously indepen- 
dent of the declination of the star i 
k is therefore most commonly adopt- 
ed in trigonometrical surveys, in 
which the telescopes employed are 
cf such power as to enable the observer to see sthrs in tfce 
day-time : the polc»star being here also made use of. 

Numerous other methods of solving this problem likewise 
are given in books of Astronomy j but they need not be de* 
tailed here. 

Ciyr^h If tht mean altitude of a circumpolar star be tlws 
measilred, at the two extremities of any arc of a mCridian^the 
difference of the altitudes will be the measure of. that »rc : 
and if it be a small arc, one for example not exceeding a de* . 
gree of the terrestrial meridian, since such small arcs difter 
extremely little from arcs of the circle of curvature at theii* 
middle points, we may^ by a siaaple proportion, infer the 
'length of a«degree whose iBiddle point is the naiddle of that 
«rc. 

Scholium. 

Though it Is not consistent with the purpose of this chap- 
ter to enter largely into the doctrine of astronomical spherical 
pixiblems; yet it may be here added, for the sake of the young^ 
student^ that if ^ :zz right ascension^ d = declination, / =: 
altitude^ A. = longitude, p = angle of position (or, the angle 
at a heavenly body formed by twp great circles, one passing 
through the pole of the equator and the other through the 
pc^e o£ the ecliptic), i = inclination or obliquity of the eclip- 
tic, then the following equations, most of which are nevt^ 
oJitain generallyj for all the stars and heavenly bodies. 

1 • tan a = tan X . cos i — tan / . sec \ . sin 2. 

2. sin d = sin'X . cos I . sin i + sin / . cos u 
. 3. tan X =s sin i . tan cZ . sec a -f tan a . co^ u * 

4. sin / = sin d . cos i — sin a « cos d . sin f. <^ 

5. cotan p rr cos d . sec a . cot i + sin d * tan a. 

6. cotan p =: cos / . sec X . cot t — sin / . tan X* 

7. cos a • cos d = cos I . cos X. 

8. ska p . cos ^ = sin i . cos X. 

9. sinp . cos X 3= sin f • cos a. ^ ♦ 

10. tan, a zs. tan X . cos t. i when / s: 0, as i$ always th^ 
}1. cos Xi^ =3 cos a . cos d. ) case with.tlie sm« 

The 
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^ The investigatioii of thes^ equatioi^) whicJi is omitted foe 
tlie sake of brevity, depends on the resolution of the spheri- 
cal triangle whose angles are the poles of the ecliptic and 
equator, and the given star, or luminary. 




PROBLEM xni. 

To determine the Ratio of the Earth's Axes, and their Actual 
Magnitude, from the Measure of a Degree or Smaller 
Portion of a Meridian in Two Given Latitudes j the earth 
being supposed a spheroid generated by the rotation of a|^ 
ellipse upon its minor axis. 

Let ADB£ represent a meridian 
of the earth, db its minor axis, 
AB a diameter of the equator, 
M, m, arcs of the same number 
of degrees, or the same parts of 
a degree, of which the lengths 
are measured, and which are so 
small, compared with the mag- 
nitude of the earth, that they 

ifiay be considered as coinciding with arcs of the osculatory 
circles at their respective middle points; let MO, wo, the jcadii 
of curvature of tliose middle poipts, be = E and r respectively; 
MP, ?72p, ordinal es perpendicular to AB : suppose further CD=:i^j 
CB = ^; r/* — c* =r €* ; cp = a:* ; Cp = w 5 the radius or sine 
total = 1 ; the known angle bsm, or the latitude of the mid- 
dle point M, =z L ; the known angle B5/M, or the latitude of 
the point ?;?, =: / ; the measured lengths of the arcs M and 
m being denoted by those letters respectively. 

Now the similar sectors whose arcs are M, W, and radii of 
curvature tL,7\ give r : ?• : : m : ««; and consequently Rm= 
rM. The central equation to the ellipse investigated at p. '^9 

of this vdlume gives pm = ^ v^(d* — x^); pm = -j v^((i*— «*) ) 

also sp = -t^ 5 5/? rz — (by th. 17 Ellipse). And the method 

of finding the radius of curvature (Flux. art. 74, 75), ap- 
plied to the central equations above, gives 

R = i L ' and r = ^^ ; — . On the other hand, 

c4rf ' c^d 



PM 



cos L : sin l 



, that is, 

rf* COS« L 



the triangle spm gives sp 

^ •• '^\/(^*-'«''0 : • cos.L : sin i.; whence ^* = .i^Z^lJ^. 

And from a like process there results, w* = ^_^asi„» /' 

Substituting in the equation R7?i = rw, for R, and r their 

values. 
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values, for jt* and w* their values just found, and observing 
that sin* L + cos* l = 1 , and sin* I + cos* Z =: 1 , we shall find 



orw/(^~^*sin*/)* = M(d* - £f* sin* l)^, 

2 2 

or »i^(rf*— er*sin*/) =x M^(d/*— e*sin*L). 
From this there arises ^ zz d^ — c* (by hyp.) == 



.. But - = 1 - 



a 2 " — rfa 

and consequently the reciprocal of this fraction, or 

«P M* sin' L— m^ sin* I (m* sinL + mTsia i).(M-^sin i— mj-sin t) 

c« ~* i 2 """ X 1. X 1 • 

Jri} cos* J — m' cos' L ( vpfl COS I + M^ COS L) .(jh'" COS / — M* COS L) 

Whence, by, extracting the root, there results finally 

1 1 X I 

d ^__ / (mTsId L + m^ sin /) . (MTsin L — MT sin Z) 

(m^ COS i + M^^ cos l) . (m^ cos / — m^ cos l) 

This expression, which is simple and symmetrical, has been 
pbtained without any developement into series, without any 
omission of terms on the supposition that they are indefinitely 
small, or any possible deviation from correctness, except what 
may arise from the want of coincidence of the circles of cur- 
vature at the middle points of the arcs measured, with the arcs 
themselves j and this- source of error may be diminished at 
pleasure, by diminishing the magnitude of the arcs measured : 
though it must be acknowledged that such a procedure may 
give rise to errors in the practice, which may more than coun- 
terbalance the small one to which we have just adverted. 

Cot, Knowing the number of degrees, or the parts of de- 
grees, in the measured arcs m, m, and their lengths, which 
are iiere regarded as the lengths of arcs to the circles which 
have R, r, for radii, those radii evidently become known in 
magnitude. At the same time there are given the algebraic 
values of r and r : thus,^ taking r for example, and extermi- 

nating e' and j:*, there results R = ; .There- 

f(d*-((P-c«)sin9L)? 

fore, by putting in this equation the known ratio of d to c, 
there will remain only one unknown quantity d or c, which, 
may of course be easily determined by the reduction of the 
last equation; and thus all the dimensions of the terrestrial 
spheroid will become known. 



General 
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General Scholium arid Remarks.' 

1. The value 1, = -^, is called the compression of 

the terrestrial spheroid, and it manifestly becomes known 
when the ratio — is determined. But the measurements of 

c 

philosophers, however carefully conducted, furnish resulting 
compressionsi iii which the discrepancies are much greater 
than might be wished. General Koy has recorded several 
of these in the Phil. Trans, vol. 77, and later measurers have 
deduced others. Thus, the degree measured at the equator 
by Bouguer, compared with that of France measured by 

Meoh&in and Delambre, gives for the compf'ession — , also 

d = 3271208 toises, c = 3261443 toises, d-c = 9765 toises. 
General Roy's sixth spheroid, from the degrees at the equa- 
tor and in latitude 45% gives t^^» Mr. Dalby makes d = 

8489932 fathoms, c s 3473656. Col. Mudge d ±= 3491420^ 
c = 3468007, or 7935 and 7882 miles. The degree mea^ 
sured at Quito, compared with that measured in Lapland by 

Swahbcrg, giv6s compression = . Swanberg's observa- 
tions, compared with Bouguer's, give ,^p^:;r.« Swanberg's 
compared with the degree of Delambre sind Mefehain -^fi^ 
Compared with Major Lambton's degree »5=:77;* A minimum 
of errors in Lapland, France, and Peru gives g^gij* Laplace, 

from the lunar motions, finds compression == r^r. From the 
theory of gravity as applied to the latest observations of Burg> 
Maskelyne, &c, 555:5^. From the variation of the pendulum 

in different latitudes njr^g- Dr. Robison, assuming the va- 

riation of gravity at — , makes the compression — . Others 

give results varying from yj^ to prz : but far the greater 

number of observations differ but little from -rr, which the 

computation ifrom the phenomena of the precession of the 
equinoxes and the nutation of the earth's axis, gives for the 
maximum limit of the compression. 

2. From the varioas resoks of careful admeasurements it 
hawens, as Gtn« key has remarkedi ^* that philosophers are 

Vox., Hi. L not 
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not yet agreed in opinion with regard to the exact figure of 
the earth; some contending that it has no regular figure, that 
is, not such as would be generated by the revolution of a 
curve around its axis. Others have supposed it to be an 
ellipsoid ; regular, if both polar sides should ha\ e the same 
degree of flatness; but irregular if one should be flatter than 
the other. And lastly, some suppose it to be a spheroid dif- 
fering from the ellipsoid, but yet such as would be formed by 
the revolution of a curve around its axis." According to the 
theory of gravity however, the earth must of necessity have 
its axes approaching nearly to either the ratio of 1 to 680 or 
of 303 to 304 ; and as the former ratio obviously does not 
obtain, the figure of the earth 7hust be such as to correspond 
nearly with the latter ratio. 

' 3. Besides the method above described, others have been 
proposed for determining the figure of the earth by measure- 
ment. Thus, that figure might be ascertained by the mea- 
surement of a degree in two parallels of latitude ; but not so 
accurately as by meridional arcs, 1st. Because, when the dis- 
tance of the two stations, in the same parallel is measured, 
the celestial arc is not (that of a parallel circle, but is nearly 
the arc of a great circle, and always exceeds the arc that cor- 
responds truly with the terrestrial arc. 2dly. The mterval 
of the meridian^s passing through the two stations must be 
determined by a time-keeper, a very small error in the going 
of which will produce a very considerable error in the com- 
putation. Other methods which have been proposed, are, by 
comparing a degree of thi? meridian in any latitude, with a 
degree of the curve perpendicular to the meridian in the same 
latitude ; by comparing the measures of degrees of the curves 
perpendicular to the meridian in different latitudes ; and by 
comparing an arc of a meridian with an arc of the parallel of 
latitude that crosses it. The theorems connected with these 
and some other methods are investigated by Professor Play- 
fair in the Edinburgh Transactions, vol. v, to which, together, 
with the books nxentioned at the end of the 1st section of this 
chapter, the reader is referred for much useful information 
on this highly interesting subject. 

Having thus solved the chief problems connected with 
Trigonometrical Surveying, the student is now presented 
with the following examples by way of exercise. , 

J?jr. 1. The angle subtended by two. distant objects at a 
third object is 66°30'39'' ; one of those objects appeared under 
an elevation of 25'47'', the other under a depression of l". 
Required the reduced horizontal angle. Ans. 66**3&'37''. 

• £x. 2. 
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Kx. 2. Going along a straight and horizontal road which 
passed by. a tower, I wished to find its height, and for this 
purpose measured two equal distances each of 84 feet, and at 
the extremities of those distances took three angles of eleva- 
tion of the top of the towe*-, viz, 36*50', 21^24' and 14% 
What is the height of the tower ? Ans. 53*96 feet, 

JEx, 3. Investigate General Roy*s rule for the spherical 
excess, given in the scholium to prob. 8. 

Er. 4. The three sides of a triangle measured on the 
earth's surface (and reduced to the level of the sea) are 17, 1 8, 
and 10 miles: what is the spherical excess? 

Ex, 5. The base and perpendicular of another triangle 
are 24 and 15 miles. Required the spherical excess. 

Ex. 6. In a triangle two sides are 18 and 23 miles, and 
' they include an angle of 58** 24' 36". What is the spherical 
excess ,? 

Ex. 7. The length of a base measured at an elevation of 
38 feet above the level of the sea is 34286 feet : required the 
length when reduced to that level. 

Ex. 8. Given the latitude of a place 48''51''n, the sun's 
declination 18° 30'n, and the sun's altitude at lO*" 1 1'"26^am, 
52*^35'; to find the angle that the vertical on which the sun 
is, makes with the meridian. . 

Ex. 9. When the sun's longitude is 29* 13' 43", what is 
his right ascension ? The obliquity of the ecliptic being 
23^*27' 40^', 

Exi \ O: Required the longitude of the sun, when his right 

■ ascension and declination are 32°46'52"i, and 13^13'27"n 

respectively. See the theorems in the. scholium to prob. 1 2. 

Ex. II. The right ascension of the star a Urs^ majoris 
is 162° 50' 34'', and the declination 62°50'n: what are the 
Ipngitude and latitude ? The obliquity of the ecliptic being 
as above. 

Ex. 12. ' Given the measure of a degree on the meridian 
in N. lat. 49°3', 60833 fathoms, and of another in N.lat.12^32', 
60494 fathoms : to find the ratio of the earth's axes. 

Ex. 13. Demonstrate that, if the earth's figure be that 
of an oblate spheroid, a degree of the earth's equator is the 
first of'two mean proportionals between tKe last and first de- 
grees of latitude. 

Ex. 14. Demonstrate that the degrees of the terrestrial 
meridian, in receding from the equator towards the poles, are 

L 2 increased 
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increased very nearly in tlie duplicate ratio of the sitte of the 
latitude. ' 

* Ex. 15. If p be the measure of a degree of a great circle 
perpendicular to a meridian at a certain point, m that of the 
corresponding degree on the meridian itself, and d the length 
of a degree on an oblique arc, that arc making an angle a 

with the meridian, then is rf = — , . ^. ^ - > Required a 

demonstration of this theorem. 



CHAPraA VJ. 

« 

PRINCIPLES OF POLVGONOMETRT. 

The theorems and problettis in Po iy gb mni te l ry b^ar an in- 
timate connection and close analogy to those in plane trigcv 
nometry ; and are in ^reat measure deducible from the same 
common principles. Each comprises three general cases. 

1 . A triangle is determined by means of two sides and an 
angle ; or, which amounts to the same, by its sides except 
one, and its angles except two. In like manner, any rectili- 
near polygon is determinable wheti all its sides except one, 
and all its angles except two, are known. 

2. A triangle is determined by one ride and two angles ; 
that is, by its sides except two, and all its angles. So like- 
wise, any rectilinear figure is d'eterminaUe when all its sid^ 
except two, and all its^ angles, are known. 

3. A triangle is determinable by its three sides; that is, 
when all its sides are known, and all its angles, but three. In 
like manner, any rectilinear figure is determinable by means 
of all its sides, and all its angles except three. 

In each of these cases, the three unknown quantities may 
be determined by me^s of three independent equations ^the 
manner of deducing which may be easily explained, after the 
following theorems ^e duly understood. 

THEOREM I. 

In Any Polygoli, any One Side is Equal to the Sum of all 
the Rectangles of Each of the 'Other Sides drawn into the 
Cosine of the Angle made by that Side and the Proposed 
Side*. 



• This theorem and ttiefbllowini^ 'one, were annonnced by Mr. Lezel of 
Petersburg, io Phil. Trans, vol. 65, p. ft82 : but they were first demonstrated 
by Dr. Hutton, iu Fhil. Trans, vol. 66, pa. 600. 

Let 
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Let ABCQEF be a pol;gQo : theowUl 

AF = AB . COS A + BC • C0& CB ^ ?A + 
CD . COS CD^AF + I^E •COSDE^AP + 
BF . COS EF^AF*. 

For, drawing lines from the several 
angles, respectively parallel and per- 
pendicular to AF ; it wiU b^ 
A^ = Aa • cos BAF^ 

ic = Bj3 = BC . cos CB|9 = BC . CO^ CB^AF, 
C(/ = to = CD . COS CD^ =; CD . COS CD^AFji 

de =; ffE = DE . COS DEe'= DE . cos de^af, . 

^F = . . • • BF • cos EFe 3B eF • cos EF'^AF. 

But AF = Ac + erf 4- rf^f + ^F — aA ; and a5, as e3j:presse.d 
above, is in effect subtractive, because the cosine of the obtuse 
angle baf is negative. Consequently, 

AF = AC + erf -f rf^ + ^F = AB. COS BAF +- BC . COS CB ^AF + &C, 

as in the preposition. A like deii^onstration wiU apply, mu» 
tails mukindUj tQ any other polygon* 

Cor. When the. sides of the polygon ate reduced to three, 
this theorem becomes the same as the fundamental theorem 
in chi^p. ii, from which the whole doctrine of Plane Trigo- 
nometry is made to flow. 

Thj5 Perpendicuter let f«m from the Highest Point or Summit 
of a Polygon, upoa the Opposite Side or Base, is Equal to 
the Sum of £he Products of the Sides Compwed between 
that Summit and the Base, into the Sines of thqir Re- 
spective Inclinations to that Base. 

Thus, in the preceding figure, cc == C5 . ain gb ^fa + 54 . sin a; 
or cc = CD . sin cd ^ af + PE . sin de^ ap + ?f . sin f, Thi^ 
is evident from an inspection of the figure. 
. Cor. 1 . In like manner Drf == de . sia DE ^ AF + EF. sin f, 
or orf =;: cb ^ sin cb ^fa + ba . sin a — CD • sia cd ^af. 

Cor. 2. Hence, the sum of the products of eaCh side, into 
the sine of the sum of the ejcterior angles, (or i^to the sine of 
the sum of the supplements of the interior angles), comprised 
between those sides and a determinate side, is = + perp, — 
perp. or ^ 0, That is to say, in the preceding figure, 
AB .sin A 4* sc . sin (a + b) + CD. sin (a+b+c)+db .sin 
(A + B + c + r>)-f EF . sin (a + b + c+d f e) = 0. 

— ■— *' * ^ <P . ' -»— —— —— — n^— — ■ lil t I i» I ■ I I ■> \ \ ■ I ^r— la 

* When a caret \k put between twa letters or pairs of Idt^rs doootiqg lines,' 
the eaQuressioB altogether denotes the an^^le wbiob would be made by those 
two tinea \i they were produced till they met: thus cb*fa denotes the in- 
clination of the line cb to pa. 

Here 
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Here it is to be observed, -that the sines of ^ngles greater than 
180** are negative (ch. ii equa. vii). 

Cor* 3. Hence again, by putting for sin (a+b), sin (a+b^-c), 
their values sin a . cos B + sin b . cos a, sin a . cos (b + c) + 
sin (B + c) . cos A, &c (ch. ii equa. v), and recollecting tiiat 

tang zz — ; (ch. ii p. 55)^ we shall have, 

sin a.(ab + bc.cosb+cd.co8(r+'c)+de.cos(b + C+d)+&c) 
+ cosA.(BC.sinB+CD.sin(c+c)+DE.cos(B-fC-fD)+&c)=0; 
and thence finally, tan 1 So** — a, or tan baf = 

Bc . sin B -f CD . sin (b + c) + de . sin (b + c + d) + ef . sin (b + c + d + e) 

AB + BC .COS B + CD. COS (B + c)+ DE .COS (B + C+Dj + EF .C0S(B + C+ D + r) 

A similar expression will manifestly apply to any polygon ; 
and when the number of sides exceeds four, it is highly use- 
ful in practice. 

Cor. 4. In a triangle abc, where the sides ab, bc, and the 
angle abc, or its supplement b, are known, we have 

BC . sin B AB • sin B 

tan cab = ' ' .... tan boa = ; 

AB + BC . COS B BC + AB . COS B ' 

in both which expressions, the second term of the denomi- 
nator will become subtractive whenever the angle abc is 
acute, or b obtuse, 

s 

THEOREM in. 

The Square of Any Side of a Polygon, is Equal to the Sum of 
the Squares of All the Other Sides, Minus Twice the Sum 
of the Products of All the Other Sides Multiplied two and 
two, and by the Cosines of the Angles they Include. 

For the sake of brevity, let the sides 
be represented by the small letters which, 
stand against them in the annexed figure: 
then, from theor. 1, we shall have the 
subjoined equations, viz. 

a — A . cos a^b + c . cos a^c + ^ , cos a^i, 

b •=! a * cos a^b + c , cos A-^c + ^ • cos i^^, 

6* =: fl . cos a^c + b . cos b^c ^ ^ . cos c^^, 

^ = a . cos a^d + b . cos b^d + c . cos c^^. 

Multiplying the first of these equations by (/, the second by 

i, the third by r, the fourth by ^; subtracting the three latter 

products from the first, and transposing 6% c*, ^*, there will 

result 

a»=J* + r+^'-2(Ac.cos*Ac-|.M.cosiAj+c^,coscA^). 
In like mannet, 
p*=a* f**+ J^-2(r/ft .cosaAi f aJ.cosa'^f+RcosW), 

&c. &c. 

Or, 
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Or, skice b'^c = Cy b^$ = c + d -^ i80°, c^S = d, we have 

a''=zb'- + e + ^'-2(i6-.cos c— W. cos (c + d) + c^ . cos d), 

.<:* = a* + 4* + ^^-^ub . cos B- W . cos {A + B)+aS . cos a). 

&c, &c. 
The same method applied to the pentagon abcde, will give 

) + re/ . cos D — ce . cos (d + e) + rfe . cos E ^- J • . 

And a like process is obviously applicable to any number of 
sides ; whence the truth of the theorem is manifest. 

Cor. The property of a plane triangle expressed in equa. i 
ch. ii, is only a particular case of this general theorem. 

THEOREM IV. 

Twice the Surface of Any Polygon, is Equal to the Sum of 
the Rectangles of its Sides, except one^ taken two and two, 
by the Sines of the Sums of the Exterior^ Angles Con- 
tained by those Sides. 

1 . For a trapezium, or polygon of four A 

sides. Let two of the sides ab, dc, be yT\ 

produced till they meet at p. Then the ^/^ / \ 

trapezium abcd is manifestly equal to the y*''' \/ \ 

difference between the triangles pad and 1^ c y 

PBC. But twice the surface of the tri- 
angle PAD is (Mens, of Planes pr. 2 rule 2) ap . pd . sin p = 
(ab -f Bp) . (dc + cp) . sin p; and twice the surface of the 
triangle pbc is zn bp . pc .sin p : therefore their difference, 
or twice the area of the trapezium, is = (ab . ric + ab • cp 
+ DC . bp) . sin P. Now, in A pbc, ,. , 

, • Bc . sin B 

sm p : sm b : : bc : pc, whence PC = 



sin p : sin c : : BC : pb, whence pb 



sin p ' 
BC . sin c 



ajn p ^\ 

Substituting these values of pb, pc, for them in the above 

equation, and observing that sin p == sin (peg ^ pcb) = sin 

sum of exterior angles B and c, there results at length, 

rr . c "} r ab . bc . sin B 

1 wice surface r i i « _ • /„ i ^> 

' r. • J- = < +AB . DC ^ sm (B + C) 

of trapezium. V # ^« _„ - \ 

^ ^ y (^ -fr BC . DC . sm c. \ 

Cor. Since ab. bc . sin b = twice triangle ABC, it follows 

that twice triangle acd is eqnal to the remaining two terms, viz, 

AB . DC . sin (b + c) 



IS equal 



twice area acd - . ^^ ^ 

bc . DC . sm c. 



* The exterior angles here nneant, are those formed by producing th« 
sides in the same manner as in th. 2Q Geometry, and in cors. 1, 2, th. 2, of 
this chap. 

2. For 
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2. For 2, pentagon, as abcds. Its area 
is obviously equal to the sum of the areas 
of the &apezium abcd, and of the tri- 
angle AD£. Let the sides ab, dc, as be- 
fore, meet when produced at P. Then, 
from the above, ve have 

Twice area of ^ C ab . bc . sin B 
the trapezium > = < + AB • dc. sin (b + c) 

ABCD 3 / +BC . DC .sine. 

And, by the preceding coroUary, 
Twice triangle I _ ( ap . D£ . sin (p-f d) or sin (b + c + d) 

) "" t + DP . DB t sin D. 



DA£ 



That is, twice 
triangle das 



r ab.de. sin (b+c+d) 
ice ) ^ ) + DC . DB . sin d 

AB ) "^ j +BP . DE . sin (B + C + d) 

C + cp . DE . sin D. 



Now, BP = 



BC . sm c 



sin 



(b + c) 



, and cp 



BC • 8in B 



. , . : therefore the last 

sin(B<fc) 
^ ^ , BC* DB .line, sin (b •!"€ + ») . 

two terms become r-7 ^^ ^+ 



BC - DB ,Sin BySIBD 



sill (b + c) 



sin (b+c) 



Twice tbeareal 
of the penta- >• 
gon ABODE 3 



sin B . smo-f sm c .sin (B + C+ d) « « • 

asBC . DE . ' . , ^ ' \ ' : and this expressKm, 

$in(B-i-c) . ^ 

by means of the formula for 4 arcs (art. 3Q ch. iii), becomes 
BC . DE . m (c-f !>)• Hence,, collecting the terms, and ar- 
ranging them in the order of the sides, mey become 

AB • Be . sin B 
+ AB • DC . sin (b+c) 

+ AB • DE • sin (b+C+d) 

+ BC . DC . sin c ' 

+ BC . DE . sin (C-fD) 

-f DC . DB • sin D. 

Con Taking away from this expression, the 1st, 2d, and 
4th terms, which together make double the trapezium abcd, 
there will remain 

Twice area of ) T ab ..db . sin (b+c+p) 
the triangle f = s +bc . de • «n (c+d) ♦ 

DAE. 3 (. +DC . DE . sin D. 

%. For a hex agon, as abcdef. The 
double area will be found, by supposing 
it divided into the pentagon^ abode, and 
the triangle aef. For, by the last rule, 
and its corollary, we have, 
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AB • BC . Sm B 

4-'ab • gi^. sin (B-fc) 
+AB • ]»B . sin (B-f c+d) 
+BC • CD . sin c 
*f BC . DB . sin (c-fo) 
-f-ci) • ]>£ % sin D. 

AP . Ef . sin (b+c+d+e) 
+BP • EF . sin (D-f b) 

+ DE . EF . sin E. 
/ AB . EF .sin(B + C + D + B) , 

\ +1)0 . EF . sin (jo+b) 

^ +DiE. £F . son B 

(+BP . EF . sin (b+c+p-}-e) 
+ CJB , EF . sHl (D+5). 

N&fff writing for BP, c»y their re^)tcti¥e r^um, 

' **"* '^ BC • sin B ' «■ « 

and ■ ' » — -, the sum of tht last two exprentom. 



Twice area' of] 
^ tlxe pentagon^ 

ABCDE 

Twice area 
the triangi 

AEF 

Otj twk« ^rea 
the triangle 

AEF. 




BC .sin c 



SIB 



sin(B + c) — V— ^-./ 

in the double ar^^ of ABFv wiU become 

sii) c . sin (9 + c + Q -k k) + Mn b • sip (o + r) 



BC .EF 



sU) (a-kc) 



Twice the area 
of the hexa* 

gon ABCDBF 



'< 



and'thi^, by means of tie formula for 5. arcs (art. 30 cb. iii) 
become bc . ef . $in (c+d+b). Hence, collecting and pro- 
perly arranging the several terms as before^ we shall obtain 

* ^ A9 . BC • sin B 
+AB . CD. sin (b+c) 
+A8 . DB . sm (b+c+d) 
-j-AB . EF . sin (b+c+i>+e) 
} 4-BC • CD . sin c 
+BC • DE . sin (c+i>) 
+BC . EF • sin (c+d+e) 

-j-CD, DE . sin D V 

-i-CD* BF . sin (d+e) 
V.+DE. EF . sin B. 

• ' 4r» In a similar manner may the area of a heptagon be da- 
termkied^ by finding the sum of the areas of the hexagon and 
the adjacent triangle; and tli^nce the area of the octagon^ 
nonagon^ or of any other polygon, may be inferred ; the law 
of continuation being sufficienily obvioys from what is done 



above, and the number of terms = 



n— 1 71—9 



; When the num. 



1 " 2 - - 

ber of sides of the polygon is n : for the number of terms is 
evidently the same as the number of ways in which n — 1 quan- 
tities can be taken, two aijid two $ that is, (by the nature of 

Pennutatiiww) « 2Z^ , 2^. 

Scholium. 
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Scholium. 
This curious theorem vf^ first iavestigated by SinwyiLhuU' 
licry and piiblisheti in 1 789. Its principal advantage over the 
common method for finding the areas of irregular polygons 
is, that in this method there is no occasion to construct the 
figures, and of course the errors that may arise from such 
constructions are avoided. 

In the application of the theorem to practical purposes, the 
expressions above become simplified by dividing any proposed 
polygon into two parts by a diagonal, and computing the sur- 
face of each part separately. 

Thus, by dividing the trapezium abcd into two triangles, 
by the diagonal AC, we shall have 

Twice area 7 _^ C ab . bc . sin b 
trapezium 3 ^ +cd . ad . sin d. 
The pentagon abcde may be divided into the trs^zium 
ABCD, and the triangle ade, whence 

/* AB . EC . sin B 
Twice area of? __^ + ab . dc • sin (b+c) 

pentagon 5 "" J +®^ • ^^ • ^^^ ^ 

V+i>E • AE • sin B. 
TIius again, the hexagon may be divided into two trape- 
ziums, by a diagonal drawn from A to D, .which is to be the 
line excepted in the theorem ; then will 

AB . BC • sin B 

+ AB 
4-BC 
+ DE 
+DE 

-j-EF 



Twice area 
hexagon 



i= 



DC. sin(B+c) 
DC . sin c 
EF . sin E 

AF . sin {z-^-f) 
AF . sin F. 

A 



And lastly, the heptagon may be di- 
vided into a pentagon and a trapezium, 
the diagonal, as before, being the ex- 
cepted line: so will the double area be ex- 
pressed by 9 instead of 15 products, thus : 

f AB . BC . sin B 

-f-AB 




Twice area of 
heptagon 



h< 



CD. sin (B-f>-c) 

-f-AB . DE. sin (B4-C-f-D) 

+BC . CD . sin c 

+£C . DE . sin (c+.d) 

+ CD> DE . sin D 
4-EF . FG . sin F 



+ EF , GA . sin (F + g) 
L-f-FG . GA . sin G. 

The same method may obviously, be extended to other 
polygons^ with great ease and simplicity. 

• ''It 
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It often happens, however, that only one side of a polygon 
can be measured, and the distant angles be determined by in- 
tersection ; in this case the area may be found, iifidependeiit 
of construction, by the following problem.* 

PROBLEM 1. 

Given the Length of One of the Sides of a Polygon, and the 
Angles made at its two extremities by that Side and Lines 
drawn to all the Other Angles of the Polygon y to £nd an 
Expression for the Surface of that Polygon. 

Here we suppose known Pa; also 
,APQ=fl', BPa==A', cpa=sc', DPa = d'; 
Aap = a", Bap = b'\ cap = ^, dop = d'\ 
Now, sin PAa = sin {a-\-a") ; sin pBa = 

sin(6'+6")- ^ 

' ' ' ' It . 

Therefore, sin («' + «") : Pa : : sin a" : pa = . ^'" ^ //^ i*€i- 
And, . . . sin (6' + b") : Pa : : sin h" : P3 = . "" ,„^ po. 

' ^ • sm (i^+ b ) 

But, triangle apb= AP • pB • |^ sin apb=+ap . pb . sin [a^b'). 

-r r f * sin a" . sin 6" . sin fa'— *0 

Hence, surface a apb = |pa* 




In like manner, A bpc = ^pa* 

A CPD = 4-pa* 



8iii(a'+a'') .sin(// + 6")' 
SIR r . sin. c^\ sin {b'-^c) 

.sin(iF' + r).siQ(c'+0' 
sin c" . sin cT' . sin (c— d') 

^*''* • siu(c' + c">.siu(cr + dT 
&C. &C. &C, 

sin rf" 



A Dpa = ap . PD • T sm.DPa = pa . -r-r^ — p-^ J-pa . smir=: 

_ , sin d' . sin rf* ^ 

^^^^- sinCc^VO • Consequently, 

f sin g'' . s in h" . sin (a'-^') 

sin («' + a") .sin (6'+r) 

. sin b" ,sm d\ ixxjiV-c") 

■*"sin(ft'+ h"), sin(c'+0 
Surface PABCDa = ^Pa* . -{ s in c^.sincT'.sin (c'-rf) 

+ sin {c + O . sin (rf'+O 
, sin d' . sin d"' 

The same method manifestly applies to polygons of any 
number of sides : and all the terms except the last are so per- 
fectly symmetrical, Ayhile that last term is of so obvious a 
form, that there cannot be the least difficulty in extending 
jhe formula to any polygon whatever. 

PROBLEM 
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Qiimj m a Polygon^ All the Sides ^d Angles^ except three ; 

tQ fia4 ttie Unki^own Part^. 

This problem may be divided into three general cases, as 
shown at the beginning oS t)m fibapter : but the analytical 
splqtion of all of them depends on the same principles ; and 
these are zmlogcms to those pursued in the analytical investi- 
gat;iens of plane trigonometry. In polygonometry, as well as 
trigonometry, when three unknown quantities are to be found, 
it must be by means of three independent equations, ipvolv- 
ing the known and unknown parts. Thtst equations imy be 
deduced from either thaovem 1,. or S» aa may b^ ^od sqkei 
to the case in band ; and tikan t^ vokQOWft paffts may e^lx 
be found by the usind rul«&of c^ttr^niiiatkA. * 

For an example, let it be supposed that £ 

in an irregular hexagon ABCPBF,^.th^re y ^e 

are ^ven all the sides except ab, bc, and j 
all the angles except Mi to (l^lermine 
those three quantities. ' 

The angle B is evidently equal to (2» — 4) ri^ an^e^ — 
(a4-c + d + e + p); n being the number of sides, apd the 
angles being here supposed the interior ones. 

Let AB = X, BC = ^ : then, by th. 1, 

jr r= J/ . cos B + DC . cos AB^^<n> + de . cos ab^ed 

4" EF . COS. AB^EF 4-'AP . cos AB^AFi 
J/ tZ X\ cos B 4- AP ' cos BC^AF + FE . COS BC^FE 

+ DE . cos BC ^DE + 1>C . COS BC^CD. 

In the £rst of the abov« equations, let the sw ^f 9U the 
terms after v • cos s, be denoted by t*; and in the second the 
sum of aU those which fall afber .x . cos b, by ^T; both sums 
being manifestly constituted of known terms: and let the 
known coefficients of x and j/ be m and n respectively. Then 
will the pjeceding equations become 

:v = m/ + c . . , . 1/ z=: mx + d. 
Substituting for y^ in the first of the twa latter eqHatiQfisif' its 
value in the second* we obtain x = mnx + «rf + ^* Whence 
there will readily be found 

vd+c . mc+d 

X =: 1 , and V = ; — -. 

Thus AB and bc are determined. like expressions will serve 
for the determination of any other two sides, whether conti- 
guous or not : the coefficients of x and y being designated by 
difierent letters for that express purpose ; which would have 
been otherwise unnecessary in the solution of the individual 
case proposed. 

Remark. 



Rethark. llio»^ the algebraic inv^tigntlons MXfamnaoij 
lead to results which ai*e a^ptuieatty iknpie, y^ they are often, 
especially in polygons of many siie^. inferior in practice X% 
the methods suggested by subdividkig the figures. The. fol- 
lowing examples are added for die purpose ofexplaining those 
methods: the operations however are merely indicated; the 
detail being omitted t0 save room>» 

£XA]y|PX.£S« 

Ex. 1 . In a hexagon ABcosr, ^l the sides except JkF, ami 
all the angles eKcept a and f, are known* Reqoi]:^ the un- 
known parts. Suppose we have 



AB = 1284 


Ext. ang. 
B ±= 32^ 


Whence 


BC ;= I7g2 


B + c = 80^ 


CD = 2400 


C = 48' 


3 4-C-f D = 132** 


DE « 2700 


D = 52** 


B + C + D4-E = 198* 


EF ±=«geo 


OL 2= 66* 


.a + i' — !«*• 



l^'hen, by cor. 3 th. 2, tan b af ^ 

BC . sin b + Cd . sfiii(B + t)+^t . 'srn (b + c + d) + bf. ?Tn fii+t? + t)+B) 
ab + bc.cosb + cd .cos (^+c)+D'e .c?os(b+c + d)+«f ..«08(ss-c + d+e) 
BC . sin 3^+ CD sm '80'*+ db . -^in 132<>+ %¥ . wn 198^ 

AB+llC .COS3\2** + €D .COSW)®+DE . COs'l32'* + «F • COS 1^8^ 

BC . sin 32° 4- CD . sin 80°+ de . sin 46l°>- tF .•sin W* 

AB + BC . COS S*i° + CD . COS 80°— DE . COS 48** — BP . COS 13^ 

Whence baf is found 106^31*38"; and the other angle afe= 
9 1°2«'22\ So that the exterior angles A and f s«« 75*^'^", 
and SS^STSS''^ respectively : all the exterior angles makii^ 4 
right angles, as they ought to do. Then, aH the angles heing 
known, the side af is found by th. 1 = 4621*5. 

If one of the angles had heen a re-entering one, h would* 
have made no other difference in the computation than what 
would arise from its being tonsidered as subtracrive. 

£ar. 2. In a hexagon abcd£f, all thp sides except AF,and 
all the angles except c and d, are known : tiz, 

tfB:S5fi400 Ex.Aag. 

«c =1:6700 A =54° 

CD^ss 3(200 fB = 62** 

DE±=360O iE=^64*' 

EF=3750 F=72'* 



We shall hiive, hf th* 4»cor. 1, 

AB.sinA ^ ^ ^DE.smYE+F) 
+ Bc.sm A+B) > = ^T»p ij; 
+ CD . sin (a+b+c)\ Y + ^"^ • *" *' 



r-!AB.sin 54^ 
Therefore, cd . 3in (116^ + c) = J ;;^^^;^ J^f- 

Or,116^ + c = .|^^,^^^.; 



The 
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The second of these will give for c> a re-entering angle ; 
tlie second will give exterior angle c == 3S°23'26", and then 
will D = 14° 36' 34.". Lastly, 

. cos 54° - 

. cos 64** 

. cos 30"36'34" V = 3885-905. 

, cos 44"* 

, cos 72* 

^.r. 3. In a hexagon Abcdef, are known, all the sides ex- 
cept AF, and all the angles except b and £ ; to find the rest. 
Given ab = 1200 Exterior angles A = 64** 
BC = 1500 

CD = 1600 0=72*' 

DE = 1800 D =75'' 

EF = 2000 

• T = 84°. 
Suppose the diagonal be drawn, dividing the figure into two 
trapeziums. Thep, in the trapezium bcde, the sides except 
BE, and the angles except B and £, will be known ; and these 
may be deterniined as in exam, 1 . Again, in the ^trapezium 
ABEF, there will be known the sides except af, and the 
angles except the adjacent ones b and e. Hence, first fof 
■ bcde: (cor. 3 th. 2), 

CD . sin c+ DE . sin (c + d) 
tan CBE = ^ — —. = 

BC + CD . COS C + DE . COS (c + D) 

CD. sin 72° + DB . sill 141° cd . sin 72"+ de .sin 33* 



Bc + CD .cos 72'' + de. COS 147° bc + cd . cos T^i*^— de . cos 33°! 

Whence cbe s= 79° 2' 1"; and therefore deb = 6T 5r59". 

r Bc . cos 79« 2' 1"! 
Then eb= ^ +cd . cos T 2' l"[ = 2548*58; . 
iL+DE.cos GTSl'oQ'} 
Secondly, in the trapezium abef, 
AB . sin A + be . sin (A + b) = ef . sin f : whence 

- . , , V EF . sin F — AB . sin B . \ 20 55'54 , 

sm(A + B) = ^^ = sm ^1590 4^ ^.^ 

Taking the lower of these, to avoid re-entering angles, we 
have'B (exterior ang.) = 95° 4' 6'^; abb=84°55'54''5 FEB=a 
63'*4'6'^ therefore abcx=163''57'55''; and FED=13i**2'5": 
and consequently the exterior angles at B and e are 16*^2' 5" 
and 48* 57' 55" respectively. 

Lastly, AF=: —AB .cos A — BE .C0S(A+B)^EF ..COS F= — 

AB . COS 64** + BE . cos^O"* 55'54"- ef . cos 84**i= 1645*292. 

Nffte, The preceding three examples comprehend all the 
varieties which can occur in Polygonometry, when all the sides 
except one, and all the angles but two, are known. The un- 
known angles jnay be about the unknown side; or they may 

be 
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be adjacent to each other, though distant from the unknown 
side ; and they may be remote from each other, as well as 
from the unknown side. 

Ex, 4. In a hexagon abcdef, are known all the angles, 
and all the sides except af and CD : to find those sides. 
Given ab = 2200 Ext. Ang, a = 
BC = 2400 B = 

c = 
DE = 4800 D = 

EF = 5200 ' E = 

F = 148^ 

Here, reasoning from the principle of cor. th. 2, we have 

+ CD.sinnO°i l+BF .sml48°. +eD.sinlO<'5 ;+"..in32». 



96*^ 
54^* 
20* 
24* 
18° 



3045-58, 



Whence 5 de . sin 14° . coscc 10* — ab . sin 84** . cosec 10** \ __ 
CD= "J + EF . $in 32° . cosec 10* — bc . sin 30° . coscc 10° J "" 

And \ DE . sia 24° . cotec 10° — CB . sin 20° } _ wq^A qq 
AF= "^ +EF .sin 42°. cosec 10°- ba . sin 74° J ~ **'*'*'^^' 

Ex. 5. In the nonagon abcdefghi, all the sides are known^ 
and all die angles except a, d, 9 : it is required to find those 
angles. 



Given ab = 2400 
BC = 2700 
CD = 2800 
DE = 3200 
EF = 3500 



FG = 3800 
GH = 4000 
HI = 4200 
lA = 4500. 



Ext. Ang. B = 40 
C =32* 
E =36* 
f = 45' 
Hi=48* 
I =z 50^. 



Suppose diagonals drawn to join the 
unknown angles, and dividing the po- 
lygon into three trapeziums afld a tri- 
angle; as in the marginal figure. Then, 

1st. In the trapezium' abcd, where 
AD and the angles about it are unknown; 
we have (cor. 3 th. 2) 

BC . sin B + CD .sin (b 4- c) 




1 ^V 

BC . sin 40°+ CD . sin 72* 



tan BAD zz- , ,— . ,,0 -«a. 

AB + BC . cos B-t-CD .COS (b + C) AB + BC. COS40 .+ CD .COs72* 

Whence bad = 39** 30'42, cda = 32^29'18"'. 

r AB . cos 39°30'42") 
And AD = ^ + BC . cos 29 18 > = 6913*292. 
(+ CD . cos 32 29 18 ) 

2dly. In the quadrilateral defg, where nG and the anglet 
about it are unknown ; we have 

EF . s'lii E + ro . sill (« + f) ep .sin36°+FO .sin 81* 

PE+ EF . COS' E'+ ro .•COS(e + f) DK + EF. COS36"-t-FQ .C068l° 

Whence 
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Whence eoc » 41'' 14'5S^ fgo 9 S9° 41^' 1^ 

i DE.x:ofl4ri4'S3"l 
And DG = <+ £F . cos 5''i4'53"> =* 8812-«OS. 

(+ FG.C08 39''45' 7"3 

• Sdly^ In the trapezium ghi A, an exactly similar process gives 
HGA = 30°'4«'53", lAG = ^T 13' 7", and AG = 9780*591. 

4tbl7. In the triangle ado, the three sides are now known, 
to find the angles: viz, dag =60^*53' 26", agd=43^ 15' 54", 
ADG = 75** 5(7 40". Hence there results, lastly, 

lAB =47M3' 7" + 60* 53'26'' + 39' 80' 4S"=147*3r 15;', 

CDE = 32'29'18''+70*50'40" + 4ri4'53"=i49'34'5l", 

PGH r= 39' 45' 7" + 43** 1 5' 54" + 50' 46'53" b(c 1 33^ 47'54". 

Consequently, the required exterior angles are a ^32' 22' 46", 

D = 30° 25' 9", G = 46'' 12' 6". 

Ex. 6. Required the area of the hexagon 4n ex. 1. 

Ans. 16530191. 

Ex, 7. In a quadrilateral abcd, are given ab=?24, fic==30, 
CD = 34 ; angle ABC = 92*18'^ bcd = 97''23'. Required the 
side AD, and the area. 

Ex. 8. In prob. 1 , suppose pa = 2538 links, and the angles 
as below ; what is the area of the field ABCDap ? 

APa=89°14', BPa=68'ir, CPa=36o24', DPa= 19**57'; 
AaP=25°18', Bap=69'24', cap=94'' 6', DQP = 12l'18'. 



CHAPTER VII. 



PJROl^LEMS RELATIVB TO THE DITISION OP FIBLDS OR 

, OTHER SURFACES. 

PROBLEM I. 

To Divide a Triangle into Two Parts having a Given Ration 

m: n. 

1st. By a line drawn from one angle 
of the triangle. 

jMake AD : AB : : ?» : m + ^ » draw cb. 
So shall ADC, BDC, be the parts required. 

Here, evidently, AD =-~- ab, db=b-^ ab. 




2dly. 



] 



mvuma :aro swraoBt* 
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*^ 2dlf. Bijr a line p^rdUe} to Qoe of the sides of tbe triangle* 

Let ABC be the given trianglei to be 
<iivided into two patts, in the ratio of m 
to ?7, by a line parallel to thio baas Afl» 
Make C£ to EB as m to n : erect £p per- 
pendicularly to CB, till it meet the semi- 
circle described on cB, as a diameter^ i^ 
D. Make CFs=cD 2 and draw through p, gf |f ab. So shall G9 
divide the triangle A9C in the given ratio. 

For, CE : cb=^ : : cp*(=cF*) : qb*. But CB : eb : : nt ; n, 

or en : CB i; m : m + n^ by the constrq^ion : the re^ r e ^ 
CF* : CB* : :m:fn + n. And since A cgf : A cab V : cf* : CB*; 
it follows that cgf : cab :: m :m + ?i,z$ required.' 

Computation, Since cb* : cf* :: w + 'i : w, therefore, 
(w + n)CF* = m . CT* ; whence cfv'(7» + w) == cbv^w^ or 

cr = CB i/— T-- ^ hke manner, CG = CA a/-^. , , 



m-^n 




S^. By a line parallel to a given line* 

Let HI be the line parallel to miiich 
a lino ia to be drawn, so as lo divide 
the trlai^le abc in the rati6 of m 
to « * 

Sy case Sd drww «p parallel to aBi 
$0 as to divide aac in ^e given ratio. 
Through F dbaw fe parcel to w^ 
On C£ as a. diameter describe a se^ii- 
^dicle^ draw qb perp« to ac, to cut 
/the semicircle in D. Make cp s cd i 
AiDUgk p, parallel to ef, draw fo, the line required. 

Hie dettionstnttion of this follows at once from case 2 ; be« 
caiese it is only to divide FCfi, by a line parallel to fb, into -two 
triangles having the ratio of fce to bgg, that is, of cc \q cow 

CmptUatifin* cg and cf being computed, ^ m case 1, the 
ditfances cc(» ci being givei\, and cp peingto caas ch to ci; 
the triangle cgf, gfq, also having a pommo^ vertical angle^ 
are ^^b otijwc, as cq^qf to qa.CP. These products; ther^ 
fore are eq^al i and «ince the factors of the (pxtf^^ are kpoifr^j^ 
the latter product is known. W^.have hence given the ratio 
of the two lines op( ^x) to c^ ^} ^as CH to qi i say:, as p to 
; ) and their {Kroduct :ss of • OG, $sqr =>? ai: to iil^d ^ andy* 



y^f.y^^f. 



ThatiS) 



.CP . CO . C» ^ y 



ci 



CE • CO • CI 
CH 



' N.B. If the line of division were to be perpendicular to 
one pf the sides^ as to cFi the consti^otion would be similaf : 

▼OL» III, M ^ CP 
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DITtttmi Ot tow ACM* 



cp would be a geometrical mean between CA and -—'cb, S. 
being the foot of the perpendicular from b upon ac* 
ithlj. Bj a line drawn through a given pdnt p. 
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By any of the former cases draw hn (fig. 1) to divide the 
triangle abc^ in the given ratio of 9/1 to n : bisect c/ in Vy and 
through r and m let pass the sides of the rhomboid <irsm. 
Make ca = Pf 9 which is given,, because the point p is given 
in position : make zd a fourth proportiohal to cOy cr, cm; 
that is, make ca : cr : : cm : ca ; and let Cf and df be two 
angles of the rhomboid catd, figs. 1 aiid 2. vCj in figure 2^ 
being drawn jparallel to ac^ describe on ed as a diameter the 
semicircle efd^ on which setoffef^z ce = tf p : then setjoff 
du or dM' on ca equal to df, and through p and m, P and u\ 
draw the lines lm^ j/u, either of which will divide the tri- 
angle in the given ratio.— rThe construction is given in 2 figs, 
merely to avoid complexness in the diagrams. 

The limitations are obvious firom the construction : for, th^ 
point L must fall between w and c, 2nd the point M between 
A and c ; av must also l3e less than p^^ otherwise ^cannot 
be applied to the semicircle on ed. 

Demon. Because or == id, the rhomboid cr^m == triangle 
c/w, and because ca: cr :: cm : erf, we have ca. cd=:cm.cr, 
therefore rhomboid cabd = rhomboid cr^m ^ triangle dm. 
By reason of the parallels cb, bd^ and cA, ab, the triangles 
ahP, dou, boVf are similar, and are to each other as the 
squares of their homologous sides flP, rfM, 4p : now e^ zs ef^ 
+ df^9 by construction; and ^ = Jfbfefzz. ap, df ^ rfM ; 
therefore pA* = <3fp* + rfM*, or, the triangle pAg ta^en away 
from the rhomboid, Is eqiul to the sum of the triangles apt, 
«?MG, added to the part capod: consequently ctM = cabd, as 
required. By a like process, it m^y be shown that ohVyddu't 
fbG\ are similar, and a.L'p +'rfG'M' s= pAg'; whence pWm'ss, 
aL'p, and cl<m' =: cabd, as required. 

Com^ 
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Qmputation. c2, cm, being knowa^ as vnil as c^ if?» or 
ctf eVf cr =s ^c/j is known i and hence oof may be found by 
th e prop ortion cajcr :"; cm : ci/. l^hen erf— c^ s= «^ and 

V^erf* - c/^ :;= V^erf* -^? = 4^ = «fM = rfk'. TTua ck is 
determined. Then we have — - — =: CL. 

CM 

N, B. When the point is. in one of thesidesj as at M; then 
make-ci. . cm . {m-^-n) = ca • cb . m, or, ci. : CA : : 9» • CB ; 
(^»4-M)cMy and the thing is done* ^ 

5thl7. By the shortest line possible. 

Draw any line pq dividing the triangle in 
the given ratio, and so that tne summit of the 
triangle cpa shall be c the most acute of the 
three angles of the triangle. Make cm = cn, 
a geometrical mean proportional between cp 
and CQ ; so shall MN be the shortest line pos* 
sible dividing the triangle in the given ratia-^ 
The^ computation is evident. 

Demons. Suppose Mn to be the shortest 
line cutting off the given triangle tuni, and 

fcG J. MN . MN = MG + GN =; CO . COt M + 

CO.C0tN=sCG(C0t M +COtN). But,COtM + 
cos M \ cos V sin (m + h) . J , 

cot N = -: — + -r-~ = . ' 2. - ^ .And(equa. 

XVlily ch. iii) sm M • sin N =; 7 cos (M — m) — ^ cos (M-hN)3s 

i COS (M— k)+| cos c. Theref. mn=cc . r — j^J^"^^} ; 

which expression is li minamum when its denominator is a 
maximum ; that is, when C09 (m— n) is the greatest possible^ 
Klnch is n;iani£Bstly when m *- N ±= o, or m % K, or when thi^ 
triangle cmm is isosceles. That the isosceles triangle musi 
have the most aatte angle for its summit, is evident nt>m th^ 
consideration, that since 2^cmn.=: cg.mn, mn varies in* 
Tersely as C6 ; and consequently mn is short^t when c0 is 
Ipnsesti that iS) when the angle c is the most acute. 

N.B* A very simple . and elegant demonstration to this 
case is given in Simp^n^s Geometry: vide the book on Msa:^ 
wd Mil)* See also another demonstration at case Sd prob.- 
$th, below* 

P|IOSLSIif TU , - 

To Divide a Triangle into Three Parts, havmg the Ratio or 

the quantities m,n,p. 

1st. By lines drawn from one angle of the triangle to the 
oppodte side* 

Ma 'Divido 





DMSe ^t «tde At, oppoaile th^ angle c 
Irbm whetee tbe Khes are to pr^eed^ in the 
p^ren tatio ^t !i>, ft; join cd, cfi; and Acd, 
DOB, Bciy. are tke tluree triangles xequtred. 
The demonstration b manifest^ as is also^ the 
computation. 

Kk'h^vnshti iSnittlit^SRes ^f tfiviaion be tke shortest'the 
hifttir^ ^'d)% Me unSi admit ^f, Ic^ them M drawn from tfie 
most obtuse angles to the oppo^te or hngest side. ^ 

2dly. By lines paraUd to one of the sides oFthe trtangle. 

Make cd. : dh : -HB : : m : nip. Erect ^ 

DE, HI, perpen^icul^lj to cb, till they meet *5^^^^^V^?^ 
the seinfcircle described on the diameter l^cJ'^ 
CB) in £ ^nd i. Make CF = cb, and ck= qL V!.- /' 1 
ci. Draw <Sf through F,.and lk through K^ f7 ^/' y 
parallel to AC ; sp. shall the lines qf and lKj / V'^ 

divide the triangle ABC as required* ^ 

The demonstration and cdmputation wIU be similar to those 
in the second case of prob* 1* ' 

Sdly. By linies ^wn firom a given point on ohe of the 
lides« 



^^. 1- cyvm ^^•«- 





^ £et»<fig.i)W«he driven foin«»« and itiiiepwatBf^ 
diMiieth^ikl^ ABJiititogr^nnftio^inynyjp: t3»yciAt9 
Miing iMetweeH « Midi. #om to, paorfillel to <irhidi <M<r «e^ 
iij;ilo dioMt the sides mc, fie, ^ the fiotnts^ i&d <<: join ve, 
M^ soislufflilie imefi 4») V4f, £tide Iftie trirtsigle in tbe^M 
ffllio. • ' 

Uk§g.% tvtore i> £ilb ttett^ one al the ^trM^iiies of x« 
than botb^tf^aadiy the oMtaiMabk is ^essetittfi^y <!he*4M»^9 
dii sele diflfeMOCt in tli^Mittlt isy ttat fife {Mints c, imdi d; 
bodi M^M^i^(ti(te AC of the triit^^. 

ratio, by case 1st. fivitby reason of the pai^el lillM He, l^C^ 
bd^ A arc z A acp, and A icfc = bd?. Therefore, in fig. Ij 
Aac + acF^ Aac + ocCf tibit%> Mrp s Aac : and B&2-I- Aie 
ip;p p<M + Mcj that is, b^p zz b&c. Conse^ientli^i^ the re- 
mainder ccpd == tfl&,--jrn fig.'fej ACP = Aflc, and ifi^F ='ac^^ 
therefor^ crti =s act ; and acb — a^ = acb — ac&, that b, 

Cofnputatinu The perpendiculars cg^ cd behtg^fleodttt^ 



(m + n -\-p) AT.cgzzm.AB.cDi and c^a: .'^i^!.!?^' -^ The Hne 
c^ being thus known, we soon find AC ; for CD : AC ; : ^ : 

AC ,eg m . AB . AC T J J 1 • • '• 

4<^ = -?r- (m.^>,->.p)Ar ' Indeed t^^. expression ntay Ut 
deduced more simply ; for, since acb : acp : : AC • aB \ 
Ac.AP :: m+w+p : w, we have (w+»+p) AC.AP=m.AB.Ac, 

and AC = (min-^p) Ap ' ^^ ^ ^'^^ process is obtained, in 

fiff. 1, Ba = > ■ ■ ^ , — : and, m fig. 2» Aa = ■ ■ — r — . 

4thly. By lines drawn from a given point p wUhin the 
triangle. ^ 





A 



Const. Through p and c draw the line c?/?, and let t\}fi 
triangle be divided into the given ratio by line$ pc, pd^ drainpi 
fromp to intersect ac, bc, or either of them ; accordipg. to 
the mfJthod described in case S of this problem. Thi-oum f 
draw PC, prf, and respectively parallel to them, from p ^c^yi 
t'hq lines pM, pjj : join pm, pn \ sp shall these lines with Vft 
divide the triangle in the given ratio. 

Demon. The triangles cpm, cp/r, are manifestly equal* as 
are also e/pN, dpp ; therefore cpm = cpc, and cpn. =? Qp4 1 
whence also, iix fig. 1, cnpm = c^c, and^ in €g. 2, CBpPN =s 
CBpd. 

Comput. Since cp . on = cp . erf, we have on = ^-i^. 



In like mani^er.CM = 



cp 



Cf 



JRanark, It will geneicaUy be best to frontrive that the 
sniaUest share of the. triangle shall be lai4 off nearest th^ veiw 
tex.c of the triangle,, in Qfder to ensure the possibility of ih^ 
construction. Even this precaution bwrev^r may sp^s^ipfli 
fail, of ensuiring the construction by the method above giv#6^« 
when this happens, proceed thus : 

By case 1 , draw the iinpS: c^> £^, (torn 
t^ ^9rti»K to the oppoi «te side A«> tp dir 
viide jfchd tris^«gle in the given ratio* XJf^ 

APaeiWlM^y vvhe^ Mif, so ttot M» : AB : ; 
Vfi (tk^pwff. &f>9^ B on Ab) : (^i the ailir 

T. gether 
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gethser to be the legist possible, Aen $et off -irMK on eadi ^t 
the point j»: so will the triangle mpk be isosceles, and its 
perimeter (with the given base and area) a minlmutn. 

Stbly. By lines, one of which is drzvmjrom a given angle 
to a given point, which is also the point of concourse of the 
Other two Unes. . 





A'ar STi 

Const By case 1st draw the lines ,ca, eft, dividing the 
triangle in the given ratio, and so that the smaller portions 
shall lie nearest the angles A and B (unless the conditions of 
the division require it to be otherwise). From p and a demit 
upon AC the perpendiculars p/?, ac ; and from p and ft, on. 
BC^ the perpendiculars vq, b(k Make cm : ca :; ac : p/>, and 
CN : CB :: od: vq. Draw pm, pn, which, with cp, will divide 
the triangle as required. 

When the perpendicular from ft or from ff, upon bc or ac, 
is longer than the corresponding perpendicular from P, the 
point N or M will fall further from c than B or a does. Sup- 
pose it to be N : then make nV : «fB : : N<f : tVy and draw pn' 
for the line of division. 

The demonstration of all this is too obvious to need trac- 

« 

ing here. -^ 

Compute The perp. cazzi ha. sin a \ and cm = — - - . 

ftrf =: Bft * sin B ; and CN. = — '- — . 

6thly. By lines, one of which falls from the given point of 
concourse of all three, upon a given side, in a given angle. 

Supposes the given angle to be a right 
angle, and vf the given perpendicular : 
which will simplify the operation, though 
the principles of construction will be the 
same. . 

'Const. Let cff, eft, divide the triangle ma a>j»KB 
in the given ratio. Make yk : CB :: fti/ : p/*, 
and/M ; ca : : ac : p/ ; and draw pn, pm, thus forming two-* 
triangles p/n, p/m, equal to cftB, caA, respectively. If n £iU 
between/ and B, and m between a and /, this <;onstn]ction 
manifestly w^cts the division. But if one of the points, sup-- 
pose JH, j^lls beyond the corresponding poin^ a, the line pm' 

**^i intersecting 
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ibtenecting ac in «: th«n make ^e : eK : : eu : etf and draw 
FM* : so shall vff Fitf', fn^ divide the triangle as required. 

Comput. Here ca and &/ are found as in case 5th ; ana 
hence /n = ^j and/M =5^'. Then pmc=^{|«/+ V). 

and ~ =c sin M., Also 180*— (M+A)=;MrA. Then sin m^a : 
sin M : sin A oc MA{^Mf^A/) : Ae : Me. Again pe=PM— Mtf; 
aiftd lastly mV == ^'^^ . 

Here also the demonstration is manifest, 

Tthly. By lines drawn from the angles to meet ,in a deter* 
minate point. 

Construe. On one of the sides, as ac, set 
off AD, so that AD : AC :: VI :m + n'+p. 
And on any other, as ab, set off be,' so that 
BE t BC : : w : m + 71 + p. Through n draw 
DG parallel to ab; and through E, eh parallel 
to Bc; to their point of intersection i draw the lines at, bi, cij 
which will divide the triangle ABC into the portions required. 

Demon. Any triangle whose base is ab, and whose vertex 
falls in DG parallel to. it, will manifestly be to ABC, as ad to 
AC, ^r as i» to ^i + w + p • so also, any triangle whose base 
is BC, and whose vertex falls in £H parallel to it, will be to 
A£C, as BE to BA, that is, as 71 to 7» + ft + Z'* 

Thus we have aib : acb : : w : w + j» + P» 
and * « • Bic : ACS :: n :9?» + ^ +J^» 
therefore • ^ aib : bic iim in. 

And the first two proportions give» by composition^ 
Aip + Bic : ACB : : w + n : w + n + ? ; and by division, 
ACB -* (a IB + bic) : ACB :: w + «+/> — (w+n) :?n+w+P» 
or Aic : ACB : : j9 : 97^ 4- n +Pi consequently aib : Bic : Aip. 
-u minip* 

Comput. BE =: Gi =: ^' ^ - : bg = ^ '°^ ; angle Bor 

9r bright angles -^ B. Hen^oe^ m the triangle bgi, there are 
known two sides and the included angle, t« find the third 
side Bi. 

Remark. When 7» = n = p, the construction 
becomes sixifipler. Thus: from the vertex draw 
€P to bisect AB ; and from B draw BE in like 
snanner. to the middle of ac : the pdlnt of inters 
section i of the linescD, be, will be the pohit sought. 

For, on be and be- produced, demit, from theangiesr c ahd^ 
A, the peipendiculars ci, ak:. then die triahgks CBf, abk,* 
are equal in all respects, because ae sr CE, kae a hj^, a^ 

the 
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the Angles at £ bm equal. Hmsim A».^ ci« But thete an$ 
the pf^pendkviatr akitudea of thi^ tnanglta ,mCf hfA^ whidi 
have the common base bp. Consequently those two triangles 
are equal in area. In a similar, manner it may be proved} tnat 
APC =^ iiPB or CPB : therefore these three triangles are equal 
to each other, and the lines pa, pBj pCj trisect the A ABc. 

rROBLBM III. 

To Divide a Triangle into Four Farts^ having the Prdpo^tioa 

of the Quantities m, n, p, f . 

This, like the former problems, might be divided into se- 
veral cases, the consideration of all which would draw us to 
a very great length, and which is in great measure mmeces- 
sary, because the method will in general b^ suggested imme* 
diately on contemplating the method of proceeding in the 
analogous case of the preceding problem. We shall therefore 
only take one case^ namely, that in which the lines of division 
must all be drawn from a given point in one of the sides. 

Let p be the given point in the side ab. 

Let the points /, m, n, divide the base ab 
in the given proportion ; so will the lines cf, 
cniy CHy divide tne surface of the triangle in 
the same proportion. Join cp, and parallel 
to it draw, from /, ^, n, the lines /l, mM, 
nSf to cut the other two sides of the triangle in L, m, n. 
Draw PL, PM, rw, which will divide the triangle as required. 

The demonstration is too obvious to need tracing through- 
out : for the triangles iJ|», xfc, having the same base jJ, and 
lying between the same ^wd parallels l?, ci», are equal; to each 
©f these adding the triangle alZ, thiere results Alp =l ac?.- 
And in like manner the truth of the whole construction mafy 
be sh6#n* 

The computation may be conducted after the manner of 
that in case 3d ^rob. 2. 

To Divide a Quadrilateral into Two Parts having a .Given 

Ratio, m: n. 

1st, By a line drawn frpm any point in the perimeter .p£| 
the fijgure^ 

Camtruc. FriJft p dnvw Uhes TA, pb, 
to the oppoalkt mg^ ^ Ji* Through n 
4i:aw DF paralk} to r«i, to iMtt ba pro^ 
dv^udi m f:. mA llroii^h c draw cb ^a^ 
ftittd $9 n to fn#Bi -tt firMuced in B. 




«* 
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Bivi4e FB in m, in the g^ivc^ rsilio of m to n 2 jda :», m; so 
shall the line ttd divide the quadrilatcrsd as required*. 

Demon. That the triangle fpe is equal, to the quadhinrie 
ABCD9 may be shown by the same process as is used to demon- 
strate the construction of prob* 36, Geometry ; of which, itr 
fact, this is Only a modification. And the line pm evidently 
divides fpe in the given ratio. But fpm s adpm, and Efm =^ 
acPM : therefore pm divides the quadrangle also in the given 
ratio. '" 

Seynark 1. If the line pm cut either of the sides ad, bc, 
then its position must be changed by a process similar to that 
described in the 5th and 6th cases of the last problem. 

Remark 2. The quadrilateral may be divided into three» 
four, or more, parts, by a similar method, being subject how- 
ever to the restriction mentioned in the preceding remark,. 

Remark 3. The same method may obviously he used when 
the given point p is in one of the angles of the figure. 

C^mput. Suppose i to be the jpoint of intersection of the 
sides DC and ab, produced ; and let the part of the quadrila- 
teral laid off towards i, be to the other, as wto tn. Then we 

h^veiM =K ? 'V ^""," '. As tg the distsoices Hi^ ai, (since 

, (w + n)ip . ' '^ 

the angles at A and d, and conseqifently that at I, ar^ known), 
they are easily found from the proportionality of the sides of 
triangles to the siiies of their opposite angles. 

2dly. By a line drawn parallel to a given line. 

Cons/rue, Produce do, ab, till 
they meet, as at i. Join db, pa- 
rallel to which draw CF. Divide af 
in the given ratio in h. Through , , » -,^ ,^ . -^^^ 
d draw DG parallel to the given / / J \ _ j '"'Q^'^*'^*^ 
line. Make ip a mean proportional a. a i k j^-^—y-""— "I 
between ih, ig 5 through p draw 

Pi^ parallel to GD : so shall pm divide the quadrilateral abcd 
as required. - 

Demon. It is evident, fr6m the transformation of figures^ 
so often resorted to in these problems, that the triangle adI* 
= quadrilateral abcd (th. 36 Geom.) : and that dh divides 
the triangle adf in the given ratio, is evident from prob; 1 
case 1. We have only then to demonstrate that the triangle 
IHD is ^q)ial to the triangle lpm, for in that case hdf will 
manifestly be equal to BCMP. Now, by construction* ih :- 
IP ::lp; ic>::{bythepstfallels) IM : id ; whence, by making" 
the prddttcts of the means and extremes equ2d,'we have*. 
a.mtitP. lu I but when the products of tne sides abour 

the 
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die equal angles of two triangles having a common angle are 
equal, those triangles are «qual i therefore ^ ihd = A i?m« 
a. £. D. 

Comput. In the triangles Api, adg, are given all the angles, 
and the side ad$ whence ai, ag, di, and ic, = di — dc, be* 
come known. In the triaiigle ifc, all the angles and the side 
XC are known ; whence if becpmes known, as well as fHj 
since ah : hf : : m : 7i. Lastly, IP = V(iH • ic), and IG : 
^D : : IP : IM. 

Cor. !• When the line of. division pm is to be perpendicu- 
lar to a side, or parallel to a given side ; we have only to draw 
X>G accordingly : so that those two cases are included in this. 

Car. 2. When the line pm is to be the shortest possible, it 
must cut off an isosceles triangle towards the acutest angle ^ 
and in that case ig must evidently.be equal to in. 

3dly. By a lin6 drawn through a given point. 

~ The method will be the same as that to case 4th prob. ] , 
and therefore need not be repeated here. 

Scholium. If a quadrilateral were to be divided into four 
parts in a given proportion,' ?n, w, /k q : we must first divide 
It into two parts having the ratio of ni + n, to p + j ; and 
then each m the quadrangles so formed into their respective 
ratios, of m to w, and ptoq. 

PROBLEM V. 

^ To Divide a Pentagon | into Two Parts having a Given 

Ratio, from a Given Point in one of the Sides. 

> 

Reduce the pentagon to a triangle by prob. 37, Geotnetry, 
and divide this triangle In the given ratio by case 1 prob. 1^ 

PROBLEM YI. 

To Divide any Polygon into Two Parts having a Given- 
Ratio, 
ist. From a given point in the perimeter of the polygon. 

Construe. Join any two opposite 
angles a, d, of the polygon, by the line 
AD. Reduce the part abcd into an 
^equivalent triangle nps, whose vertex 
shall be the given point p^ and base ad 
produced : an operation which may be 
performed at once, if the portion abcd 
be quadrangular ^ or by several opera- 
tions (as from 8 sides to 6, fron^ 6 to 4, &Cj) if the sides be 
more than four. Divide the triangle kps into two parts hay- 
ing the given ratio, by the line ph. In Jjitf manner, reitic^ 

ADP.FaA 
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A'DEFGA into an emiivalent triangle having H for its vertexj 
and 7B produced tor its base ; and divide this trianj^e into 
the given ratiq by a line from Hj as HK* The compound line 
PHK will manifestly divide, the whole polygon into two parts 
having the given ratio. To reduce this to a right line, join 
pjCf and through H draw hm parallel to it ; join pm ; so will 
the right line pm divide the polygon as required, provided m 
fall between f and £• If it do not, the reduction may be com* 
pleted by the process described in cases 5th and 6th prob. 2d. 

All this is too evident to need demonstration. 

Remark. There is a direct method of solving this pro* 
blem, without si^bdividing the figure; but as it requires the 
computation of the area, it is not given here. 

2dly. By the shortest line possible. 

Construe, From anv point p', 
in one of those two sides of the 
polygon which, when produced, 
meet in the most acute angle i, 
draw a line p'm', to the other 
of those sides (ef), dividing the 
polygon in the given ratio* Find 
the points p and M, so that tp or im shAll be a mean propor- 
tional between if', im' \ then will pm be the line of division" 
required. 

The demonstration of this is the same as has been already 
given, at case 5 prob. 1. Those, however; who wish for tc 
proof, independent of the arithmetic of sines, will not be db* 
pleased to have the additional demonstration below. 

The shortest line which, with two other lines given in po- 
sition, includes a given area, will make equal angles with those 
two lines, or with the segments of them it cuts off* from an 
isosceles triangle. 

Let the two triangles abc, aef, having the common angle^ 
1, be equal in surface, and let the former tria];igle be isos- 
celes, or have* ab s ac ^ then is bc shorter than xf. 

First, the oblique base £V cannot pass 
through D, the middle point of bc, as in 
the annexed figure. For, drawing qq 
parallel to ab, to meet £f produced in 
O. Then the two triangles dbe, dco 
are identical, or mutually equal in all 
respects. Consequently the triangle 
bcp is less than DBE, and therefore 
A;pc less jthan aef. 

EF must therefore cut bc in s6me point H between b and 
Di and cutting the per^, 4^ ia soi^e p«int 1 above o, as in the 

2d fig. 
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- 2d &fi* Upon SF (produced if aecespy) 
denut the perp. ab;* The«» in the right- 
aiDgled A AIK> the perp* AK i$ less tha& 
the hypothenuse Ai| and therefore much 
more less than the other perp. Aix But» 
of equal triax^les^ that whicl;i Jias the 
greatest perpendicular, has the Iea$t base. _. 
Therefore the base bc is less than the base ef. 'a« £• o. 

This series of problems might have beei^ extended much 
£irther$ but the preceding will furnish a sufficient variety^ 
to suggest to the student the best method. to be adopted hx 
almost aiiy other case that m^ occur. The following prac- 
tical examples are subjoined by way of exercise* 

£x. 1. A triangular fields whose sides are'20j 18, and 16 
chains, is to have a piece of 4 acres in content fenced off from • 
it, by a right line drawn fron) the most obtuse angle to the 
opposite side. . Required the length of the dividing line, and 
its distance from either e:!(tFemity of th< 'I^e on which it 
fells? 

JEx. 9. The three tides of a Inangle n^^% 1 2, and 1 S. If 
two-thirds of this triw^gkthe cu^ off % i^lfM drawn parallel 
to the longest side, it is required to find the length of the 
cU^idiitg Ihm, and the dtslsnte Of itl» t]BK>ettFeaiities firom the 
Wtremitifii ^ the loiigest-side. 

Ex, 3. It is required to find the length and position of 
the shortest possible line, which shall divMe, into two equal 
parts, ia triangle whOse sides are f 5, 24, alid 7 respectively. 

Ex, 4. The sides of a triangle are .6, ^^ and 10 : it is re- 
quired to cut off nine-sixteenths of it, by a line that sIuU pass 
through the centre of its inscribed circle. . 

Ex* Si Two sides of a trian^e, whith include an angle of 
Vff iare 14 and 17 respectively. It is required to divide it 
into three equal parts, by lines. drawn parallel to its longest 
side. ^ • 

Ex, 6. The base of a triangle is 1 12'65, tlie vertical angle 
57*57', and the difference of «ie sides about that angle is «. 
It is to be divided into three eqtial parts, by lines drawn from 
the angles to meet in a p9int. Within the triangle* The lengths 
of those lines ^are required. 

Ex, 7. The legs of a right-angled triangle are 28 and l$f 
Eeqiwr^d th^ k;»gtb« of line? drawn frop 3^e. middle of the 
hypotbenusej tp 4tyi4e it ipto four e^al p^ts. ^ 

. v.. '^^ •-- ♦ * ' "^ - -• ^ "Ex. . 
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9; It 4b prep6sed to ctit off ane-fifth of it^ by ii Utte whieh 
ikak\ be dm^i^ii froHh a po&it cm the longest side at the di9- 
tance of 4 from a corner. 

Ex, 9. A regular hexa^hi each of who'se sides is 12, is 
to be divided intoipur equal parts^ by two equal lines ; both 
passing through the centre of the figure. What is the length 
of thoise lilies when a minimum ? 

Ex. 10. The three sid^of a txiaugl^ are 5^ €» ^^f^ 7. How 
may it he ^vkled into four equal |>ar€9| by two Uoes 
shall cut eac& odMT perp^i^cutarly ? j . 

^% The student wiQ find that some of these examj 

admit of two anfw<0Vl» 

< 



ON TKB NATUaB AND ^OLVtlON OF jSa^ATIONS m , 

. OBNBRAL. ./* 

1. In xft&at i^ %»^%!itij^e lii^ .^^mlrfl brtypertiifs of the 
lugher equatipnsf let ther^%fr iissum^d ^ i we i fli ah unkhoiMk 
ouiMtti7^r, and ||R%h t)^sa^es «» t, ^> t^ iter eiqoMion cdn* 
stittited'oftheeMt^tied^FM)doet of muforlh^ctprs : tbii9 

This, by petfthtnthg Ae tniildfiSattionsf^aM aitajftgib^; die 
final product ^^cording to the. powers or ditftehsiotts^x^ 
betoteei^ 

+ Arf\ V 

Now it is obvious that the ass^ExJbbgtof t|rtes t^hkh i^oiapose 
the first side of this equation may becomf equait to nothing io 
fqur different ways ; namely, by supposiiig eidbier a: = a, or 
X -ss A, wx ts: T, Qt X Sfc ^^ w 10 ei&er ^cwe one ^ -othar 
<jf ^^ftictors ir^^y 3ir- >^ AT'^'C, x^i^ iriH b^ eqii4 tQ ikv 
thing,*and nothing mqltiplied by any quantity whatever *ifSL 

g^vtnoMngfdt^^lft%6fM. If stoy ^dier ¥alii^ e %c ^t 
r x^ then none of the factoils e-'Hf, e^h^ e-^c^ ^-7^9 ^bcMig 
equal to nothing, their coxttiimefl product dcdfot bieieqiial'to 
nothing. There are Aereforei in ttie prof|is|d^4tiM)> four 
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roots or Talues of jr ; and that which characterizes these roots 
is, that on substituting each of them successively instead of x^ 
the aggregate. of the terms of the equation vanishes by the 
opposition of the signs + and — >• 

The preceding equation is only of the fourth power or de* 
gree ; but it is manifest that the above remark applies to 
equations of higher or lower dimensions : viz, that in general 
an equation of any degree whatever has as many roots as there 
are units in the exponent of the highest power of the un- 
known quantity, and that each root has the property of ren^ 
deringy by its substitution in place of the nnknowh quantity, 
the aggregate of all the terms of the equation equal to no* 
thing. 

It must be observed that we cannot have all at once jf^so^ 
X ^ if jc =s c, &c, for the roots of the equation^ but that the 
particular equations x*-a=:0, x— 6 = 0, or— c = 0, &c, 
obtain only m a di^'unctioe sense. They exist as factors in 
the same equation, because algebra gives, by one and the same 
formub, not only the solution of the particular problem from 
which that formula may have originated, but also the solution 
of all problems which have similar conditions. The difier- 
ent roots of the equation satisfy the respective conditions : 
and those roots may differ from one anothery by their fuan^ 
tiiy, and by their mode of existence. 

It is true, we say frequently that the roots of an eqiiation 
are r a a, x = b, x =: c, &c, as though those values of ^r 
existed conjunctively ; but this manner of speaking is an ab- 
breviation, which it is necessary to understand in the sense 
explained above. 

2. In the equation A, all the roots are positive \ but if the 
fiictors which constitute the equation had been x+ a^x-k-b^ 
X + c,' X + d9 the roots 'woiud have been negative or sub- 
tractive. Thus 

x^+ ab\x^+ abcr^x+abc^ »()...• (B) 
+ acf + ab4\ 
+ ad\. + a^d 
+ bcC +bcd 

+.cdy 

has negative roots, those roots being jr s — a, 4* ss — b^, 
x= — c, xxi-^d: and here again we are to apply them dis^ 
junctiyely. 

3. Some equiitions-have their roots in partfiositivei in p^rt 
oegiitive. Such is the following : 

'x^- a} s^ + ablx + abc ts o (C) 




— a\s* + ablx + 

— if — acf 
+ c) -4^3 



Here 
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f 

Here are the two positive roots, viz» x ^ a^x ^'b\ and one 
negative root> viz, ^ = — c : the equation being constituted 
of the continued product of the three factorsy :r — a = 0, 

From' an inspectimi of the equations a, b, c, it may be in- 
ferred) that a complete equation consists of a number of terms 
exceeding by unity the number of its roots. 

4, The preceding equations have been considered as formed 
from equations of the first degrees and then each of them con- 
tains so many of those constituent equations as there are units 
in the exponent of its degree. But an equation which ex- 
ceeds the seccmd dimension, may be considered as composed 
of one or more eouations of the second degree, or of the 
third, &c, combined, if it be^necessary, with equatipns of the 
first degree, in such manner, that the product of all those 
constituent equations shall form the proposed equation. In- 
deed, when an equation is formed by the successive multiplx- 
cation of several simple equations, quadratic equations, cubic 
equations, &c, are formed ; which of course may be regarded 
as factors of the resulting equatiim. ^ 

5. It sometimes happens that an eouation contains imagi- 
nary rooti ; and then they will be round also in its consti- 
tuent equations. This class of roots always enters an equatipn' 
by pairs ; because they may be cqiisidered as containing, in 
their expression at least, one €x;^ radical placed before a ne- 
gative quantity, and because an e^ven radical is necessarily 
preceded by the double sign ±. Let, for example, the equa- 
tion be jr*- (2a - 2c)x^ + {a*+ A*- 4ac+ c* + dT^xi'^ i^ci^c + . 
2iV - 2ae - 2ad*)Lr + (a* + **) . (c» + d*) = 0. This may 
be rej;arded as constituted of the two subjoined quadratic 
equations, j:*— 2fl4:-f a*4-** = 0, x* + %cx + c^ + ^* = : 
and each of these quadratics contains two imaginaiy roots \ 
the first giving jr = a ± hs^ — 1, and the seeohd jr =s — c ± 
rfy-1. ' 

In the equation resulting from the product of these two 
quadratics^ the coefiicients of the powers of the unknown 
quantity, and of the la$t term of the equation, are real quan- 
tities, though the constituent equations contain imagmary 
quahtlties ; the reason is, that these latter disappear by means 
of addition and multiplication* 

The same will take place in the equation (a?-r a) • (jt + A) • 
(jr* + %cx + c* + cP) =0, which is rormed of two equations, 
of the first degcjee, apd one equation of the* second whose 
roots are imaginary^ 

These remarks being premised, the subsequent general 
ditoa^ems will be easily established. 

TREORBM 
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THEOREM I. 



Whatever be the .Species pf the Roots of an Equatioos whM 
the Equation is arranged according to the Powers of the 
Unknown Quantity* if the First Term be poiitive» and 
have unity for its Coefficientf the foU^wi^g Properties may 
be traced : 

I. The ilM term of the equation is th^ unknown quondty 
raised to the power denoted by the number of roots* 

n. The second term ^ontms the unknown quantity raised 
to a power less thon the ferm^ by tmity, with a eoefficient 
equal to die sum nf the roots taken with contrary signs* 

lU. The third term toittaihs the unknown quantity raised 
to a power leu by 2 than that of the first term, with a coeft* 
dent equal ta the sum of all the products which can be formed 
by multiplying aH the foots two and two. 

IV. Tlxeiburthterm contains the unknown quantity raided 
to a power lest by 3 tirim that of the first term, with a coeffi- 
cient equal ta the sum of all the products which can be made 
by multiplying any three tf the r ooti with contrary siglis. 

V. And so on to the tet term, wMdb is the continued 
prcfioKX of all the r6ots tiketk with conti^ary signs* 

All Mis h endent (tom inspection ti the equations ex« 
hibited in art^. l^ 2^ S, 5. 

Cor. 1. ^erefbre an equation liaviog all its roots realj 
but some positive the others negative, will want ics second 
term wl^en the sum of the positive roots is equal to the sum 
of the nc^tive roots. Thus, for example, the eqiiatiou C 
will want its second tetm, if a + ^ = c. 

*' Cer* S^ An equation whose roots are all imaginary, will 
want the second term^ if the sum of the real quantities which 
entec into the en^etssian of the root% is partly positivet 
partly negative, and has the result reduced to nothing, thfl 
imaginary parts oAutually destroying each other by adakion 
in eac^ pair of roots. Thus^ the n^ equation of art* 5- wiU. 
wanjk the si^ond term if ^,2a + ec spO^ or a ^ u The 
^;econd ^uadosn of the same artickt which has its roots partly 
i^alffPartlyiiQa^ary, will want tw sefcond i^tv^ if &^ a -fi 
gc = 0, or a -^ 6 =: 2c. 

^Ait {Mdttdts Of die roots tidben^wo and two, is partly po-^ 
A&ftf partly negatite, and these mutually deatroyeaditJtkeiv 

Remark. An incomplete equaticm may be thrown into tho 
formjofn^mpbif^ equations, by introducing, with the coefficient 
a cyfher^ the absent powers of the unknown quantit]^ : dios^ 

for 
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for the equation jt' + r = 0, may be written jt' 4- jt* + 
;r + r r: 0. This in some cases will be useful. 

Cor, 4. An equation with positive roots may be trans- 
Formed into another which shall have negative roots of the 
same ^alue^ and reciprocally. In order to this, it is only ne- 
cessary to change the signs of the alternate terms, beginning 
with the second. Thus, for example, if instead of the equa- 
tion x' — 8jr*4- l7jf— 10 — 0; which has three positive roots 
1, 2, and '5, we write x^ + 8x* + 17a: +'10 = 0, this latter 
eqiiation will have three negative roots :r= — l,jr==: — 2, 
.f = — 5. In like manner, if instead of the equation 4r'+ 
2^*— 13j? + 10=0, which has two positive roots :r= 1, a;=2, 
and one negative root »r= — 5, thbre be taken x^ — 2jr* — 
IZx — 10 = 0, this latter equation will have two negative 
roots, ;r = — 1 , or = — 2, and one positive root x =: 5. 

In general, if there be taken the two equations, {x^d)x 
, (x " ^ X {x-*c) X {x — d)x &c =0, and {x + a)x{x -{- b)x 
(x-\-c)x{X'{-d)x &c = 0, of which the roots are .the same 
in magnitude, but with diflferent signs : if these equations be 
developed by actual multiplication, and the terms arranged 
according to the powers of x^ as in arts. 1,2; it will b*» seen 
that the second ternis of the two equations will be affected 
with different signs, the third terms with like signs, the fourth 
terms with different signs* &c. 

When an equation has not all its terms, the deficient terms 
must be supplied by cyphers, before the preceding rule can be 
applied. 

Cor. 5. The sum of the roots of an equation, the sum qf 
their squares, the sum of their cubes, &c, may be found -with- 
out knowing the roots themselves. For, let an equation of 
any degree or dimension, w, be x"" + fx'"''} + gx"*"^ + 
^^«i-3 ^ ^^ «- Q^ j^g pQQjg being a, i, c, dy Sec, Then* we 

shall have. 

1st. The sum of the first powers of the roots, that is, of 
: the roots themselves, or a -f- 6 + c + &c = —J^i since the 
coefficient of the unknown quantity in the second term, is 
equal to the sum of the roots taken with different signs. 

2dly. The sum of the squares of the roots, is equal to the 
square of the coefficient of the second term made less by 
twice the coefficient of the third term : viz, a* + ft* + c^ + 
&c =/* — 2g. For, if the polynomial a + b 4- c + &c, be 
squared, it will be found that the square' contains the sum of 
the squares of the terms a, 6, c, &c, plus twice the siim of, 
the products formed by multiplying two and two ail the^ roots 
a, b, c^ 8ca That is, (a+ A+ <: + &c)* = a* + d^ + c*+ &c 
+ 2(ab '{' ac + bc + &g). But it is obvious, from equa. A, B, 

Vol. iir. N that 
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that (^4 * ^ c^!fcf =/, and (ah f ac \c }.c + ^p) 15 ^. 
Thus we have j^ = (a* 4- 6* + c* -J- &c> -^ 2^ i add .coase- 
^u^njtly fl* + A» + c* + Ice ==•/ - .2jr. 

3dly* Xhe 3ui?i of the cuhes/of the ^oots, is equ|,l ^o 3 fmf^ 
the rectangle of the coefficient of the second ajgiid third tefna^, 
iiiade lesp hy the ^cvbe g|f the coefficient of the seco^ terj^y 
and 3 tiipes the qoe^cjept of the fourth terxn : yiz, a^ + ¥ 
'+ c^ + ^c = -f^-^y^g-^Ji. for we shall ^ aaualinr 
volution, have (^ 4 i 4" ^ + &c)? = a? 4- i' 4- c' 4. &c + 
3(ii 4- 4 4- c) X (a* + ffc 4- ic) — 3?Jc. But (a4-Hc4-&cy 

(zftf = — A. ijenqe therefore, —/^ = <Jt^ + *' 4- ^ + -&c -^ 
3/^ -^ 3A } ,^nd CQpsequently, a' 4- i' 4- c^ 4- &c ;= -^^ 4" 
3^ — 3^. And so on, for oth^r povers of the roots. 

THEOREM II. 

In Every Equation, which contains only Real Roots : 

% If all the roots are positive, the terms of* the equ^ui^ 
^m be 4- 2uid — alternately. 

U. If all the roots are negative, all the terms will have jt^e 

UI. }i the roots are partly positive, oartly negative, there 
will be as many positive roots as there are variations of signs, 
and as ma^y negative roots as there zrt permanencies of signs \ 
t^es^ variations and perm^m^encies being observed from oijie 
term to the following through the whole extent of the efg^ 
iion. 

tn- all thefe, /either the equitations are complete in th^ir ' 
terms^ or they are made so. 

The £rst part of this theorem is evident from the es^aoM- 
zi^tipn of equation a 4 and the second frgoi equation b. 

'to demonstrate the third, we revert to the «quatipia c 
(art* 3), which has two positive roots, atid oae negative. Tt 
naay l^iappen that either c > a 4- ^1 or c < a 4r 4. 

]^ tiie first cai^e, the second terpi is positive, ?nd theithlTil 
is negative ; because, having r > ^ 4- ^, we shall baViC g.^ 4r 
be > (a + if -^ ah* And, as the last term i$ positive, ii^r^esee 
ttiat from the first to the secood there is a perpij^eoce of 
signs ; from the second to the third a yariatip^ of^ns^ m^ 
from the third to the fourth another variation of signs> Hws 
there are two variations an4 one permaoe^e of $ign$} ti^t 
i^, as many yaxiatio^ a,s there are positive CQQt^, ^4 a$ milir 
■ pfxouuoeficies as t^ere are heg9Jtive roat$. 

In the second case, the ^ecpj^d term of tjhe equatipp \^ n«r 
ga^YV| s^4 ^ ^^^ >9^y be either positive or aegativ^. If 
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that terai is positIve> there will be from the firat ti> the second 
a vamtioii i>f signs ; from the second to tbt thitd anodier 
variation i from the third to the fourtltapermanence ; making 
in all two variations and one permanence of signs. If the 
third term be negative; there will be one variation of signs 
from the first to the second; .onepcrmaoence frbm the second 
to tbe third ; and one variation from the third to the fourdi: 
tbus naaking again two variations and otie permanence. Tlie 
number of variations of signs therefore> in this case as well as 
in the former^ is the same as that of the positive roots ; and 
tbe nuniber of permanencies! the same as that (^ die negative 
roots. 

Corot. Whence it follows^ that if it be knowQi by zm' 
means whatever, that an equation contains only real roots, it 
i^also known how many of them are positive, andhowmaiqr 
negative. Suppose, ^ for example, it be known that, in the 
equation .rJ + 3.r* - 23jr* - '21 Jt^ + 166x — 120 = 0, all 
the roots are real : it may immediately be concluded that there 
are tJuree positive and /sew negative roots. Iii fact this equa- 
tion lias the three positive roots x ws 1, jir 2' 2, <r s 3 ^ and 
two negative roots, jt = — 4, ^ = — 5. . 

If the equation were incomplete, the absent terms must be 
suppliedj^y adopting cyphers for coefficients, and those terms 
mlist:be marked with the ambiguous s^ ±. Thysi if die 
equation were 

xs - 20x' + 30^ + 19x - SO ss a, 
all die roots being real, and the second tesm waating. It 
most be writtcoi thus : 

^$ -t Ox* ~ 20j^^ + 30;r* + 19x - 30 = 0. 
Then it will be seen that, whether the second term be posi- 
tive or negative, there wiU be 3 varisudons and 2 permanencies 
of signs : and consequently the equation has 3 positive and ,2 
negative roots. The roots in fact are, 1, 2, 3, — 1, —5. 

This rule only obtains with regard to equations whose roofed 
^e real* I^ for example, it were inferred that, be<;ause the 
equntioxi x^ + 2x + 5 ^z had two permanencies of signs, it 
had two negative roots, the conclusion would be erroneo^ : 
for, both the roots of this equation are imaginary. 

THBORSM III. 

Every Equation may be Transformed into Another whose 
Root$ shall be Greater or Less by a Given Quantity. 

In any equation whatever, of which x is unknown, (die 
equations a, B, c, for example) make x sss z +m,% being a 
new unknown quantity, m any given quantity, positive or 

N 2 negative : 
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negative : then substituting, instead of x and its powers^ their 
values resulting from the hypothesis that jr = f +9n; so shall 
there arise an equation, whose roots shall be greater or less 
than the roots of the primitive equation, by the assumed 
quantity???* 

CoroU The principal use of this transformation is, to take 
away any term out of an equation. Thus, to transform an 
equation into one which shall want the second term, let m be 

so assumed that nin — <i =: 0, or w = — , n being the Index 

of the highest power of the unkhown quantity, and a the 
coefficient of the second term of the equation, with its sign 
changed : then, if the roots of the transformed equation can 
be founds the roots of the original equation may also be found> 

because x ss z + -^, . " 

* 

THEOREM ly. 

Every Equation may be Transformed into Another, whose 
Roots shall be Equal to the Roots of the First Multiplied 
or Dmded by a Given Quantity. 

1. Let the equation he z^ -{- ct^ + bz +c = 0: if we put 

yi =s x, or « r= y , the transformed equation will be x^ + 

fiix* +/^bx -h/^c ss 0, of which the roots are the respective 
products of the roots of the primitive equation multiplied into 
the quantity yi 

By means of this transfonnation, an equation with, frac- 
tional quantities, may be changed into another which shall 

be free from them. Suppose thie equation were 2' H H 

-T- + Y = : multiplying the whole by the product of the 
denominators, there would arise ghkz^ -f hkaz* 4- gkbz + 
ghd = 0.: then assuming ghkz zzx^orz:^ -—^ the trans- 
formed equa. would be x^ + hkax^ + g^l^khx-^-g^k^hH^siO^ 
The same transformation may be adopted, to exterminate 
the radical quantities, which affect certain terms of an equa« 
jtion. Thus, let there be given the equation 2' + ^^*\/« + 
hz + c^k: make zVk zzx^ then will the transformed 
equation be x' + akx* + bkx ^ ck^ = d in which there are 
fio radical quantities. 

2. Take, for one more example, the equation 2' + az^ + 

iz + c = 0. Make y = x ; then will the equation be 

transformed to jr* + -Is + ^ + ^ = 0> in which the roots 

> are 
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are equal to the quotients of those of the primitive equations 
divided hjf. 

It is obvious that, by' analogous methodsi an equation may 
be transformed into another, the roots of which shall be to 
those of the proposed' equation, in any required ratio. But 
the subject need not be enlarged on here. The preceding 
succinct view will suffice for the usual purposes, so far as re- 
lates to the nature and chief properties of equations. We shall 
therefore conclude this chapter with a summary of the most 
useful rules for the solution of equations of different degrees^ 
besides those already given in the first volume. , 

I. Rules for the Solution of Quadratics by Tables of Sines 

and Tangmts. 

1. If the eqiiation be of the form x^ ■{- px = g : 

"2 

Make tan a = -r\/9 > then will the two roots be, 

:r =s + tan iA\/q jt = — cot ^ A Vqm 

2. For quadratics of the form jr* — p.^ = y. 

M^ke, as before, tan a = — \/y : then will 

^ SB — tan iA^g ..... :r = + cot iA^f. 

3. For quadratics of the form x^ +^!c = — y. 

Make sin a = —\/g : then will 

a:' = — tan iAVg x = — cot^Av^y. 

4. For quadratics of the form x^ — px z=: ^ g. 

Make sin a = — -i/ff : then will 

07 = + tan iAy/q ..... j:* =^ + cot iA^/g* 

In the last two cases, if —^/g exceed unity, sin Ais imaginary, 

and ccHisequedtly the values of x. ^ 

The logarithmic application of these formulae is very simple. 
Thus, in case 1st. Find a by making 

10 + log 2 -f i log y — log p =. log tan a. 
Then loir :r -i+ log tan iA + i log ^ - 10. 

Note. This method of solving quadratics, is chiefly of use 
when the quantities p and ^ are large integers, or complex 
fractions. 

II. Rides for the Solution of Cubic Eguations by tables of 

Sines, Tangents J and Secants: 

1. For cubics of the form x^ -\- px ± g=»* 0. 
Make tan b =: y . 2-/^? tan a = ^ tan ^b. 

Then r = =F cot 2a . 2 Vfp. 

2. Ftr 
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2* For cubics of the form x' — p^r ± jr = 0. 

Make sin b = ^ . 2-/fp tan a = ^ tan-jB. 

Then x = ^ cosec 2 A . 2 Vfp. 

Here, if the vafajie cf sin b should exceed vaAjf B would 
be imaginary, and the equation would fall in what b cailadl 
the irreducwU case of cubks. in that case we must noke 

cosec 3a =: ^ . 2 V\p : and then the tlu-ee roots would be 

j: = ;jt sin A . 2v^^p. 

X = ± sin (60** - a) • 2 V^j^. 

X ss ± sin (60^ + a) . 2 V^p. 

If the value of sin b were 1, we should have b =: 90% tan 
A = 1 } therefore a = 45**, and j: = T 2 V\p. But this 
would not be the only root. The second solution would give 

cosec 3a sr 1 : therefore a =: -^ ; 'and then 

X = ± sin 30^ . 2s/ ip = ± V^p. 

x = ± sin 30* .. 2»^\p = ±-/|p. 

X = ^F sin 90** . 2s/ ^p = T^Vf/* 
Here it is obvious that the first two roots are equal, that their 
sum is equal to the third with a conUary sign, and that this 
third is the one which is produced from the first solution*. 
In these solutions, the double signs in the iialme of x^ re- 
late to the double signs in the value of 9. 

N. B. Cardan^s Rule for the solution of Cubics is given in 
the first volume of this course. 
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* The tables of sines, tangents, &Cj bestdefr their use in trigonometry, and 

in the solation of the equations, aire alBo; very useful in finding the value of 

algebraic expressions where extraction of roots would be otherwise required. 

Thus, if a and b be any two quantities, of which a is the greater. Find Xy z, 

h h a ^ ji • 

&c, 80, that tan x == ^ — , sin t = ^■-' , secy = ~, tan u «= — » and sm 

a n - o tL 

-h ■ 

t ss — : then will 

a 

log ji/[(fi'' h^) =«log « -f log sin J = log & + log tan y, 

log v'(a*-5»)=*iPog (ii+6) + Iog (a-*)]. 

^09 \/U<*+ i^} s« log « -f logLsec- « » log ♦+ log cdMSfi u, 

loR V(a+0=ilo8 «+ loff 8ric»=» iloga-f-jflpga*!- tofCOfi^. 

log V(«— *)=|lo8 « + log cos s = I' log a + I log 2+ logsin^. 

tn . 

lagi.(a sb *)• =» -^ [log a + loif <»» * -^ !•» tan\45' SSc hfl* 

n ■ 

The first three of these foit[ii^1»>wi1l often be useftili n^n two sides of a 
right-angled triangle are glTeo^ to find the third. 
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in.' Solution of Biquadratic Equations. 

Let tlie proposed biquadratic be jr* -f- 2pa:^ = qx^ -^ri + 5. 
. Now (,i'* + p^ + n)^ = or* 4- 2/^^^ + (p*+2w)jr* + 2/;njr -fw*: 
if therefore (p* + 2n)jr* + 2^!^ + 7i* be' added' to both sides 
of the propose^ bi<j*a^dratic, t'he first will become ^ c6thplet6 
square (jt* + pjr + w)% ^nd thfe latt^6r'part (^ + 27i + y^)jr* 
4- (2/)n + r)jr f 7T* + 5, is a complete square if 4(/7* + 2ip4' 
+ 7) • (w^ + ^) = 2/??i + 7"-; that is-, multiplying and arraiigiii]^' 
the terms according to the dimensions of w, if 8n' + 4jW* + 
(85 — 4rj9)?z + 45^5 + 4/?*^ — r* = 0. From' this equation 
let a value of w be obtained, and- substituted in the equiftibn 
{x^+px + nf =(p* + 2w + ^)i^ + (2jf)n +r)> + ?^ + ^V 
thfen extracting the square root on both* sides 

And from these two quadratics, the four roots of fhe given 
biquadratic ihay be determined*. 

Note. Whenever/ by taking away' the second term of a 
biquadratic, aftier the manner described ih cor. th. 3, the 
fourth term also vanishes, the roots may immediately Be 6b- 
tained by the solution of a quadratic only. 

A biquadratic may also be solved indejlendently of cubics, 
in the following cases.: 

1. When the difKir^nce between the coefficient 6f the 
third term, sind the s()uare of half that of the second t^rm^ i^^ 
equal to the cdefficifent of, tlie fourth teirm,' divided by half 
that of the second; Then if p be the co^fiifcient of the sbcond 
term, the equation will' be reduced to a' quadratic by dividing? 
itby>*±^p^. 

2. Wh^i\the last term is negative, ^nd eqpaltathe square 
of the coefficient of the fourth term divided by 4 times thaj 
(^ the third term, minUs the square of that of the sefcond : 
then to complete the square, siiBtract the terms of tliepfii- 
pOsed biquadl^atic frdm (jt* Jf* |px)% and add the remainder 
to botbits sides. . . 

.3. When the coefficiferit of the fouHh Ifenn divided by! 
that of the second tetm,:^v6s tot a qiiotienT thM'^qoare root^ 
of_the_last termuthen to complete the square^ add the square 
of half the coefficient of the second term, to twice the square 
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**TfejS rule,' ^rVotving'biquidratics, by conceiving ekcli to bfi the dii^rencj?^^ 
of two squares, is'frequently ascribed to Dr. JVaririf;', but it's original inventor 
was Mr. Thomus Simpson, formerly Professor of Mathematics in the Royal 
Military Academy. 

root 
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root of the last term, multiply the sum by a:*, from the pro- 
duct take the third term, and add the remainder to both sides 
of the biquadratics. 

4. The fourth term thrill be made to go out by the usual 
operation for taking away the second term, when the differ- 
ence between the cube of half the coeificient of tlie Second 
term and half the product of the coefficients of the second 
and third term,, is equal to the coefficient of thefourth term. 

IV. Euler^s Rule/or the Solution of Biquadratics. 

Let X*— flor*— ix — 6=0, be the given biquadratic equa- 
tion wanting the second term. Take^ = |^, g =i .^^^ + ^^ 
and A =; ;^A% or v'A = ^b ; with which values of y, gy A, 
form the cubic equation, z^ — /»* 4- g'z — A == 0. Find the 
roots of this cubic equation, and let them be called/?, ^, r. 
Then shall the four roots of the proposed biquadratic be these 
following: viz. ' , 



When -ji is negative : 
^'= Wp —\/q + v^r. 



When -^ is positive. 

1, j: = y/p -f ^q 4- y/r. 

2. X = \^p —^/q —y/r. 
S. or = ~ a/p + ^/q — \/r. 
4. x =:-^p ^^q^l/r^.\ ar=-v^p — ^gr -v^r. 

Note 1. In any biquadratic equation having all its terms, 
if \ of the square of the coefficient of the' 2d term be greater 
than the product of the coefficients of the 1st and 3d terms, 
or 4 of the square of the coefficient of the 4th term be greater 
than the product of the coefficients of the 3d and 5th terms, 
or J of the square of the coefficient of the 3d term greater 
than the product of the coefficients of the 2d and 4th terms; 
then all the roots of that equation will be real and unequal : 
, but if either of the said parts of those squares be less than 
either of those products, the equation will have imaginary 
roots. ' 

2. In a biquadratic x^ -J- ax^ + bx^ -{■ ex + d zz 0, of 
which two roots are impossible, and d an affirmative quantity, 
then the two possible roots will be both negative, or both 
affirmative, according as a^ i~ ^ab + 8c, is an affirmative or 
a negative quantity, \{ the signs of the coefficients fl, i, c, /f, 
are neither all affirmative, nor alternately — and + *. 



• Various ^«era/ rules for the solution of equations have been given by' 
Pemoivre^ Bezout, Lagrange, &c , but the most utiivecsal in their applica- 
tion a«e japproximating rules, of which a very simple an4 useful one isgiTen 
jn, our ^st volame. 

■" -/«* 
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EXAMPLES. 

V 169S 

£r. 1. Find the roots of the equation x* + —.r = jo^rj, 
by tables of sines and tangents. 

7 1 695 

Here p = jj> ^ = To^ig* ^^^ the equation agrees with the 

■ r -Ai *8 ,1695 , ,169^ 

1st form. Also tan A = — -/ j^;^> and x = tan iA =^j^ 

In logarithms thus : 

Log 1695= 3-2291^97 
Arith. com. log 12716 = 5*8956495 

sum 4- 10 = 19-1248192 ' 

half sum = 9-5624096 
log 88= 1*9444827 
Arith. com. log 7 = 9* 1 549020 • 

pum — 10 = logtan A = 10-6617943 = log tan 7 7*42' 31"^; 

/ log tan iA = 9-9061115 = logtan 38° 51' 15"|j 
log Vgy as above = 9*5624096 

sum - 10 = log or =z - 1-468521 1 = log -2941176. 

• 5 

This value of 4:, viz '2941176, is nearly equal to y^. To find 

whether that is the exact root, take the arithmetical compli- 
ment of the last logarithm, viz 0*5314379,* and consider it as 
the logarithm of the denominator of a fraction whose nume^ 

rator is unity : thus is the fraction found to be ^ exactly, 
and this is manifestly eqyal to r> As to the other root of 

, . . -> - 1695 .5 '339 

the equation, it is equal to - :^^^ -=- I? = - 748* 
Ex. 2. Find the roots of the cubic equation 

, 403 . 46 ^ , 1 1 r • 

4r* — — vT + jj;j = 0, by a table of sines. 

* 403 46 . . 

Here P = rrj* ^ = jv^j the second term is negative, and 
4p' > 27^: so that the example falls under the irreducible case. 

XJ • o _ 3x46 441 _1 _ 414 1 ' - 

^Iriencej sm 3a ^ -j^ ^ 5p3 ^ 7 ~4or "" 403 • ^i6ia* 

^3.441 ^ 132a 

The three values of :c therefore, are 

^1613 

x= sinAv^^^. 

. /..^ N J61« 

- ^= sm(60--A)v'j353. 






x,= -sin(6©»+4)vS- 



Tk« 



The logaritHmic computaliion is ^lri!>}oined. 

Log 1612 = 3*2073650 
Arith. com. log 132$ = (5-87 84402 ^ 

sum - 10 = 0-0858052 

' half sum = 0*0429026 const, log. 

Aritli. com. const, log =s 9-<^570974 

log 414 . . . = 2-6170003 

Arith. com. log 403 . = 7*3946950 

log sin 3a . . . 5=r 9-9687927 = log sin 68 32' IfS'i. 

Log sin A 5x 9*5891206 
const, log 0-0429026 

1. sum - 10 = logors:- 1-6320232 =3 log-428571 4 = log f. 

Log sin (60*'— A)' = 9^1006T 
const, log .... = 0*0429026 

2. sunt - 10 SB log oi'zr - 1-8239087 slog •6666666 =log|.. 

Log sin (eO'^+A) = 9-9966060 
const, log .... = 0-0429026 

3. sum - 10 = log - JT =r 0-0395086 = logl -095238 ==logi|4* 
So that the three roots are f, yt and — |4> of which the 
first two are together equal to the third with its sign changed^ 
as they ought to be. 

Ejc, 3. Find the toots of the biquadratic x* — 25x* + 
ma: ^ 36 = 0, by Euler's rule. 
Here a zz 25/b =: — 60, arid c = 36 j thenefore 

^ 25 625 ■ ^ 769 , , 225 

/= T^ g = T? + 9 = 76^ ^"^ * = — • 
Consequently the cubic equation will be ' 

3 25 ... 759 ' 225 ,. 

2* — — z + — a — — = 0, 

2 ~ 16 4 

The three roots of wHich are 

8fts5 y a:p,and« =? 4 = y, and2^= — = r; 

the square roots of thefeearie ^p=^h -v/^ =^ 2^<H^4W^^ii 
Hence, as the value of 4A is ne^ive, md^fQw roots are 

isr. X z=f f-f |.- 4.=^ 1, 
2d. ^:= 4- 4 + r= 2, 

4th. jr =~| - -l-r- 4, =r-6. 
Ex. 4. Produce a quadratic equation whose roots shall be 
I and .4. A>n^.' x^ — |^ + 4 == 0. 

Ex. 5. Produce a ddbic equation whose roots shall be 2, 
5, and - 3. ^ Ans. x^^-' ix" - \\x + 30 = 0. 

B,x, 6» 
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Ex, 6. Produce a biquadratic ^hich shall have for the 
roots 1,4, —5, and 6 respectively. 

Ans. x^ — Qx^ — 21:r* + 1464? - 120 = 0. 

^^. 7. Find jt, when a-* + 347jr = 22110. 

Ani. X =x 55, jr =r — 402. 

Ex. 8. Find the roots of the quadratic x*" — t^o:' = — , 

Ans. jr = 10, jr = — — . 
Ex. 9. Solve the equation jr* — -^j^*^ = oT"- 

£x. 10. Given or* - 24113^ = — 481860, to find x. 

Ans. a: = 20, T = 24093. 

iE^. 1 1 . Find the roots of the equation x' — 3jr — 1=0.' 
Ans. the roots are sin 70% — sin 50°, and *— sin 10**, to a 

radius =x 2 ; or the roots are twice the sines of those arcs as 

given in the tables. 

Ex. 12. Find the real root of jr' — or — 6 = 0. 

Ans. f -v/ 3 X sec 54* 44' 20''. 

Ex. \ 3. Find the real root of 25jr» + ISx - 46 =s 0. 

' Ans. 2 cot 74** 2T 4S". 

Ex. 14. Given jr* - Sa:^ - 12^ + 84a: — 6 3 = 0, to 

find JT by quadratics. Ans. .r = 2 + -v/7 ± v^i 1 + ^/7. 

Ex. 15. Given j?* + 36x3 - 400 j;*- 3168ar+ 7744=sO, 
to find Xj by quadratics. ^ Ans. ;r =r 11 4- v^209; 

Ex. 16. Given x^ + 24^:3 - 1 I4x* - 24(0: + 1 =a 0, to 
find x< Ans. i* = ± V 1^'' - 14, a: = 2 ± v^5. 

jEx. 17. Find Xj when a:* - 12a: — 5 = 0. 

Ans. a: = 1 ± -v/2, a: = — 1 i 2^ - 1. 

-So:. 18. Findx, when or*— 12a:3 +47j:*-72a:+ 3€=:0. 

Ans. or 3s I, or ^, or 3, or 6. 

Ex. 1 9. Given x^ - bax^ - 80a*;f^ - 68«»a:* -f- 7a'»a: + a* =0, 
to find X. 

Ans. a: = — a, a: =s 6a ± a\/37, a: = ± ^^^10 — 3a. 
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CHAPTER IX. 

9S THE NATURE i(ND PBOPCRTIES OF CURVES, AND THC 

CONSTI\UCTION OF EaUATIONS. 



SECTION I. 

Nature and Properties of Curves, 

« 

Dbf. 1. A curve is a line whose several parts proceed i^ 
different directions, and are successively posited towards 4if- 
^ent points in space, which also may b^ cut by one right 
Hne in two or more points. 

If all the points in the curve may be included in one plane, 
the curve is called a plane curve ; but if they cannot all be 
comprized in one plane, then is the curve one of double eur^ 
vatiire. 

Since the word directicm implies straight lines, and in strict- 
ness no part of a .curve is a right line, some geometers prefer 
defining curves otherwise : thus, in a straight line^ to be called 
the line of the abscissas, from a certain point let a lin^ arbi- 
trarily taken be called the abscissa, and denoted (commonly) 
by jr : at the several points corresponding to the different 
Talaes of x, let straight lines be continually drawn, making a 
certain angle with the line of the abscissas; these straight lines 
being regulated in length according to a certain law or equa-r 
tipn, are called ordinates ; and the line or figure in which 
their extremities are continually found is, in general, a curve 
line. This definition however is not free from objection i 
for a right line may be denoted by an equation between its 
abscissas atid ordinates, such as y == a.r + ^« 

Curves are distinguished into algebraical or geometric^, 
and transcendental or mechanical. \ 

IXef. 2. . Algebraical or geometrical curves, are those in 
which the relatiot^ of the abscissas to the ordinates can be 
denoted by a common algebraical expi;ession : such, for ex- 
ample, as the equations to.the conic sections, given in the first 
chapter of this volume. 

Def. 3. Transcendental or mechanical curves*, are such as 
cannot be so defined or expressed by a pure algebraical equa-^ 
Mon ; or when they are expressed by an equation, having one 

of 
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of its terms a variable quantity, or a curve line. Thusi y =s 
log JT, j^ = A . sin 07, J/ = A . cos or, J/ = a*, are equations to 
transcendental curves ; and the latter in particular is an equa* 
tion to an exponenttal-curve., 

Def. 4. Curves that turn round a fixed point or centra 
ipraduafly. receding from it, are called spiral or ra^/iiz/ curves. 

Def, 5. Family or tribe of curves, is an assemblage of, 
several curves of difieren^t kinds, all defined by the same 
equation of an indeterminate degree ; but differently, accords 
ing to the diversity of their kind. For example, suppose an 
equation of an indeterminate degree, a'^'^^x ■=zy^\ if m=52^ 
then will ax = j/*; if ?n = 3, then will a^x =3/'; if ?» = 4p 
then is (^x = y^ ; &c : all which curves are said to be of the' 
saihe family or tribe. 

Def. 6. The axis of a figure is a right line passing through 
the centre of a curve, when it has one : if it bisects the ordi- 
nates, it is called a diameter. 

Def. 1. An asyrrvptote is a right line which continually 
approaches towards a curve, but never can touch it, unless the 
curve could be extended to an infinite distance. 

Def 8. An abscissa and an ordinate, whether right or 
oblique, are, when spoken of together, frequently termed ro- 
' or'dinates. ' r 

Art. 1 . The most convenient mode of classing algebraical 
curves, is according to the orders or dimensions of the equa- 
tions which express the relation between the co-ordinates. 
For then the equation for the same curve, remaining always 
of the same order so long as each of the assumed systems of 
co-ordinates is supposed to retain constantly the same incli- 
nation of ordinate to abscissa, while referred to different points 
of the curve, however the axis and the origin of the abscissas, 
or even the inclination of the co-ordinates in different systems^ 
may vary ; the same curve will never be ranked under dif- 
ferent orders, . according to this method. If therefore we 
take, for a distinctive character, the number of dimensions 
•which the co-ordinates, whether rectangular or oblique, form 
in the equation, we shall not disturb the order of the classes, 
by changing the axis and the origin of the abscissas, or by 
varying the inclination of the co-ordinates. 

2. As algebraists call orders of different kinds of equations, 
those which constitute the greater or less number of dimen* 
sions, they distinguish by the same name the different kind^ 
of resulting lines. Consequently the general equation of the 
first order 'being = « + /Sjt -f yy ; we may refer to the 

first 
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order all the lines whichy by talking x andy £or the co« 
ordinateS} whether rectangular or oblique, give rise to this 
equation. But this equation comprises the right line alone, 
which is the most simple of all lines ; and sincei for this rea- 
son, the name of curve does not properly apply to the first 
order, we do not usually distinguish the dinerent orders by 
the name of curve lines, but simply by the generic term ot 
lines : hence the first order of lines does not comprehend any 
curves, but solely the right line. 

As for the rest, it is indifferent whether the co-ordtnanes 
are perpendicular or not ; for if the ordinates make with the 
axis an angle f whose sine is [i^ and cosine y, we can refer the 
equation to that of the rectangular co-ordinates, by making 

j^ = — , and X == — + /; which will give for an equation 

between the perpendiculars / and u, 

zza + fit +(^ + ^-)u. 

Thus it follows evidently, that the signification of the 
equation is not limited by supposing the ordinates to be rightly 
applied : and it will be the same with equations of superior 
orders, which will not be less general though the co-ordinates 
are perpendicular. Hence, since the determination of the in- 
clination of the ordinates a[q[>lied to the asds, l;akes oc^hiog 
from the generality of a general equation of any order wltot- 
ever, we put no restriction on its signification by supposing 
the co-ordmates rectangular; and the equation will be of the 
same order whether the co-ordinates be rectangular or Qb- 
lique. 

3. All the lines of the second order will .be comprised in 
the general equation 

Q:=ia + fix + yy + ^jc^ + sjpiZ+Ky'i 
that Is to say, we may class among lines of the second orde^ 
all the curve lines which this equation expresses, x and^ de- 
noting the rectangular co-ordinates. These curve Hues are 
therefore the most simple of all, since there are no qurves in 
the first order of lines ; it is for this reason that some writers 
call them curves of the first order. But the curves included 
in this equation are better known under the name of conic 
SBCTIONS, because they all result from sections of the cone» 
The different kinds of these lines are the ellipse, the circle, 
or ellipse with equal axes, the parabola, and the hyperbola ; 
the properties of all which may be deduced with facility fropx 
the preceding general equation. Or this equation may be 
tr^msfbnned into the subjoined one : 



and 




. an4 tliis again may be reduced to the still mo^e simple %^ 

Here, when the £rst term/r^ is affirmative, the curve ex- 
jures^ed by the equatic^ is a hy|;>erb(da ; wheny^:^ is negative 
the curve is an ellipse} whe|i that term is absmt^ the curve 
is ft parabola. When x is taken upon a diameter, the equa- 
tions reduce to those already given in sect« 4 ch. i. 

Tjixemode erf* effecting these transfonaatioo^ is omitted for 
the sake of brevity. This section contains a sumvwy, not ap 
investigatiofi of properties : the latter would reqmre many 
volumes, instead of a section. 

4. Under lines of the third order, or curves of the second, 
are classed all those which may be expressed by the equation 

And in like manner we regard as lines of the fourth order, 
those curves which are furnished by the general equation 

= a + j8^ + yj/ + ^jr* + ejrj/ + ^ + ij.r' + dj;^ + ixy* + 

taking always x and y for rectangular co-ordinates. In the 
most general equation of the third order, there are 10 con* 
stant quantities, and in that of the fourth order 15, which 
may be determined at pleasure \ whence it results that the 
kinds of lines of the third order, and, much more, those of 
the fourth order, are considerably more numerous than Aoi;e 
of the second. , 

5. It will now be easy to conceive, from what has gone be-» 

fore^ what are the curve lines that appertain to the ^h, sixth, 

seventh, pr ^ny higher order \ but as it is necessary to add to 

the general equation of the fourth order, the terms 

^5, x^, ^-y, ^y3, ^y , j/S 

with their respective constant coefficients^ to have the general 
equation comprising all the lines of the fifth order, this latter 
will be composed of 21 terms : and the general equation com- 
prehending all the lines of the sixth order, will have 28 terms; 
^nd so pviy conformably to the law^of the triangular npmbers. 
Thu$; the mo?t generar equation for lines of the order n, wBtt 

fcpfitaui ^ , ' ■ term$, and as many con^ant letters, 

which may be determined at pleasure. 

^. Sij^e the order of the proposed equation between the 
co-ordinates, makes known that of the curve line ; whenever 
fpe |^# given ^in algebraip eqi^ation between the co-ordinates 
3f 1^ j^, x)r t at^d u, v^ Igiow at oQce tp what order it is ne- 
f$ssjiry to refer the ^mre represented by that equation. If 
1^ equj^ion W irr^tion^l, it must be freed fron^radics^s, apil 

if 
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if there be fractions^ they must be made to disappear; this 
done, the greatest number of dimensions formed by the va- 
riable quantities x andj^j will indicate the order to which the 
line belongs. Thus, the curve which is denoted by this equ^ 
tion t/* — ax «= 0, will be of the second order 6f lines, or of 
the first order of curves; while the curve represented by the 
equation j/* = jr-v/(tf* — x^\ will be of the third order (that 
is, the fourth order of lines), because the equation is of the 
fourth order when freed from radicals; and the line which is 

mdicated by the equation y = ^, , , will be of the third 

order, or of the second order of curves, because the equation 
when the fraction is made to disappear, becomes cf^y + x^y = 
a? — ax^y where the term x^ contains three dimensions, 

7. It is possible that one and the same equation may give 
different curves, according as the applicates or ordinates fall 
upon the axis perpendicularly or under a given obliquity. 
For instance, thb equation, j/* = oar— ^'^, gives a circle, when 
the co-ordinates are supposed perpendicular ; but when the 
co-ordinates are oblique, the curve represented by the same 
equation will be an ellipse. Yet all these different curves ap- 
pertain to the same order, because the transformation of rect- 
angular into oblique co-ordinates, and the contrary, does not 
affect the order of the curve, or of its equation. Hence, 
though the magnitude of the angles whjch the ordinates form 
with the axis, neither augments nor diminishes the generality 
of the equation, which expresses the lines of each order; yet, 
a particular equation being given, the curve which it expresses 
can only be determined when the angle between the co-ordi- 
nates is determined also. 

8. That a curve line may relate properly to the order in- 
dicated by the equation, it is requisite that this equation be 
not decomposable into rational factors ; for if it could be com> 
posed of two or of more such factors, it would then compre- 
hend as many equations, each of which would generate a 
particular line, and the re-ui^ion of these lines would be aU 
that the equation proposed could represent. Those equatipns, 
then, which may be decomposed into such factors,' do not 
comprise one continued curve, but several at once,' each of 
which may be expressed by a particular equation ; and such 
combinations of separate curves are denoted by the term com- 
plex curves. 

Thus, the equation 3^* -nay ■\' xy -- ax^ which seems to 
appertain to a line of the second order, if it be reduced to 
zero by making J/* ^ ay — xy ^ ax ^1:^ 0^ will be composed 
of the factors (^— ^) (y — «) = 0; it therefore comprises 

the 
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the two equations 3/ — :r = 0, and y — fl 2: 0, both of which 
hjelong to the right line : 4he first Jorms with the axis at the 
origin of the abscissas an angle equal to half a right angle ; 
and the second is parallel to.the axis, and drawn at a distance 
= a. These two lines, considered together, are comprized 
in the proposed equation ^^ = fly + 03/ — ax. In like man- 
ner we may regard as complex this equation, j^ — xy^ — 
flV — ,fly' + ax^y + d^xy = ; for its factors being (3^— a:) 
(y— a) (jff^^ax) = 0, instead of denoting one continued line 
of the fourth order, it comprizes three distinct lines, viz, two 
right lines, and one curve denoted by the equa. y^ — ax^ 0. 

9. We may therefore format pleasure anycomplex lineswhat^ 
ever, which shall contain 2 or more right lines or curves. For, 
if the nature of each line is expressed by an equation referred 
to the same axis, and to the-same origin 
of the abscissas, and after having reduced 
each equation to zero, we multiply them 
one by another, there will result a com- 
plex equation which at once comprizes 
all the lines assumed. For example, if 
from the centre c, with a radius c a =fl, 
a circle be described ; and further, if a 
right line ln be drawn through the centre c ; then we may, 
for any assumed axis, find an equation which will at once in^ 
elude the circle and the right line, as though these two lines 
formed only one. 

Suppose there be, taken for an axis the diameter ab, that 
forms with the right line ln an angle equal to half a right 
angle : having placed the origin of the abscissas in a, make 
the abscissa ap =: x, and the applicate or ordinate pm = j^ ; 
we shall have for the right line, pm = cp = fl — x; and since 
the point M of the right line falls on the side of those ordi- 
nates which are reckoned negative, we have.y = -^ fl + *>^i 
or^ — ;r + ^ = : but, for the circle, we have pm*= ap.pb, 
and BP = 2fl — or, which gives y* = ^x — x*, or j/* + a:* — 
2ax = 0. Multiplying these two equations together we ob- 
tain the complex equation of the third order, 
y -- jf-x + yx^ - or' + flj/* — 2axy^ + Zax"^ - 2flV = 0, 
which represents, at once, the circle and the right line. Hence, 
we shall find that to the abscissa ap ^ or, corresponds three 
ordinates, namely, two for the circle, and one for the right 
line. Let, for example, x = \a^ the equation will become 





the three following values of ^ : 
Vol. III. O I. y » 
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I. y = - itf . 
n. y = + T«\/5. 

III. y = — id-v/S, 
We sec, therefore, that the whole is represented by one 
equation^ as if the circle together with the right line formed 
only one continued curve, 

10, Thb difference between simple and complex curves 
being once established, it is manifest that the Unes of tht 
second order are either continued curves, or complex lines 
formed of two ri^lit lines ; for if the general equation hav«^ 
rational factors, they must be of the &%{ order, and conse- 
quently will denote right lines. Lipes of the third order will 
bie either simple, or complex, formed either of a right line 
and a line of the second order, ov of three right lines. In 
like manner, lines of the fourth order will be continued and 
simple, or complex, comprizing a right line and a line of the 
third order, or two lines of the second order, or lastly, four . 
right lines. Complex lines of the fifth and superior orders 
will be susceptible of an analogous combination, and of a 
similar enumeration. Hence it follows, that any order what* 
ever of lines may comprize, at once, all the lines of inferior 
order, that is to say, that they may contain a complex line oF 
any inferior orders with one or more right lines, or with lines 
of the second, thirds &c, order \ so that if we sum the num- 
bers of each order, appertaining to the simple lines, there will 
result the number indicating the order of the complex line. 

Def, 9. That is called an hyperbolic leg, or branch of a 
curve, which approaches constantly to some asymptote \ and 
^hat a parabohc one which has no asymptote. 

Art. 1 !• All the legs of curves of the second and higher, 
kind?, as well as of the first, infinitely drawn put, will be of 
either the hyperbolic or the parabolic kind : and these legs 
are best known from the tangents. For if the point of con- 
tact be at an infinite distance, the tangent of a hyperbolic leg 
will coincide, with the asymptote, and the tangent of a para- 
bolic leg will recede in infimtum, will vanish and be no where 
found. Therefore the asymptote of any leg is found by seek- 
ing the tangent tb that leg at a point infinitely distant': and 
the course, or w«y of an infinite leg, is found by seeking the 
position of any right line which is parallel to the tangent 
where the point ofcontact«^oes off m mjinitumz for this right 
line is directed the same vt%y with the infinite leg« . 

Sir Isaac NewtorCs Reduction (^ all Lines of iht Tkif^d 
Order f to four Cases of Equations ; with the iimmeratibti 

fftfifise lines, 

CASE I. 
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CASB I^ 



13. All the lines of the fbrst^ thifd^ fifth, and seventh orders 
4or of any odd order, have at least two legs 6r sides proceed- 
ing on minfinitumydiid towards contrary parts. And all lines 
of the third order have two such legs or branches running out 
contrary ways, and towards which no other of their infinite 
le^t (except in the Cartesian parabola) tend. If the legs are 
mths hyperbolic kind^ let CAS be their asymptote ; and to it 




ktthe pai^tel cbc be dra^i^r^, terminated (if possibte) at both 
ends at the curve. Let this paralld be bised^ed in x, and 
then will die locus of that point X be the conical or common 
hyperbola xq, one of whose asymptotes is as. Let its other 
asymptote be a&. Then the equation by which the relation 
between the ordinate bc =: v, and the abscissa ab 2= x, is 
determined, will always be of this form : viaj, 



xy'^ + €y == ax^ -^ bx* -{- ex '\- d 



(I-) 



Hfere the cocflkients t, tf, i, c, d, denote gl^en quantititfa^ 
afiected with their signs + and — , of which tc^rms afty one 
may be wanting, provided the figure through their defect does 
^ot become transformed into a conic section. The conical 
llyperbola xa may coincide with its asymptotes, that is, the 
T^int x may come to be in the line AB % and then the term 
'+ *J^ ^H be wanting. 



«uli. - i AK'i 



CA«S.|I, 



13. But if the right line cbc cannot be terminated both 

^iaijt ar^fibticurvey but will coroeto it only in one point; then 

idi^w any line in a gjven position which shall cut the a^mp- 

tete AS in A ; as also anv other right line, as bc, parallel to 

' 02 * the 
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the asymptote^ and meeting thJe curve in the point c ; then 
the equation, by which the relation between the ordinate 6C 
and the abscissa ab is determinedf will always assume this 
form : viz. xy = ax^ + bx^ + ex + rf • . . . (II.) 

CASE III. 

14. If the opposite legs be of the parabolic kind, draw the 
right Une Cfic, terminated at both ends (if possible) at the 
curve, and running according to the course of the legs; which 
line bisect hi B : then shall the locus of b be a right line* Let 
that right line be ab, terminated at any given point, as A : 
then the equation, by^ which the relation between the ordi- 
nate Bc and the abscissa ab is determined, will always be of 
this form : j/* = flx' + *^ + ^*r + d . ... (III.) 

CASE IV* 

15. If the right line cbc meet the curve only in one point, 
' and therefore cannot be terminated at the curve at both ends ; 

let tne point where it comes to the curve be c, and let that 
right line at the point B, fall on any other right line given in 
position, as ab, and terminated at any given point, as a. 
Then will the equation expressing the relation between bc 
and AB, assume this form : 

y ^ax^ + bx*" •\' ex + d . . . . (IV.) 

16. In the first case, or that of equation i, if the term ax^ 
be affirmative, the figure will be a triple hyperbola with six 
hyperbolic legs^ which will run on infinitely by the three 
asymptotes, of which none are parallel, two legs towards each 
asymptote, and towards contrary parts; and these asymptotes, 
if the term bx^ be not wanting in the equation, will mutually 
intersect each .other in 3 points, forming ^hereby the triangle 
D^*. But if the term bj^^ be wanting, they will all convefgfe 
to the same point. This kind of hyperbola is called reduncU 
anty because it exceeds the conic hyperbola in the number of 
its hyperbolic legs. . 

' In every redundant hyperbola, if neither the term ej/ b^ 
wanting, rior A* — A^ac = ae^Oy the curve will have no dia- 
meter ; but if either of those occur separately, it will have 
only ^^ diameter ; and ihrec^ if they both happen. Such 
diameter will always pass through the intersection of two of 
-the asymptotes^ and bisect all right lines which are terminated 
each way by those asymptotes, and which are parallel to the 
third asymptote. 

17. If the redundant hyperbola have no diameter, let the 
four roots or values of x in the equation ax* + bx^ + cx^-kr 
dx 4->ie- =: 0, be sought; and suppose them to be AP, Air, 

. Air, 
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A% znd Xjf> (see the preceding figure). Let the ordxnates pt, 
«^, vl, pts be erected; they shall touch the curve in the points 
'^y ^3 h U and by that contact shall give the limits of the curve, 
by which its species will be discovered. 

Thus, if all the roots ap, Atar, att, ajdj, be real, and have the 
same sign, and are unequal, the curve will consist of three, 
hyperbolas and an oval : viz, an inscribed fn/perbola as ec ; 
a circumscribed hyperbola^ as t^c j an ambigeneal h/perbola^ 
(i. e. lyinp within one asymptote and beyopd another) as pt j 
and an oval r7. This is reckoned the Jint species. Other 
relations of the roots of the equation, give 8 more difierent 
species of redundant hyperbolas without diameters; 12 each 
with but one diameter ; 2 each with three diameters ; and 9 
each with three asymptotes converging to a common point. 
Some of these have ovals, some points of decussation,' and in 
some the ovals degenerate into nodes or knots. 

18. -When the term ax^ in equa. i, is negative, the figure 
expressed by that equation, will be a deficie'nt or defective 
hyperbola ; that is, it will have fewer legs than the complete 
conic hyperbola. Such is the marginal 
figure, representing Newton's 33d spe- 
cies; which is constituted of an a;7^ui- 
72ea/ or serpentine hyperbola, (both legs 
approaching a common asvmptote by 
means of a contrary flexure,) and a con- 
jugate oval. There are 6 species of de- 
fective hyperbolas, each having but one 
asymptote,' and only two hyperbolic legs, 
runnmg out contrary ways, ad injini- 
turn; the asymptote being the first and principal ordinate. 
When the term ey is not absent, the figure will have no 
diameter ; when it is absent, the figure will have onediame-* 
ter. Of this latter cUiss there are 7 different species, one of 
which, namely Newton's 40th species, is exhibited in the 
margin. - ^ 

19. If, in equation i, the term ax^ be 
wanting, but ix* not, the figure ex- 
pressed by the equation remaining, will 
be a parabolic hyperbola, having two 
hyperbolic legs to one asymptote, and 
two parabolic legs converging one and 
the same way. When the term ey is 
ijot wanting, the figure will have no 
diameter; if that term be wanting, the 
figure will have one diameter. There are 7 species apper- 
taining to the former case; and 4 to the latter. 

20. WWn 




7©r 
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20. Wheoi in eqat. i, the terms oz^, ba^^ toe winting^ or 
when that equation becomes ry* + ^ == ^^-^ + ^i it expresaest 
a figure. consisting of three hyperbolas opposite to one an« 
other, one lying between the parallel asymptotes^ and the 
other two without : each of these curves haying thiee asymp* 
totes^ one of which is the first and 
principal ordinate, the other two pa< 
rallel to the abscissa, and equally 
distant from it ; as in the annexed 
figure of Newton^s GOth species. 7"^ . 

Otherwise the said equation ex- 

presses two opposite circumscribed ""^ 
hypierbolas, and an anguineal hyper- 
bola between the asymptotes. Under 
this class there are 4 species, called 
by Newton Hyperboltsma of an hyperbola. By hyperbolismse 
of a figure he means to signify when the ordinate comes out, 
by dividing the rectangle under the ordinate of a given conic 
section and a given right line, by the common abscissa. 

21. When the term cx^ is negative, the figure expressed 
by the equation xt/^ + ^ = — cx^ + c{, is either a serpentine 
hyperbola, having only one asymptote, being the principal 
ordinate ; or else it is a conchoidal figure. Under this class 
there are 3 species, called Hyperbolismat of an elUpse, 

22. When the term cx^ is absent, the ^qua. xjf + ey =b rf, 
expresses two hyperbolas, tying^ not in the opposite angles of 
the asymptotes (as in the conic hyperbola), but in the adja- 
cent angles. Here there are only 2 species, one consisting of 
an inscribed and an ambigeneal hyperbola, the other of two 
inscribed hyperbolas. These two species are called the Hy^ 
perboUsnue of a parabola. 

23. In the second case of equations, or that of equation ii, 
there is but one figure ; which has four infinite legs. Of 
these, two are hyperbolic' about one asymptote, tending to- 
wards contrary parts, and two converging parabolic legs, 
making with the former nearly the figure of a trident^ the 
familiar name given to this species. This is the Cartesian 
iparabola» by which equations of 6 dimensions are sometimes 
constructed: it is the 66th species of Newton's enumeration. 

'24. The third case of equations, or 
equa. iii, expresses a figure havingt two 
parabolic legs running out contrary ways: 
of these there are 5 difilerent species, 
called diverging or btlUform parabolas ; 
of which 2 have ovals, 1 is nodate, 1 
jpunctate, and 1 cuspidate. The figure shows Newton's 67th 
^ . . . species \ 
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$p^i^ ; m wjuch the oval myst always be so small that no 
right line which cuts it twice can cut the parabolic curve cf 
more than once. 

24. In the case to which equa. ly 
r^fersi there b but one species.^ It ex- 
presses the cuhical parabola with con« 
trary legs» This curve naay easily be 
describe mechanically by means of a 
square and an eqijilateral hyperbola. Its 
most simple property is, that rm (paral- 
lel to aq) always varies as aN' — qr'. 

26. Thus according to Newton there are 72 species of lines 
cf the third order. Sut Mr. Stirling discovered four more 
species of redundant hyperbolas \ and Mr» Stone two more 
species of deficient hyperbolas, expressed by the equation 
,4jy* = &r* + CJT + d: i.- e. in the case when bx^+cx-i-d^O, 
tas two unequal negative roots, and in that where th^ equa- 
tion has two equal negative roots. So that there are at feast 
78 different species oflines of the third order. Indeed £uler> 
whp classes all the varieties oflines of the third order under 
16 general species, affirms that they comprehend more than 
80 varieties; of which the preceding enumeration necessarily 
comprizes nearly the whole. 

27. Lines of the fourth order are divided by Euler into 
14-6 classes J and these comprize more than 5000 varieties : 
they all flow from the different relations of the quantities in 
the 10 general equations subjoined. 

4. .a^«+^ +gy* +hxy -^ly 

5. y^ ^fia^ -^gxhf +ky 

*. y» +fi!3^ +g^ +^9 J 

7. f4 -i-eaHy *¥fiafi ti-gxy^ + hf-i-ixy +ky'^ 

IQ-Iaj'y +fy» +fy^ -i-gry +iy ... .J 

98. Lines of the fifth and higher orders, of necessity be^ 
GOiM sitll naore-munerous ; and present too many varieties to 
admit of any classification, at least in moderate compass. 
Instead, therefore, of dwelling upon these j we shall give a 
concise sketch of thejmiOBt curious and importsmt properties 
of curve lines in gexieral, as they have be«i deduced from a 
contemidation of the nature and matual relation of the roots 
of th« equations representing those curves. Thus a curve 
being called of n dtmensiims, or a line of the tnh order when 
its representative equation rises to n dimensions j then since 

for 
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for every different value of x there are n values of y, it will 
^ commonly happen that the ordinate will cut the curve in n or 
in n — 2, n — 4> &c» points^ according as. the equation has 
M, of n — 2, w ^ 4, &c, possible roots. It is not however to 
be inferred, that a right line will cut a curve of n dimensions, 
in w, n — ^2, n — 4, &c, points, only; for if this were the 
case, a line of the 2d order, a conic section for instance, could 
only be cut by a right line in two points ; — but this is mani- 
festly incorrect, for though a conic parabola will be cut in two 
points by a right line oblique to the axis, yet a right line pa- 
rallel to the axis can only cut the curve in one point. 

29. It is true in general, that lines of the w order cannot 
be cut by a right line in more than w points ; but it does not 
hence follow, that any right line whatever will cut in n points 
every line of that order 5 it may happen that the number of 
intersections is « — 1, n — 2, w — 3, &c, tXyn — n. The 
number of intersections that any right line whatever makes 
with a given curve line, cannot therefore determine the order 
to which a curve line appertains. For, as Euler remarks, if 
the number of intersections be = n, it does not follow that 
the curve belongs to the n order, but it may be referred to 
,some superior order j indeed it may happen that the curve is 
not algebraic, but transcendental. This case excepted, how- 
ever, Euler contends that we may always affirm positively 
that a curve line which is cut by a right line in n points, can- 
not belong to an order of lines inferior to n. Thus, when a 
right line cuts a curve in 4 points, it is certain that the curve 
does no# belong to either the second or third order of lines; 
but whether it be referred to the fourth, or a superior order, 
or whether it be transcendental, is not to be (decided by 
analysis. 

SO. Qr. Waring has carried this enquiry a step further than 
Euler, and has demonstrated that there are curves of any num- 
ber of odd orders, that cut a right line in 2, 4, 6, &c, points 
only ; and of any number of even orders that cut aright line 
in 3, 5, .7, &c, points only ; whence this author likewise in- 
fers, that the order of the curve cannot be announced from 
the number of points in which it cuts a right line. See his 
' Proprietates Algebraicarum Curvarum. 

31. Every geometrical curve being oontimied, eitber 're- 
turns into itself, or goes on to an infinite dista&ce. And if 
any plane curve has two .infinite branches or legs, thdy jotti 
one another either at a finite, or at an infi|iite dtstaiKe. 

32. In any curve, if tangents be drawn to all points of the 
curve ; and if they always cut the abscissa at a finite distance 
from it$ origin; that curve has an asymptote, otherwise not. 

33, A 
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SS. A line of any order may have as many asymptotes as it 
has dimensions, and no more. 

34. An asymptote may intersect the curve in so many 
points abating two, as the equation of the curve has dimen- 
sions. Thus, in a conic section, which is the second order 
of lines, the asymptote does not cut the curve at all ; in the 
third order it can only cut it in one point ; in the fourth 
order, in two points; and so on. 

35. If a curve have as many asymptotes, as it has dimensions, 
and a right line be drawn to cut them all, the parts of that 
measured from the asymptotes to the curve, will together b,e 
equal to the parts measured in the same direction, from the 
curve to the asymptotes. 

36. If a curve of n dimensions have n asymptotes, then the 
content of the n abscissas will be to the content of the n or- 
dinates, in the same ratio in the cunje and asymptotes ; the 
ium of their n subnormals, to ordinates perpendicular to their 
abscissas, will be equal to the curve and the asymptotes^ and 
they will have the same central and diametral curves. 

37. If two curves of n and m dimensions have a common 
asymptote; or the terrps of the equations to the curves of the 
greatest dimensions have a common divisor ; then the curves 
cannot intersect each other in n x m points, possible or im-. 
possible. If the two curves have a common general centre, 
and intersect each other in n x ni points, then the sum oJF 
the affirmative abscissas, &c, to those points, will be equal to 
the sum of the negative ; and the sum of the n subnormals 
to a curve which has a general centre, will be proportional 
to the distance from that centre. ^ 

38. Lines of the third, fifth, seventh, &c order, or any 
odd number, have, as before remarked, at least two infinite 
legs or branches, running contrary ways; while in lines of the 
second, fourth, sixth, or any even number of dimensions, the 
figure may return into itself, and be contained within certaii/ 
limits. 

89. If the right lines ap, pm^ forming a given angle apm, 
cut a'geometrical line of any order in as many points as it 
has' dimensions, the product of the segments of the first ter- 
minated by p and the curve, will always be to the product of 
the segments of die htter, terminated by the same point and 
the corve, in an invariable ratio. 

40k With respect to double, triple, quadruple, and other 
multiple^pohvts, or the points of intersection of 2, 3, 4,, or 
more biranohes df a curve, their nature and number may be 
estimated by means of the following principles. K A curve of 
the 9rorder is determinate when it is subjected to pass through 

the 
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theimmber' ^"^ o "" * points. 2. A curve of the n 

order canhot intersect a curve of the m order in more than 
vtn points. 

Hence it follows that a curve of the second order, for ex- 
ample^ can always pass through 5 given points (not in the 
same right line), and cannot meet a curve of the m order in 
more than mn points j and it is impossible that a curve of the 
wi order should have 5 points whose degrees of multiplicity 
make together more than 2ni points. Thus, a line of the 
fourth order cannot have four double points ; because the line 
of the second order which would pass through these four 
double points, and through a fifth simple point of the curve 
of the fourth dimension, would meet 9 times ; which is im- 
possible, since there can only be an intersection 2 x 4 or 8^ 
times. 

For the same reason, a curve line of the fifth cannot,' with 
one triple point, have more than three double points : sind in 
a similar manner we may reason for curves of higher orders.. 

Again, from the known proposition, that we can always 
make a line of the third order pass through nine points, and 
that a curve of that order cannot meet a curve of the m order 
in more than 3vi points, we may conclude that a curve of the 
VI order cannot have nine points, the degrees of multiplicity 
of which make together a number greater than 3m. Thus, 
a line of the fifth order cannot have more than 6 doiible 
points 5 a line of the 6th order, which cannot have more than 
one quadruple point, cannot have with that quadruple point 
more than 6 double points ; nor with two triple points more* 
than 5 double points ; nor even with one triple point more 
than 7 double points. Analogous conclusions obtain with 
respect to a line of the fourth order, which we may cause to 
" pnss through 14 points, and which can only meet a curve of 
the m order in ^m points, and so on. 

41. The properties of curves of a superior order, agnee, 
under certain modifications, with those of all inferior orders. 
For though some line or lines become evanesceati and othcirs 
become infinite, some coincide, others become equal ; 40Qie 
points coincide, and othars are removed to an infinite di^ 
tance ; yet, under these circumstances, the general pM>pQrt^ 
.still hold good with regard to jthe retnaining qu^titkft | 90 
that whatever is demonstrated generally of any ordei^ lM>lds 
true in the inferior orders : and» oo the contrary, there is 
hardly any pr<^rty of the inferior orders, Ix^ ibere lA some 
similar to it, in the superior ones. 

For, as in the conic sections, if two parallel lio^s 9fe drs^wn 

to 
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to terminate at the section, the right line that bisects these 
Will bisect all other lines parallel to them ; and is thereTore 
<^led a dtameter of the figure, and the bisected lines ordu 
nates, and the intersections of the diameter with the curve 
^oertices; the common intersection of all the diameters the 
centre; and that diameter which is perpendicular to the or- 
dinates, the vertex. So likewise in higher curves, if two 
parallel lines be drawn, each to cut the curve in the number 
of points that indicate the order of the curve; the rig^t line 
that cuts these parallels so, that the sum of the parts on one 
side of the line, estimated to the curve, is equal to the sum 
of the parts on the other side, it will cut "in the same man^ 
ner all other lines para^el to them that meet the curve in the 
same number of points ; in this case also the divided lines are 
c^led ordinatesy the line so dividing them a diameter , the 
intersection of die diameter and the curve vertices; the com- 
mon intersection of two or more diameters the centre; the 
diameter perpendicular to the ordinates, if there be any such, 
the axis; and when all the diameters concur in one point, 
that is the general centre. 

Again, the conic hyperbola, being a line of the second 
order, has two asymptotes \ so likewise, that of the third 
order may have three \ that of the iFourth,.four ; and so on : 
2pdi they can have no more* And as the parts of any right line 
between the hyperbola and its asymptotes are equal ; so like- 
wise in the third order of lines, if any line be drawn cutting 
the curve and its asymptotes in three points 5 the sum of two 
parts of it falling the same way from the asymptotes to the 
curve, will be equal to the part falling the contrary way from 
the third asymptote to the curve ; and so of higher curves. 

Also, in the conic sections which are not parabolic : as th? 
square of the ordinate, or the rectangle of the parts of it on 
each side of the diameter, is to the rectangle of the parts of 
the diameter, terminating at the vertices, in a constant ratio, 
viz, that of the latus rectum, to the transverse diameter; So 
in non-parabolic curves of the next superior order, the solid 
under the three ordinates, is to the solid under the three ab- 
scissas, or the distances to the three vertices ; in a certain given 
ratio. In which ratio if there be taken three lines propor^ 
tional to the three diameters, each to each; then eachuaf theese 
three lines may be called a ktius rectum^ and each of the cor^ 
responding diameters a transverse diameter, ^d, in tl>e 
comtftoii, or Apollonian parabola, which has but one vertex 
for one diameter), the rectangle of theordin^es is eqttaLtx> 
the rectangle of the abscissa and latus rectum : so, in those 
jrurves of the second kind, or lines of the third kind t^^hich 

have 
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have only two vertices to the same diameter, the solid under 
the three ordinates> i& equal to the solid under the two ab- 
scissasy and a giren line, which may l^ reckoned the latos 
rectum. > 

Lastly, since in the conic sections where two parallel lines 
terminating at the curve both waysi are cut by two other pa-. 
rallels> likewise terminated by the curve ; we have the rect- 
angle of the parts of one of the first, to the rectangle of the 
parts of one of the second lines, as the rectangle of the parts 
of the second of the former, to the rectangle of the parts of 
the second of the latter pair, passing also through the com- 
mon point of their division. So> when four such lines are 
drawn in a curve of the second kind, and each meeting it in 
three points j the solid under the parts of the first line, will 
be to that under the parts of the third, as the solid under th^ 
parts of the second, to that under the parts of the fourth. 
And the analogy, between curves of different orders may be 
carried much further : but as enough is given for the objects 
of this work ', we shall now present a few of the most useful 
problems. 



PROBLEM I. 

Knowing the Characteristic Property, or the Manner of 
Description of a Curve, to find its Equation. 

. This in most cases will be a matter of great simplicity ; 
because the manner of description suggests the relation be- 
tween the ordinates and their corresponding abscissas ; and 
this relation, when expressed algebraically, is no other than 
the equation to the cui^e. Examples of this problem have 
already occurred in, sec. 4 ch. i, of this volume : to which the 
following are now added to exercise the student. 

Mx. 1. Find the equation to the cissoid of Diocles; 
whose manner of description is as below. 

From any twp points p, s, at equal 
distances from the extremities a, b, of 
the diameter of a semicircle, draw st, 
PM, perpendicular to hb* Fronj the 
point T where st cuts the semicircle, 
draw a right line at, it will cut pm in 
M, a point of the ctirve required. 

Now, by theor. 87 Geom. as . SB =s st* ; and by the con- 
struction, AS . SB = AP . PB. Also the similar triangles apm. 




AST, give AP : PM :: as : ST :: PB : ST = 



PM . FB 

AP 



Conse- 
quently 
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quently &T* = 



Utt* . fB» 



= AP.PBj and lastly 



Thi^ , n* 



AP.AP% 



or PA^ r: pb • pmV Hence^ if the diameter ab :szd, ap^sx^ 
FU ^^y\ the equation is x^ zziffji-^x). 

The complete cissoid will have another l^auch equal and 
similar to amo^ but turned contrary ways ; being drawn by 
means of points t' falling in the other half of the circle* But 
the same equation will comprehend both branches of the 
tnrve ; because the square of — j/^ as well as that of +5^, is 
positive* . ' ^ 

dr. All cissoids are similar figures; becausd the abscissx 
and ordinates of several cissoids will be in the same ratio^ 
when either of them is in a given ratio to the diameter of its 
generating circle. 

Ea\ 2. Find the equation to the logarithmic curve> whose 
fundamental property is, that when the abscissas increase or 
decrease in arithmetical progression, the corresponding ordi- 
nates increase or decrease in geometrical progression. 

Ans. ^ = ^', a being the number whose logarilhm is 1, in 
the system of logarithms represented by the curve. 

Ex. 3. * Find the equation to the curve called the Witch^ 
whose construction is this': a Semicircle whose diameter is 
AB being given ; draw, from any point P in the diameter, a 
perpendicular ordinate, cutting the semicircle in d, and ter- 
minating in M, so that AP : pd : : AB : pm \ then is m always 



a point in the curve. 



Ans.j/ =^v/ 



£?-..r 
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PROBLBM II. 

Given the Equation to a Curve, to Describe it, and trace its 

Chief Properties. 

The method of efiecting this Is obvious : for any abscissas 
b^ng assumed, the corresponding values of the ordinates be« 
come known from the equation ; and thus the curve may be 
traced, and its Umits and properties developed. 

Ex. 1. Let the equation y' = a^x^ or j^ ss^a^x^ to a line 
of the third order, be proposed. 

First, drawing the two indefinite lines 
BH, DC, to make an angle bac equal to 
the assumed angle of the co-ordinates ; 
let the values of x be taken upon ac, 
and those of y upon ab, or up<»i lines 
parallel to ab« Then, let it be enquired 
whether the curve passes through the 
point A, or not. In order to this, we 
must ascertain what y will be when 

;rar©: 
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jr = : auid in that case y = ^a* x 0), thtrt is, j^»=0. Th<!i«i^ 
fore the curve passes through a. Let it next be ascertained 
whether the cunre cuts the axis AG in any other point ; Iti 
order to which, find the value of x when 7/ n 0: this will be 
l/a*j: =r 0, or r = 0. Consequently the curve does not cut 
the axis in any other point than A. Make x =£ ap » ia^, 
and the given equa. will become y = l^la^ = ^l^h There- 
fore draw PM paralM: to ab and equal to a^|, so will M be 
a point in the curve. Again, make ir » ac ssti ; then the 
equation will givey = ^/a^ = a. Hence, drawing cw paraQel 
to AB, and equal to ac or a, n will be another point in the 
curve. And by assuming other values ofy, other ordinates, 
and consequently other points of the curve, maybe obtained. 
Once more, making x infinite, or jrnoo , we shall have vs: 
i/{a* X 00) 5 that is, i/ is infinite when x is so ; and thererore 
the curve passes on to infinity. And further^ since when x 
is taken = 0, it is also y = 0, and when x = 00, it is also 
y == 00 ; the curve vrill have no asymptotes that are parallel 
to the co-ordinates. 

. Let the right line an be drawn to cut pm (produced if ne-* 
cessary) in s. Then because cij= ac, it will be PS=AP=itf. 
But PM = fl 4^i =: ^ l/4tf which is manifestly greater than ^a ; 
so that PM is greater than ps, and consequently the curve is 
concave to the axis ac. 

Now, because in the g^ven equation y' = a*ar the exponent 
of .r is oddy when x is taken negatively or on the other ^de 
of A, its sign should be changed, and the reduced equation 
will thefi be y = 4/— ^*^' Here it is evident that, when the 
values of x are taken in the negative way from A towards D, 
but equal to those already taken the positive way, there will 
result as many negative values of y, to fall below ad, and each 
equal to the corresponding values of j/, taken above AC. 
Hence it follows that the braiich amV will be similar and 
equal to the branch amn; but contrarily posited. 

Ex. 2. Let the lentniscate be proposed, which is aline of 
the fourth order, denoted by the equation a*y* = a^x^-'X^*^ 

In this equation we havey ss ± ~ v' (** •" ^*) • 

where, when jr = 0, y = 0, therefore the curve 
passes through a, the point fr^m which the va- 
luijs of X are measured. When ;r =«: ± «, then 
y =r ; therefore the curve passes through b 
and c, supposing AB and AC each = ± a. If jr 
were assumed greater than /r, the value of jf 
would become iqpaginary ; therefore no part of 
the curve lies beyond b or c. When x =s -Jjr, 

then 
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thenjf = »v/a*-ia'^ =j l^iv'S ; which is the vaki€ of the 
'Semi-ordinate pm when ap = 4^ab. And thu5» by assuming 
other values of or, other values of y may be ascertained, and 
^he ctlirve described. It has obviously two equal and similar 
part% and a* double point at a. A right line may cut this 
curve in either 2 pciits, or in 4 : even the right line bac is 
conceived to cut it in 4 points \ because the double point A 
is that in which two branches of the curve^ viz^ MAp, and 
WAa, are intersected. 

Ex. 3. Let there be proposed the Co7ichoid o£ the ancients, 
^hich is a line of the fourth order defined by the equatiom 

(«*-x*) . (:r-.6)* =^y, or j^ = ± f"* 

Here, if x ;= 0, then y becomes in- 
finite; and therefore the ordinate at 
A (the origin of the abscissas) is an 
asymptote to the curve. If ab = b, 
and p be taken between a and b, then 
shall PM and pm be equal, and lie on 
different sides of the abscissa ap. If 
s=:b, then the two values ofy vanish, 
because x — i n 0, and consequently 
the curve passes through b, hiving 
<there a double pc^nt. If ap be taken 
greater than ab, then will there be 
two values of j/, as before, having contrary signs ; that vAvK^ 
which was positive before being now negative, and vice versa. 
But if AD be taken = a, and p comes to d, then the two V2^ 
lues of y vanish, because in that case -/(/r*— jt*) srO. If *r 
be taken greater than ad or a, then a^—x^ becomes negative, 
-and the value €j£y impossible : so ihat the curve does not go 
■beyond d. , x . 

' Now kt X be conndered as negative, or as lying on tbf 

iade of A towards c. Then y = ± ^^ v'(a*- x*). Her^ 

if jr vanish, both these values of 3/ become infinite ; and cour 
sequently the curve has two indefinite arcs on each side the 
asymptote or directrix ay. If or increase, y manifestly dimi- 
nishes; and when xsza^ then 3^ vanishes: that is, if ac=saii, 
tlien one branch of the curve passes through c, while th^ 
other passes through D. Here also, if x be taken greater 
th^n a, y becomes imaginary ; so that no part of the curvf 
can be found beyond c. 

I£a =i$f the curve will have a cusp in b, the node betweeii 
B and D vanishing in that case. If a be less than k, then B 
win becQme a conjugate poimt. 

In 
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In the igure^ m cm' represents what i$ termed xktmpmriffr 
eonchoidy and gb77idmbw ihe inferior conchoid. The pointy 
B is called the pole of the conchoid \ and the curve may be 
readily constructed by radial lines from this point, by means 

of the polar equation % =: •; ± a. It will merely be re- 
quisite to set off from any assumed point a, the distance 
ABzz b\ then to draw through b a right line wlm' making 
any angle ^ with C6, and from l» the point, where this line 
cuts the directrix ay (drawn perpendicular to cb) set off upon 
It lm' = Lm =: a ; so shall m' and in be points in the superior 
aiid inferior conchoids respectively. 

Ex, 4. Let the principal properties of the curve whose 
equation i&yx^ = a^^ % be sought ; when n is an odd num- 
ber, and when n is an even number. 

£x. 5. Describe the line which is defined by the equatioa 

xy + a.t/ +CJ/ =zbc + bx. 

Ex. 6. Let the Cardioide, whose equation i$y*— 6fly'4- 
(2x* + 12a*)y - (fiax^ + Sa^)y + (:r* + Sd')x^ = 0, be 
proposed. 

JSx, 7. Let the Trident, whose equation is xy = ax^ + 
ijr* + cj: + (/, be proposed. 

£x. 8. Ascertain whether the Cissoid and the Witch^ 
whose equations are found in the preceding problem, kave 
•syinptotes. 

PROBLEM in. 

To determine the Equation to any proposed Curve Surface. 

Here the required equation must l>e deduced from the law 
or manner of construction of the proposed surface, the refer- 
ence being to three co-ordinates, commonly rectangular ones, 
the variable quantities being r, j^, and z. Of these, two, 
namely x and j^, will be found in one plane, and the third « 
will always mark the distance from that plane. 

Ex, 1 . Let the proposed surface be that of a sphere, fug. 

The position of the fixed point A, 
which is the origin of the co-ordinates 
AP» PM, MN, being arbitrary; let it be 
supposed, for the greater convenience, ^ 
that it is at the centre of the sphere. 
Let MA, NA, be drawn, of which the 
latter is manifestly equal to the radius 
of the sphere, and may be denoted by r . Then, if ap = ,x^ 
PM = y , MN =s 2 ; the right-angled triangle apm will give 

AM* 
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A** 12 AP* + FM* =?: or* + ^. In like rnanBeT) l/hc right* 
angled triangle am n> posited in a pl;die perpendicukur to tli« 
former, will give an* — am* + mn% that is, r* =: jr»+^*+ji*j 
or 2* =; r^ «^ :r^ *^ ^% the equation to the ipherieid surfactt 
as required, 

SekMunL Gtinre surfaces, as well as plane curves, are 
arranged in orders according to the dimensions of the eqaa-> 
tions, by which they are represented. And, in order to de* 
termine the properties of curve surfaces, processes mvst be 
employed, similar to those adopted when investiga^ting the 
properties of plane curves. Thus, in like manner as in the 
theory of ctyrve lines, the supposition that the ordinate j/ is 
equaf to 0, gtves the point or points where the curve cuts itg 
axis ; so, with regard to curve surfaces, the supposition of 
z =r 0, ^U jrive the equation of the curve made by the far 
tersection of the surface and its b^se, or the plane of the co- 
ordinates ^, y* Hence* in the equation to the spherical sur- 
face, iRirhen * = 0, we have o^ + j/* = r*, which is that of a 
circle whose radius is equal to |hat of the sphere. 3ee p. 31. 

E:f. 2. Let the curiae surface proposed be that produqed 
by a parabola turning about its axis. 

Here the abscissas x beiag reckoned from the vertex or 
smoniit of the axis, and on a pl^ie passing through that axis; 
the two other co-ordinates l^kig, as b^ore* y and z% and 
the panMiieter of the generating parabola being p : die ecpifr^ 
lion of the parabolic surface wiU be found to be »* + :^ *" 
yjT :c 0. 

Kow, in this equation, if 9 be supposed == 0, we shall have 
^=:jjjr, which (pa. 31) is the eqiiatipn to the generating 
parabola, as it oi^ht to be. If we wished to know what 
would be the curve resulting from a section parallel to that 
lirhich coincides witli the axis, and at the distance a from it| 
we must put ;s = a ^ this would give y^zzpx r^ a% wjhich i» 
still a^ equation to a. parabola, but in which the origin of th9 
Abscissas is distant from the ve|te;s before assumed by th# 

quantity —-. 

E^> 9« ISui^sf ik^ ^v^Tfe iwr&ce of a fight cone were 
proposed. 

Hum we may most conveni^mtty refer the equation of the 

to the {»hne of the cireHlar base of the cone. In thi$ 

^^ the pei^ndicnlar dSstaace of any pokit in the surface 

fijom the im^f wiH be to the axis of the cone, as the distance 

^ tl^ foi^ oC that perpendicular from the circumference 

'l^L. III. P (measured 
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(iD^a^ured on a radius), to the radius ofthe btise: that is, if 
the values of jr be estimated from the centre of the ba^e, and 
r be the radius^ 2 will vary as r — v^ {s* + y^). Conse- 
quently, the simplest equation of the conie surlace, will be 

jg /v^ r = — -v/(^* + J/*)i o*" ^ -" 2rz + a* = j:* + ^. 
^ Now from ,this the nature of curves formed by planes cut- 
ting the cone in different directions^ may readily be inferred. 
Let it be supposed, first, that the cutting plane is inclined to 
the base of a right-angled cone in the aiigle of 43**, and passes 
through its centre : then will « =: j:, and this value of z sub- . 
stituted for it in the equation of the surface, will give r* — • 
2rjr = y^f which is the equation ofthe projection ofthe curve 
on the plane of the cone's base : and this (art. S of this chap.) 
is manifestly an equation to a parabola. 

Or, taking the thing more generally, let it be supposed that 
the cutting plane is so situated, that the ratio of a: to z shall 
be that of 1 to m : then will wx = «, and vi^j:^ = z\ These 
substituted for z and z^ in the equation of the surface, will 
give, for the equation of the projection of the section on the 
plane of the base, r* — 2WU' + (^'J* — 1 )*2^* = y\ Now this 
equation, if wt be greater than unity, or if the cutting plane 
pass between the vertex of the cone and the parabolic Sec- 
tion, "will be that of ^11 hyperbola: and if, on the Contrary, 
the cutting plane pass between the parabola and the base, i.e.' 
if<im be less than unity, the term (w*— l)ar will be negative, 
when the equation will obviously designate zn ellipse. 

Schol, It might here be demonstrated, in a nearly simi- 
lar manner, that every surface formed by the rotation of any 
conic section on one of its axes, being cut by any plane what- 
ever, will always give a conic section. For the equation of 
such surface will not contain aifj^ power of or, y, or z, greater 
than the second ; and therefore the substitution of any values 
of 2 in terms of x or of j/, will never produce any powers of 
T or of J/ exceeding the square. The section therefore rhust 
be a line of the second order. See, on this subject, Hutton*s 
Mensuration, part iii, Sect. 4. 

£x. 3. Let the equation to the curve surface he xj/z^a^. 

1 Then will the* curve • surface bear the same rclatipn to the 
solid right angle, which the curve line whose equation is 
xy = a* b^ars to the ;plane right angle. That is, the curve 
surface will be posited between the thre^ rectangular faces 
bounding such solid j*ight angle, in the -same manner as the ^ 
equilateral hyperbola is posited between its rectangular asyiiipi-s 
totes. And in likeipannet gs th^^re may be 4 equal equila-^ 
. . • * * . . : Jeral 



<Mral hyperbolas comprekended between th^ same rKtimguIar 
asymptotes, i;^hen produced both 1iray3frbivi the angalar pohit ; 
so there may be 6 equal hyperboloids posited within the Q 
solid right, angles which meet at the same summit, atid all 
placed between the same three asymptotic planes. 






SECTION II. 

On the Construction of Equations. 



PROBLEM I. 

To Construct Simple Equations, Geometricallyr 

Here the sole art consists in resolving the firactions, to 
which the unknown quantity is equal, into proportional terms ; 
and then constructing the* respective proportions, by means of 
probs. 8, 9, 10, and 27 Geometry. A few simple examples 
will render the method obvious. 

1. Let or « — ; then c:a :: b : x. Whence x may be 
found by constructing according to prob. 9 Geometry. 

2. Let X s= 2^. First construc.t the proportion, rf lUzii : 
,~, which 4th term cajl g i then x* = — } ore:C::g:^x. 

'.' 3. Let^=?^. Then,sincea»-A*5r(fl+A)x(tf-4);- 

it will merely be necessa^ to construct the proportion 
c : a + A : : a — A : 0?. 

4f. Let X = ■ ", ^ 'z Finds as i» the first case, g" r= -- ti 

~f, and A is: -^1 so that -^ may = A Then find by the 

first case t = A So shall xssg -^ i, the difference of those 
lines, found by construction. 

B* Let X = -^^T"- ,J*irst find ^, the fourth propor- 

t&mal to fr, a and./, Which make = A. • Then x =5^^^ ; 
^Tf by construction it will he h + c x a '- 4 :: a z x. 

\ €. Let X as T^i^. Make the right<4uigle<l triangle aAc such 

PS ' that 
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thBfctltekc AB»a>Bosi| then AC = ^{Asf 
•f Bc^) St V(«^ '^ ^')> ^7 tb. M Gmn. £^eao« 

j^ :^ — — • Coustfuct tncfciore the propoiiiOii 

c : AC : : ac ; x, and the uxiknown quantiQr vffl 
be found, as required. 

7. Let X = -r— • First, find cd a 

mean proportional between ac = r, and 

CB = d, that is, find CD zz^/cd. Then 

make C£ = a, and join DB, which will 

evidently be = V(^ + cd). Next on 

any line eg set off ef; =i A + c, eg = £D ; and draw CB 

parallel to fd, to meet de (produced if need be) in h. So 

shall EH be = j:, the third proportional to A + c, and 

-v/(a* + 0d)f as required. 

Note. Other methods suitable to difierent cases which 
may aris^ are left to the stndent^s invention. And in all 
<dnstinictidn$ the accuracy of the results, ^ill Increase with 
the size of the diagrams ; within convenient limits for 
operatioii. - ^ 

FBOBLBM II. 

To Find the Ro6ts of Quadratic Equations by Cansbuctioa* 

In. most ^ -the methods common]^ 
given for the construction of quadratics. 
It is required to set off the square root 
of the last term; an operation which 
can ^lafy bb piexformed accwrately when 
that term is a rational square. We shall 
here describe a niiethoa which, at the 
same time that it is very simple in prac- 
ttce,has the advants^ge'of sbdwipi; clearly 
the relations of the roots, and of dividing the third term into 
e«N> fsurters, o&t of whtdi^ least may be a wbofe nunAien 

In order to this construction, all quadratics omay be classed 
utider 4 ionas : Tiz, 

1. jp* + ojr — &r'8:'6L 

e. X* -^ ax ^ be = (k 

S. X* +nar + ic ^ 0. 

4. x^ ^ ax + be sss 0. 

!• One general mode of construction will include the litst 

two of tklMe fef^m. Lttjr^^a3r^^:^0, 8ndift%e^gt«at«r 

than c. Describe any circle-ABD haviqg its diameter not ;^ess 

ihan the g^veh quantities a and b — <:, and^ within this circle 

' inscribe 
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iilscribe two chords, ab = «, AD =t: A — c, both from any 
common assumed point A. Then, produce ad to f so th«t 
DF = Cf and about the centre c of the former circle, with the 
radius cf, describe another circle, cutting the chords Ai>i ab, 
produced, in f, B, G^ H : so shall AG be the affirmative and 
AH the negative root of the equation jr* + ^w: — ic =D; and 
contrariwise AG will be the negative and Aft the affirmative 
root of the equation jr* — ajt — 4^ = 0. 

For, AF or ad -}- df = A, and df or AB = C; and, making 
AG or BH = jr, we shall have ah = a + ^ : and by the pro- 
perty of the circle egfh (theor. 61 Geom.) the rectangle 
EA • AF = GA . AH, oi* bc =z {a ^ jr)jr, or again by transpo- 
sition T* + ax — be = p. Also if AH be = —x, we shall have 
AO or BH or AH — AB = — a: — a: and conseq. OA ^ AH =: 
j:* + ^5U*, as before. So that, whether ag be = ;«*. or 
AH = — X, we shall always have j:* + ax —be = 0. And 
by an exactly similar process it may be proved that AG is the 
negative, and ah the positive root of jr* — fljr — . Jr = 0. 

^Cor. In quadratics of the form x* + ax -^ be ::z 0^ the 
positive root is always less than the negative root ; and in those 
of the form 4^ — oir «-£<:= 0, ^he poritive root is ahurays 
greater than the negative one. 

2. The thiid and feuith cases ako are 
comprehended imder one method of con** 
struction, with two concentric ci<:de8. Let 
x^ ^ ax + be = 0. Here describe any 
circle abd, ^ose diameter is not less than 
either of the given Quantities u and b + e; 
and within tlut circle inscribe two chords 
AB 3^ a» AD =sb -^e; both from the same 
point A» Then in ad aBsnme df =? c, and about c the centre 
of the circle ab(D, with the radius cf describe a circle, cutting 
the chords ad, ab, in the points f, ]|l, G, H : so shall ag» AH9 
he the two positive roots of the equation j(^ -- ax + bcmQ$ 
and the two negative roots of ti^e equation ^ -f oj? -f ^ ^ 0* 
The deoKynstration of ihis also i^ simiiar to th«t of the fint 
case, . 

Cor. 1. If the circle whose radiu$ is C{> just touches the 
chord AB, the quadratic will have two equal roots ) which 
can only happen when ^ 25 be. 

Cor. 2. If tj^at circle neither cut X)«r touch thp chord A9f 
the roots of the equation will be im^inory ; and this will 
always happen, in these two forms» when be is gr^tex 
than ^a\ 

PROBLXM 
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PROBLEM in. 

To Find the Roots of Cubic and Biquadratic Equations^ b^ 

Construction. 

1. In finding the roots of any equatiop, containing only 
one unknown quantity^ by construction^ the contrivance con- 
sists ciiiefly in bringing a new unknown quantity into that 
equation ; so that various equations may be had^ each con- 
taining the two unknown quantities ; and further, such that 
any two of them Contain together all the known quantities of 
the proposed equation. Then from amopg these equations 
two of the most simple are selected, and their corresponding 
loci constructed ,' the intersection of those loci will give tbe 
roots sought. 

Thus it will be found that cubics may be constructed by 
two parabolas, or by a circle and a parabola, or by a circle 
^nd an equilateral hyperbola/ or by a circle and an ellipse, 
&c : and biquadratics by a circle and a parabola, or by a 
circle and an ellipse, or by a circle and an hyperbola, occ. 
Now, since a parabola of given parameter may be easily con- 
structed . by the rule in cor, 2 th. 4 Parabola, we select the 
circle and the parabola, for the construction of both biqua- 
dratic and cubic equations. The general method applicable 
to both, will be exident from the following description. 

2. Let m"am'm be a parabola whose 
axis is AP, m'^m'gm a circle whose cen- 
tres is c and radius cm, cutting the pa- 
r^tbola in the points m, m', m", m'": 
from these points draw the ordinates 
to the axis MP, m'p', m^p", mV; and 
from c let fall CD perpendicularly to 
the axis ; also draw on parallel to the 
axis, meeting pm in n. Let ad = a^ 
DC ss'i, CM = w, the parameter of the 
parabola = p, ap = x^ i>M = y. Then (pa. Z\) px ^ jf^ i 
also CM* = ON* + NM*, or 72* == {x ^ aY + (y^ bY ; that 
is, Ji^ ± 9.ax + a* + y ± 2bi/ + A* .= w*. Substituting in 

this equation for jr, its value — , and arranging the terms ac- 
cording to the dimensions of j^, there will arise 

y* ± (2/?fl + joOy ± ^bp'af + (a* + ** - n^yp" = 0, 
.a biquadratic equation, whose roots will be expressed by the 
ordinates PM, P m', p"m", p'''m'", at the points of intersectiop 
of the given parabola and circle, 

3. To make this coincide with any proposed biquadratic 
whose second term is tdken away (by cor. theor. 3) \ assume 




y^ "^ Sy* ,+ rj/ — 5 = 0# Assume : also /? = 1 ; then com* 
pariBg the terms of the two equations, it will be, 2a— 1 =i^, 

or a = ^, -24= Ti or A =-• ^v«'^ 4- A* - «* =5 - *i or 

n* = a* 4- A* + ^, and consequently 7i == y^(a* -f 4* + s). 
Therefore describe a parabola wliose parameter is 1, and in , 

the axis take ad = ^-^ : at right angles to it draw dc and 

r= ^ \r\ from the centre c, with the radius v^(a*4-A*-i-^), 
describe the circle m"m'gm, cutting the parabola in the points 
M, m', m", M'"i then the ordinatcs PM, p'm', p"m'Vp'"m"', 
will be the roots required. 

Note. This method, of makiog p = 1, has the obvious 
: advantage of requiring only one parabola for any number of 
biquadratics, the necessary variation being made in the radius 
of the circle. 

Coi\ 1 . When DC represents a negative quantity, the 
ordinates on the same side of the axis with c represent the 
negative roots of the equation \ and the contrary. 

Cor, 2, If the circle touch the parabola, two roots of the 
, equation are equal j if it cut it only in two points, or touch it 
.in one, two roots are impossible ; and if the circle fall wholly 
within the parabola, all the roots ai;e impossible. 

Ctt. 3. If a* + ^* =;= »*, or the cirde pass througii the 
.ppint A,the last term of the equation, i.e. (a*+ 6*— w*)/i*=:0; 
\and therefore^* ± {^pa + />%* ± 2bp^y = 0, or 

J/^. ± (2p^ + p^)y ± 2J/>^ = ,0. This cubic equation may 
^be made to coincide with any proposed cubic, wanting its 

second term, and the ordinates pm, p"m", p'"m"', are its roots. 
. Thus, if the cubic be expressed generally by 5^' ± ^y ± 5 = 0. 
. JBy compearing the terms of this and the preceding equation, 

we shall have ± 2pa + ji>' = ± y, and ± 2Aj»* == ± ^, or . 

.:^ ^z =s |.p :p i-, and A = ± — . So that, to construct a 

cubic equation, with znj given parabola, whose half parameter 
13 AB (see the preceding figure) : from the point b take, in 
the axis, (forward if the equation have —g, but backward Jf 

y be positive) the line bd = g- ; then raise the perpendicular 

DC ~ — , and from c describe a circle passing through the 

vertex a of the parabola ; the ordinates pm, &c, drawn frpia 
the points of intersection of the circle and parabola^ .will be 
the roots required. 






416 



osuMnttrcnoiF op cnm^ 




FHOSLEM. IV. 

To (l^oiistfdct 2Ui EqtiatbA of any Order by means of a Ldcus 
<tf thr same Degree as the Equadon propoaed^ and a 
Line. 

As the general method is 
the same in all equations, let 
It be one of the 5th degree, as 

**- a*/ == 0. Let the last term 

a^be transposed i and, taking 

one of the linear divisors, fi 

of the last term, make it ecpial 

to z, for example, and divide the eqaatixm by ii^; then will 

SJ-. _ _. 

On the indefinite line sa describe the curve of this equa^ 
tion, BMDRLFC, by the method taught in prob. 2, sect. 1, of 
this chapter, taking the values of x' from the fixed point b. 
The ordinates pm, sr, &c, will be equal to jk; and therefore, 
from the point b draw the right line BA t±y^ parallel to the 
orjdinates fm, sr, and through the point A draw the inde-> 
finite right line KC both ways, and parallel to M. From the 
points in which it cuts the curve, let fall the perpendicuktfs 
MP, RS, ca; they Irill. determine the abscissas bp, bs> bc^ 
which are the roots of the equation proposed. Those from 
A towards a are positive, and those lying the Gottmry way 
lure negative. 

If the right line AC touch the curve in any pointy the cor<^ 
re^K>nding abscissa jt will denote two e^al roots ^ and if it 
do not meet the curve at all, all the roots will be imaginary. 

If the sign of the last term, a*/, had been positive, then 
we must have made z = — ^ and therefore must have taken 
BA= — /, that is, below the point p^ or on the negative side. 

EXERCISES* 

Ex, 1 i Let it be proposed to divide a given arc of a circle 
into three equal parts. 

Suppose the radius of the circle to be represented by r, ► 
the sine of the given arc by a» the nnknown sine of its third 
part by x^ and let the known arc be. 32^, and of course the 
required arc be m. Then, by equa. viii, ix, chap, iii, we 
^halihate 

sill ou = Sin {2u + U) = 



sin 2u = sin ( u+u) = 
iia 2u = cos( u + u) =: 



2 sin u • cos u 



C08»« — sin'tt 



Futtmgy 



Pttttrng, in the first of xheie wjuatioiis, for sm 3fi its gf^eii 
iralue ^, ^d for sin 2^, cos 2t<, their Talues given in the tirt> 
other equations, there will arise 

3 sin u . COS* u ■ sinS u 

a zz • ■ , 

r 

Then substituting for sin u its vahie x, and for cofi^ te its 
value r* — x^^ and arranging all the terms accordfaxg to tlK 
powers of or, we shall hav^ 

a cubic equation of the form jfi — 'px -^ q zz 0^ with the 
condition that ^p^ > ^tf" \ that is to say, it is a cubic equa- 
tion falling tmder the irreducible case, ajoid its three roots are 
represented by the sines of the three arcs v, « + 120% and 
« + 240°. 

Now, this cubic may evidently be constructed by the rale 
in prob. 3 cor. S. But tbe trisection of an arc may ako be 
effected by means of an equilateral hyperbola^ in the follow- 
ing manner. 

Let the arc to be trisected be AB. 
.In the circle abc draw the semi- 
diameter AD, and to AD as a diame^' 
ter, and to the vert;(BX a, draw the 
equilateral hyperbola ak to which 
the right line AB (the chord of the 
arc to be trisected) shall be a tangent in the^point A j then 
the arc af, included within this hjrpearbola, \^ one third of 
the af^ Ad. 

For, draw the chord of the arc af, bisect ad at G» so that 
G will be the centre of the hyperbola, join i», and draw OH 
partdiel to it, cutting the chords AB, af, in. I and c Then, 
the hyperbola being equilateral, or having its transverse and 
conjugate equal to one another, it follows from Def. 16 Conic 
Sections^ that every diameter is equal to its parameter, and 
from cor. theor. 2 Hyperbola, that gk . Ki = AK% or that 
OK : AK : : AK : XI ; therefcn^ the triang^ oka, akx are 
similar, and the angle KAisr AOK, which is manifestly = adf. 
Now the angle adf at the centre of the circle being equal %q 
KAi or FAB ; and the former angle at the centre being mea- 
sured by the arc AP, while the latter at the circumference is 
measured by iialfF^$ stfcdlowstbit af sc^FSjor s^-AJB^as 
it ought to be. 

Ex. ^. Given the side of a cube, to find the side of an- 
other of double capacity. 

Let the side of the given cube be a, and that of a douHe 
cmey,then 2a* ±s:^, or, byputting««— *, it^Hhei^hsts^: 
&ere are therefojte'to be found two mean proportionals be- 
tween 




/ 
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• * * * 

.twecQ theiiide of the cube aad twice that side, and the fim 
of tl)Qse mean proportionals will be the side of the double 
cube. , Now these may be readily found by means of two 
parabolas ; thus : 

Let the right lines AR, as, be joined ^^ g s 

at right angles ; and a parabola amh be 
described about the axis ar, with the 
parameter a ; and another parabola ami 
about the axis as, with the parameter h\ 
cutting the former in m. Then ap ==^'9 ] 

• PM = jfy are the two mean proportionals, ^ 
of which y is the side of the double cube required. 

Por, in the parabola amh the equation is 5/^ = aXy and in 

the parabola ami it is x*- = by. Consequently a\y \\y\Xy 

and y : X i:x I i. Whence yx = tib\ or, by substitution, 

y\/oy = abf or, by squaring, j/'6 ^ a^b^ ; or lastly, y^ =: t^i 

zz 2a', as it ought to be. 

Note. For other exercises of the construction of equations^ 
take soxpe of the examples at the end of chap. viii. 

general scholium. 

O71 the Constructijon of Geometrical Problems* 

' Problems in Plane Geometry are solved either by means of 
the modern or algebraical analysis, or of the ancient or geo- 
metrical analysis. Of the former, some specimens are given 
in the Application of Algebra to Geometry, in the first volume^ 
of this Course. Of the latter, we here present a few exam- 
^ pies, premising a brief account of this kind of analysis. ' '> 

Geometrical' analysis is the way by which we proceed fro^* 
the thing demanded, granted for the moment, till we have 
connected it by a series of consequences with something an- 
teriorly known, or placed it among the number of principles 
known to be true. 

Analysis may be distinguished into two kinds. In the one, 
which is named by Pikppus contemplative, it is proposed to 
ascertain the truth or the falsehood of a proposition advanced^ 

• the other is referred to the solution of problems, or t<5 thfe 
invefstigation of unknown truths. In the first we astiime as 

• true, or as previously existing, the subject of the proposition 
advanced, and proceed by the consequences of the hypothesis 

^to sometiiing known'; and if the result be thus found true, 
the proposition advanced is likewise true. The direct d^ 

-nroAst ration is afterwards formed, by taking up again, in an 
ii^verted order, the several parts of the analysis. If the con- 

. sequence at which We amve in ^the4ast placePis found faUe, 
. -. - - " ' ^ ' "' we 




. COMSTRUCI^ION OP OEOMBTBIGAIr PBOBtSMS. 219 

we thence conclude that the proposition analysed is also false* 
When a prqblem is under consideration, vre first suppu e it 
' resolved, and then pursue the consequences thence derived 
till we come to something known. If the ultimate result 
thus obtained be comprised in what the geometers qall data, 
the question proposed mav be resolved : the demonstration 
(or rather the construction), is also constituted by taking the 
parts of the analysis in an inverted order. The impossibility 
of the last result of the analysis, will prove evidently, in this 
case as well as in the former^ that of the thing required. . 

In illustration of these remarks take the following ex- 
amples. 

j&JT. 1. It is required to dt^w, in a given segment of a 
circfe, from the extremes of the base A and b, two lines ac, 
BC, meeting at a point c in the circumference, such that they 
shall have to each other a given ratio, viz, that of m to n. 

Analysis, Suppose that the thing is af- 
fected, that is to say, that AC : cb : : M : N, 
and let the base a b of the segment be cut 
in the same ratio in the point b. Then eg, 
being drawn, will bisect the angle acb (by 
th. b3 Geom.)^ consequently, if the circle ¥ 

l)e completed, and CE be produced to meet it in f, the re- 
maining circumference will also be bisected in 5, or have 
PA^s: FB, because those arcs are the double measures of equal 
angles : therefore the point f, as well as Ej being given, the 
. point c is also giveii. 

C<mstr;uction, Let the given base of the segment ab be 
cut in the point £ in the assigned ratio of m to N, and com- 
plete the circle ; bisect the remaining ciiicumference in f ; 
join F£, and produce it till it meet the circumference in c : 
then drawing ca, cb, the thing is done. 

Demonstration. Since the arc fa =: the arc fb, the angle 
' ACF = angle bcf, by theor. 49 Geonv ; therefore AC : cb : : 
ae : eb, by th. 83. But ae : eb ; : m : N,'by construction; 
therefore ac : cb : : m : N. Qi. £. d. 

' Ex. 2. From a given circle to cut o£f an arc such, that 
the sutn of m times the sine, and n times the versed sine, 
may be equal to a given line. 

Anak Suppose it done,' and that abe'b is. 
the given circle, bb'b the required arc, ed its 
sine, . 9D its versed sine ; in Da (produced if 
necessary) take bp an nth, part of the given 
sum i join BE, and produce it to meet bf J« 
to AB, or II to EO^ in the point F. Then, since ' Lc-iXl^ 
w . EP + /I .BP =: 7> . BF :p n \ PD + n ..8D.; , *"* ^ 5 

consequently 
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tonsequentlrfii . *d = n . i»i> ; lience pd : ED : : w : ». But 
PD : £D : : (fey sim. tria.) pb : bf ; therefore pb : bp : : w : w. 
Now PB is given, theinefbre bf is giyen in magaitode, and^ 
being af right angles toTB, is also^given in position $ therefore 
the point f is given, and consequently pf given in position ; 
^nd therefore the point e, its intersection with the drcum- 
Terence of the cirde aee'b, or the arc be is given. Hence 
the follo^Hng 

Const From b, the extremity of any diameter ab of the 
given circle, draw bm at right angles to ab; in ab (produced 
if necessary) take B? an 7ith part of the given sum ; and on 
BM take BF so that bf : bP: : n : m. Join pf, meeting the 
circumference of the drde in £ and e', and be or be' is the 
arc required, 

Denton^ From the points e and b' draw UD and b'd' at 
right :mgles to ab. Then, since bf : bp : : n : m^ and (by 
sim. tri.) BF : BP :: D£ : DP; therefore db : Dp : : n : m. 
Hence m • de zz n . dp ; add to each n . bd, then wUl 
t/2 . DE + w . BD = » • BD + « • DP sc fi . PB, or the given 
sum. 

£x. 3. In a given triangle abh, to inscribe another tri- 
Migle abcj similar to a given one, having one pf its sides pa- 
rallel to a. line mBU given by position, and the angular points 
a, bf c, situate in the sides ab, bh, ah, of the triangle ABH 
respectively. . ' 

Anal^sis^ Suppose the thing dj9ne# 

. and that abc. is inscribed as required. 
Through any point c m bh draw CD 
parallel to m^n or to ab^ and cutting 
AB in D ; draw ce parallel to ic, and 
DE to ac^ intersecting each other in £• 

. The triangles dec, cLcb^ are similar, and DC i ab ixcEibcy 
also BDc, Bab^ are similar, and i>c: ab i : bc : si. Therefore 
BC : CB :: Bb : bc I and they are about equal angles, conse- 
quently B, £, Cy are in a right line. 

Construe^ From any point c in bh, draw cD psdrallel to 
nm ; on cd constitute a triangle cde similar to the given one; 
and through its angle X draw be, whick produce till it cuts 
AH in c : through c draw ca parallel to ED and r^parall^i tp 
. EC ; join dby then abc is the triahgle required, having lU ode 
a6 parallel to mn, and being siniwir to the given triaa j j ^ 

Demon, For, because of the parallel lines a^, w, and <#, 
EC, the quadrilaterals bdec and iSMcby are snnilar; and there- 
fore the proportional fines DC, tiby cutting oflF equal angleJ 

' BDCm 
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BDC, tak ; BCD, B^n ; must make the angles edc, bcd, re- 
spectively equal to the angles cab, cba ; while ab is patallel 
to DC, which is parallel to MtBH> hj construction. ~ 

Ex, 4. ' Given, in a plane triangle, the vertical angle, the 
perpendicular, and the rfctaagle of tbe segments of the base* 
made by that perpendicular; to construct the triangle. 

jinal. Suppose abc the triangle re- 
quired, BD the given perpendicular to the 
base AC, produce it to meet the perijjiery ' 
of the circumscribing circle abch, whose 
centre is o, hi q ; then, by th. 61 Geom. 
the rectangle BD . dh = ad . dc, the given 
rectangle: hence, since bd is given, db 
and BH are given ; therefore bi = hi is prren ; as tAso 
ID =: OB ; and the anele boc is := abc the given one, be> 
cause .Eoc is measured by tlie arc kc, and abc by hdf the 
arc aCc or byKc. Consecpently sc and ac = 2ec are ghvn. 
"Whence this 

ComlTUCtian. Find dh such, that db . sa '= th£ given 
rectangle, or find m = — - " ; then on my r^lit laac 
CP take FE = the given perpendicular, and eg = dh ; bisect 
FG in o, and make Eoc = the civen' vertical angle; then, 
will oc cut ECj drawn perpendicular to OB, in c WiA 
eentre o and radius' oc, describe a circle, cutting cs ^ifo- 
duced in A : through f parallel to AC draw fb, to cut th* 
circle in B ; join ab, cb, and abc is the triangle required. 

Bemark. In a similar maooer we may pivceed^ wbeo i( 
isieqaired to divide a given ai^;le ktto two parts, the rect- 
angle of whose tangents may be «f a given magBiuul& Sec 
pn^ W, Simpson's Select Exercises. 

N»/e. For o^r exercises, the student may amataact aH 
the problems except the 24di, in the A^^cBtion of Algahri 
to Geometry, at the tad of vol. 1. Aad th» he map be 
dw beuer able to trace the relatiK advantages oftbemammt 
md the modem ana^rsts, it wilt foe adviseable that he wdm 
these ppoUenu both geometriraQy and algebratcaHyt. 



( 222 ) 



CHAPTER X. 

» 

OF FLUXIONS AND FLUSKTS. 

Art. 1 . In the 2d volume of this Cour;se has been given 
a compendious and easy treatise on Fluxions and Fluents ; 
and what follows is a further and more general extension o£. 
the same subject^ chiefly on the transformation and on ibt 
inverse method of fluxions ;. as thQ rules for the direct me- 
thod, given in that volume, will be found qujte sufficient for 
findine the fluxions of the ordinaryforms of quantihes. From 
art; 32,, to art. 48, of that volume, have been given a coUec-, 
tlon of the most common and obvious rules for finding the. 
fluents of given fluxions; and which require no further 
proof or consideration, as they are self-evident, being simply 
the reverse of the^receding rules for finding fluxions. But, 
in art. 42 &c, is given ajso a compe^dipus table of various 
6ther forms of fluxiohs and fluents, the truth of which it may 
be proper here in thp first place to prove. 
, 2- -As to most of those forms indeed, they will be easily 
proved, by only taking the fluxions of the forms of fluents, 
la the last column, by means of the rules before given ift 
art. 30 of the direct method j by which they will be, found 
to produce the corresponding fluxions in the 2d column of 
tlie table. Thus, the 1st ?ind 2d forms of fluents will be 
proved by the 1st of the said rules for fluxions : the 3d and' 
4th forms of fluents by the 4th rule for fluxions ; the 5th 
Jmd 6th forms, by the Sd rule of fluxions : the 7th, 8th, 9th, 
iOth, 1 2th, 1 4th forms, by the 6th rule of fluxions : the 17th 
form, by the 7th rule of fluxions : the 18th form, by the 8th 
riile of fluxions. $o that there remains only to prove the 
lith, 13tb, 15th, and 16th forms. 

' 3. Now, as to the 1 6th form, that is proved by the 2d 
^xaihple in art. 6^, where it appears that xs/idx — x^) is the 
fiu^n of .the circular segment, whose diameter is.i/, and 
viersed sine x*. And the remaining three forms^ viz, the 1 lth^^ 
13thi and 13th, will be proved by ipeans of the rectifications 
9f circular arcs, in art. 61. 

4. Thus, for the 1 1th form, it appears by that art. that the 
fluxion of the circular TXfiZy whose radius is r and tangent /, 

is i = • ^ ■. Now put t = x^^y or /* =: .r", and a^=,T*'\ 
then is / = \nx*- x, and r* + ^* = a + ;r", and^i s= — -^ 
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^ — TT^ — f hence — = 7- =s ~-«^ and the fluent is 

-^ = — X arc to radius x/^a and tang, x* or = — 7 x art' 

to radius 1 and tang, y^ — , which is the first form of the: 
.fluent in n**. xi. 

>5. And, for the latter form of the fluent in the same n* y 

o 

because the coeflScient of the former of these, viz* ^-7-, is 

double of — ^ the coeflicient of the latter,, therefiore the arc 

in . the latter case, must be double the arc in the former. 
But the cosine of double an arc, to radius 1 and tangent t, is- 

I— ^ X 

j^^5 and because i* = -^ by the former case, this substi-r 

tuted for ^ iii the cosine - — ;, it becomes -, the cosine 

is in the latter'case of the 11th form. 

6. Again, for the first case of the fluent in the 1 3th form. 
By art. 61 vol. 2, the fluxion of the circular arc 2, to radius 7^ 

and sine J/, is z = ^^^^^.y or = ^j;^^ to the radids I. 
Now puty = \/— , or^* '= i- J . hence -v'' (^ "* ^) == 



^(1- :^) = ^ Ix V(«-i'«), and> =i/lx 4wx*''~Vj 

then these two being substituted in the value of x» give k 

' in— 1 • 

^' a/ i-V*) ^ 2 ^ Ad-^xA ' * consequently the given fluxion 
—- — -r- is = ~«, and therefore its fluent is — «, that is 

^ X arc to sine 4/—, as in the table of forms, for the first 
case of form :?ail. 

7. And, as the coefiicient — , in the latter case of the said 

form, isthehatfof— the coeflicient irt the tormei^ case* 

therefore the arc in the latter case must be double of the arc 
in the former. . But, by trigonometry, the versed sine of 
double an arc, to sine 7/ and radius T, is 2j/* y and, by the 

former -case, 2v* = —V therefore — X arc to the versed siii^ 

. — is the fluent, as in- the 2d cJwe of form iiii. ^'' 

, 'I ' , S. ,Again 
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8. Agsun^ for the first ctse of flaeat in the 15tb fencu Bjr 
art* 61 wd* 2, the fluxioa of the etrettlar nc'z, to radhis r 

a^d secant «9 it «s= ~j~— ,gr ac r/(/2 iV •*> ladkit 1. 

J *>» , iff 

Notir, put J = v/ — = -— , or^ :b! — J hence *\/(^—l)= 

then these two bemg snbstitiitedinthe'valiiefif % giirc jkor 

^ 1 O 4 4 

■ ^,1 * ^ «s — T-«f «»4 theref, its flttent is ^'•TriSff thatis-^T; 

X arc to secant ^ — , as in the table of forms, for the ft:it 
OMeof ferm XT. 

9. And, as the coefficient ^^-^ in the htter case of the 

said tonot is the half of — r the coefficient of the former 

. case> therefore the arc in the latter case miisi: be double the 
arc in the formen But, by trigosometryf the cosine of the 

liouUe arc, to secant ^;uid radius i, is -;r"* H amd^bytfae 
fcrmer sases -y-l^jr"*!^' -IT^ » tbereftMre ^j-- x 

P^, ^ T* 

arc to cosine -*--; — b the fluent* as in tlie W case of form xv. 

Or, the same fluent wffl be — r- x arc to cosine V*^* t>€- 
cause the cosine of an arc, is the reciprocal of its secaot. 

< 10. It has been just above remarked, that several of the 
tabular forms of fluents ore eanly shown to be true» by takiug 
the fluxions of those forms, and finding they come' out the 
same as the given fluxions. But they may also be deter- 
mined in a more direct n^anner, J^y the transfcpnation of the 
g*ven fluxions to another form. Thus, omitting the first 
^ rm, as too evident to need any explanation^ the dd fonn ii 
i = (fl + x*)*-*j:»-»;^, where the exponent (n— 1) of th^ 
imknowti quantity without the vinculum^ is 1 less 4ihan {n) 
that under the same. Here, putting j/ = the compound^ 

guanti^tf +^i thenisi =s jo*- ' a> audi =» ^^^jJience^ 
by art. 86, « ;? ^ as ^^r^* »s,iB tj» .tabfe*. • , ; 

' 11. By' 
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li. By the abo^e example it appears, that such ibrm of 
Audon admits ef a, fluent in finite terms, when the index 
(n — i) qI the variable quantity (x) without the vinculum, 
is 1ms by 1 than % the index of the same quantity under the 
TiBculum. But it wiU also be found, by a like process, th^ 
the same thing takes place in such forms as (a + ar*)"jr'''^';p. 
Where the exponent (en — 1 ) without the vinculum, is I less 
than any multiple (c) of that (n) under the vinculum. And 
further,' that the fluent, in each case, will consist of as many 
terms as are denoted by the integer number c ; viz, of one 
term when c = 1, of two terms when c = 2, of three terms 
when c c? 3, and so on. 

12. Thus, iii the general form, i = (^ + jr«)'»j?'*-'i, 
pilttitig as before, « + jr* == j^ ; then is x" = J/-«-tff and lU 

fluxidn Tix^'^^x =^, or jr"""';p = -^, and x^^-^i or i^"-* 

n 
1 ' 

x^-^^x = — (y — B)^~'i; also {a + jr")'" =y": these v^* 

lues being now substituted in the general form proposers 

gWe jg s ^-^ ^ay^y'"}. Now, if the compound quaii- 

tity (y — fl)*""' be expanded by the binomial theorem, arid 
each term multiplied oy y"y, that fluxion becomes ^ 

&c)5 then the fluent of every term, being taken by art. 56, it is 

3/* . 1 e— 1 a . c — l.c— 2 a« c— 1^— ^.c?-3 «?, 

n V <e d-1 y ^^ c?-2 9y9 d-3 '2.-3y« 

^c)^ putting i2 = wi + tf, for the general form of th^ i^uerit^ 
y»hete,c being a ^rhole number, the multipliers c- — 1, c— 2, 
c — S, &c, i#iil become equal td nothing, after the first c 
^enxis,' an4 therefore the series will then terminate, and e j* 
hibit the i|uent in that number Of terms | viz, there will be 
only the filtst tetm when ^ == I, but the first two terms when 
c =z 2, aikl th^ first three terais when c = 3, and so on^^u.* 
£xeept hpwever the cases In which m is some negative num- 
jter equal to or less than c ; in which cases the divisors, 7n -)- ^» 
w +* c — 1, m + c — ^, &c,' becomirig equal io n6thing^, be^- 
•fcre. the mtfllipliew ^— I, c — 2, &Ci the Corresponding t^rms 
of the series, being divided by 0, will be infinite : aim th^h 
the fliAHit is said to fail, as in such case nofrhine can be deter- 
mmed from ;t. . 

; li. i&itdki t8B fenh 6r the Htsthnij there are other m^- 

Oods tf pMb^^*^ by #Meh. dthei^ fot^ms of fluents a^e 

V#i. in. Q derived. 



226 FLUXIONS AND FLUENTS. 

derived, of the given fluxion a = (a 4- J^y^'^^i, which 
are of use when the foregoing form fails, or runs into an in* 
finite series ; some results of which are given both by Mr. 
Simpson and Mr. Landen. The two following processes are 
after the manner of the former author. 

14. The given fluxion being {a + jr")'"ji:'*"-';r; its fluent 
may be assumed equal to {a + ar")'"+ ' multiplied by a general 
series, in terms of the powers of x combined with assumed 
tmknown coefficients, which series may be either ascending 
or descending, that is, having the indices either increasing or' 
decreasing ; 

viz, (tf + ar")'"+' X (aj:'' + Ear'— '+ cr^'^^' + DX"-'/ ^gcc), 
or (ii + x»)'" + ' X (Aa:- + Bjr^+'+ cx''+"+DX^+'' + &c). 
And firsts for the former of these, take its fluxion in the 
usual way, which put eqiial to the given fluxion {a + ar*)"" 
af'^^x, then divide the whole equation by the factors that 
may be common to all the terms ; after which, by comparing 
the like indices and the coefficients of the like terms, the 
values of the assumed indices and coefficients will be deter- 
mined, and consequently the whole fluent. Thus, the former 
assumed series in fluxions is, ^ 

n{m + l)x'"-'^x{a + x")" x (ax*- + Bjf"+ caf-^'8cc)+ 

&c) ; this being put equal to the given fluxion (a 4- j:*)**jj*"'"'x, 
and the whole equation divided by (a + .r*)"'a;~';r, there results 
w(m4-l)^ X (aj:'' +BX'— ' + cr'— *'+DLr''-»'+ &c) \ _ 

Hence, by actually multiplying, and collecting the coefficients 
of the like powers of x, there results 

— « ..+ .... raAx^ . . . + (r— *)aBJf &c 3 

Here, by comparing the greatest indices of x, in the first and 
second terms, it gives r + n sz en, and r -\- n -^ s = r^ 
which give r =^ {c -^ 1)», -and n = 5. Then these values 
being substituted in the last series, it becomes 

Now, comparing the coefficients of the like terms, and put- 
ting c 'jr^^ ^ ^f there result these equalities : 

Sec ; which values of A, b, c, &c, with those of r and s, foejng 
now substituted in the first assumed fluent, it beconies 
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&c, the true fluent of (a + ^")"'^^'»""* jf, exactly agreeing 
with the first value of the 19th form in the table orfluents 
in mj Dictionary. Which fluent therefore, When c is a whole 
positive number, will always terminate in that number of 
terms ; subject to the same exception as in the former case. 
Thus, if ,f = 2, or the given fluxion be (a + jr")'"jr*'*"-" x ; 
then, c + m or d being = w + 2, the fluent becomes 

(a^j?«)»*«a^ aj?-» _ (a-f.T")'»-»' . (in+l)j?«-,a 

And if ^-=35 3, or the given fluxion- be (a + ^)'"^'""'*x j 
then.m + c or d being =z m + S, the fluent becomes 

2 iL» ■ ' X fl — - + — — — ) rs ^ . ' X( - — ' 

(m + 3)/i * in + 2 ' m + 2.TO+i' » >m + 3' 

— T^^ — TS "I — r^i — ^o _^, )> And. so on,^ when c is other 

whole numbers : but, when c denotes either a fraction or a 
negative number, the series will then be an infinite one, as 
nque of the multipliers f— 1, ^— 2, c— 3, can then be equal 
to nothing. x 

^15. Again, for the latter Or ascending form, (fl5-f-a:*)'"+* x 
(A3r»- + BJtf^' + cjr''+** + DX^+^' + &c), by making its 
fluxion equal to the proposed one, and dividing, &c, as be- 
fore, equating the two least indices, &c, the fluent will be 
obtained in a different form, which will be useful in many 
cases, when the foregoing one fails, or runs into an infinite 
series. Thlis, if r + j, r + 2j, &c, be written instead of 
rr- Sf r'-^ 2Sf &c, respectively, in the general equation in 
the last case, and taking the first term of the 2d line into the 
first line, there results 
^^»+«(m+l)) ^.^.+n(m+l)7 ^,^.^. 1 

•+ m Ajr^ +*(r + s)aBj:*' + ' + (r + 2s)acaf + ^^ &c j 
JHere, comparing the two least pairs of exponents, and the 

coefficients; we have r = on, and ^ = w ; then a = — =^ — . - 

. r + n(m + 1 ) c+m+l a c+m+l ■ . 

c + m + 2 , c + wi+1 . c+m + 2 ^ rrit r J 

-—---B =s + r s — ^ &c. Therefore, denoting 

c •\- m by rf, as before, the fluent of the same -fluxion 
{a + ary^x^- ' icy wfll also .be truly expressed by 

(fl + x«)A*>a?fl, .1 d+l.a:« . d+l.d+2.««» o-'V' 

'^' ^ . M f+l.a ^ c+X.f + 2.a« ^ ^! ,,, 

« ■ . \ ■ ' - " • « ' 

r,fg{'eeingwith the 2d value of the fluent of the 19th form in 

Q 2 my 
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toy iKctionany. Which series will tefminatc when dort -i-W 
is a negative integer; except when c is also a negative in- 
teger less than d ; for then the fluent faib, or wilt be infinite^ 
the divisor in that case first becoming equal to nothing. 

To sho^ now the use of the foregoing seriesi in some ex- 
gmple of finfling fluents, take firsts 

16. Example I. To Avd the fluent of -—^ or Qxx 

{fi + x)i. 

This example being compared with the general form 
;r«*-"x(a + x'Y'f in the several corresponding parts of the 
£x«t series^ gives these following equaliaes: via, a^=ia,nt9ly 
C»-l = l,orc- l=5l,or<:a»2i mzz^ ^-^ y^u^x^ 

i^ ss -^ I here the series ends, as all the terms after this 

become equal to nothing, because the following terms con- 
tain the factor c — 2 = 0. These values then being substir 

Stituted in -^ ( Y - ^^ . -j-)> it becomes (tf + ir)* X 

which multiplied by 6, the given coeiiicient in the proposed 
example, there results (4ar— »fl) . v^(<»-l-*),^ for the fluent 
required* 

17. Exam. 2. To find the fluent of 

MP , ^ 

The several parts of this quantity being c(»npjuM with the 
corresponding ones of the general form, give a at a% n c= 2, 



1-6 



w = I:, en - 1 or 2c - 1 = - 6, whence c =s — - = - 1 



1£> 



and d = m + c = 4^— 4=— i=:— 2, which being a nega- 
tive integer, the fluent will be obtained by the 3d or last form 
of series ; whibh, on substituting these values of the letter^ 

gives ^^^ X (r - trjir) * ^trjs?" ^(^""3=5)=* 

iJ!±p- X — ^^ for the required fluent of the proposed 



fluxion. 



« 18* Exam. 3. Let the fluxion proposed be 

Here, by proceeding as before, we have as=t^n == n, 
m = — ^, c s 3, and tff =! c + m = J ; where* c bfeing a 
positive integer, this case belongs to. the 2d seiks^ into 
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which therefore t^e atove values being substituted^ it becomes 



19. Exam.^* Let theproposed fluxion be 5(-|.-^%^)^s~'«. 

Here, proceeding as above,' we havfe d = f , «^= 2, w = I, 
m«*-,lor2^-- l=c — 8, and c= — |., jr=— as, rf = c + 
f» sr — 3, which being a negative integer, 4:he case belongs 
to the 8d or last series ; which therefore, by substituting 

these values, becomes ^^^!'' x (-f '+ ^Vi + ""v'".\ ) = 

the true fluent of the proposed fluxion. And thus may 
many other similar fluents be exhibited in finite t^joisy a^ in 
these following examples for practice. 

Ex. 5. To find the fluent of - Sx^x^ia^-^x^). 
Bxr. 6L To find the fluent of - 6x^x . (a*-;r*)""*. 
Ex. 7. Tofindtheflu.of^*-=^,or(«i-xO**-^+'*'. 

20. The case mentioned in art. 37, vol.2, viz, of compound 
quantities under the vinculum, the fluxion of which is in a 
given ratio to the fluxion without the vinculum, with only 
one variable letter, will equally apply when the compoutta 
quantities consist of several variables. Thus, 

Example I* The given fluxion being {4ixx 4- 8}(^) x 

V(4;^+%fVor {^xJt + 8j4y) x \x^ + 2y')*,flhe root being 
X* •4- 2y*> the fluxion of which is 2xx + 4kj(y. Dividing th<B. 
former fluxional part by this fluxion, gives the quotient 2": 
next, theex]ponent|*iacneasedby It.gives^: h6tly,.di'^ng 

by this I, there then results f(j:* + 2y*) ^fcu the rei 
fluent of the proposed fluxion. 

Exam. 2. In like manner, the fluent of 
(X* +y + %^P X (fixA + 12yi + I82^i) IS 

(2iir-f43f3^-f6s^s)x| 

JBsam. 9. In l&e mimner, the fluent of 

21. The 



i(f'-lr^*4-»T. 
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21. The fluents of fluxions of the forms 
-Zir'f .^ , » &c, or — X — 9 &c, whpre c and n arc whol« 

numbers, will be found in finite terms, by dividing the nu- 
mmtor bf the denominator, using the variable letters as the 
first term in the divisor, continuing the division till the 
powers of x are exhausted ; after which, the last remainder 
will be the fluxion of a logarithm, or of a circular arc, &c. 

Exam. 1. The find the fluent of -^^ or —'-. 

a +« cc + a 

By division, =s x — ,- ^ where the remainder — is 

evidently = a x the fluxion of the hyperbolic logarithm of 
a + XI therefore the whole fluent of the proposed fluxion 
is 0? — a X hyp. log. of (a + •^)» In like manner it will be 
found that, 

Ex.2f The fluent of -^— , is a: + a x hyp. log. of ( 4: — a)^ 



Ex. 3. The fluent of — i^-, is — ;r — a x hyp. log. of 
{a - x)>. - 

Ex. 4. The fluent of -^ — -, is ix^ — flU" + a* x hyp. log. 
of (a + x). 

Ex. 5. The fluent of — r, is — ^ — <7^ — a* x hyp. 
tog. of (<z — jt). 

Ex. 6. The fluent of -3—, is i^r* + tfjr -f "B* X hyp. log. 
of (jr — fl). • 

-fi'a:. 7. The fluent of -i^, is Ix^ - 4«a?* + a^x - a' x 
hyp. log. o{{x -\' a). 

Ex. 8. The fluent of -^3-, is fr' + \ax^ + a*^: -f o^ x 
hyp. log. of [x ^ a). 

Ex. 9. The fluent of ^— -, is - f^' — iax*" - a'x + 
a' x hyp. log. of {a — x). 

Ex. 10. The fluent of j~^, is ^Jx* - \ax^ + iaV -- 
(px + 4X* x hyp. log. (a + or). 

E:x.\\. Thefluentof J?^,is^-2;- + 2^:::: - 

^tm V^ ^•^ K » ^ 

-^jTj" + &c ± a" k h. 1. (a + x), 

JTx. 12. 
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Ex. 12. Theflnent o£ —.U-^-^^ ^ !!^^^ - 

a— ar n n^ I n— 2 

—^Y' &C "• ^" X h. 1. (tf — 07). 

"jFx.lS. The fluent of ^. is ^ + f^* + !!?:rL + 

r &c + fl" X h. 1. (x - fl). 

^x. 14. The fluent of j^. = (by division) i - ~, 
is, (by form 1 1 vol. 2) x — cir. arc of radius a and tang, x, 
or ;r — 4a x dr. arc of racL 1 aiid cosine -5— r. In like 
manner^ 

'£x. 15. The fluent of -~^» or of — ;r + -r—^i is — 

jr + ia X h. 1. ^^, by form 10. And 

Ex. 16. The fluent of ji::;^ = •*" + jrrs* " * + i« X 
hyp. log. f^, by the same form. 

22. In like manner for the fluents of ^-^-r- Thus,- 

Ex.ll. Thefluentof ^ = ^x-.fl*i+^i^, 
is by form,^' — d^a: -I7 a* x cir. arc to rad. a and tang, jr, 
OT-^x^ — a^x+id^ X cir. arc to rad. 1 and cosme ^j-^. And 

Ex. 18. The fluent of -^^ = - a:*;^ - a*;r + ^, is 
— J^ — «*x + ^a* X hyp* log. — -i by form 10. 'Abo 

Ex, 19. The fluent of :^. = x*i + «** + :^, is 
•Jjt' + tf*x + i«' X hyp. log. ^— , by form 10. 

23. And in general for the fluent of gr£'^a* where n is 

any even po»tive number, by dividing till the powers of x 
in the numerator are exhausted, the fluents will be found as 
before. And first for the denominator x* + a\ as in 



Ex. 20. For the fluent of -j— ; = (by actual division) 

j?«-» i _ aV-^i + a^x^-^ - &c ± fl«-*jr T —^i the 
number of terms in the quotient being in^ and the re^oaunder 
^ iTj^j ^^2> — or + according as that number of terms is 
odd or even. Hence^ as before^ the fluent 



* 



I 



•I -^ * H — . Ji 

a a id tan x> or r — - — ^ + &c . . ± <I*"^*t T ■i^'"*-)^ 

.... ». 

a*— «* 

jure to nid, 1 and cos, j^ir?* 'i 



MX. 21, In like mann^ri the fluent of j^-jj » — 



— 7 ^—77 — ^— T &c + ia*"-* X hyp. log. '3-—. 

X hyp. log. i-f. 

S4. (n a similar manner we are to proceed for the fluen^of 

•> — ^9 when n is any odd number, by divitding by the de« 

iioiiiinator inverted, till the first power of x only be found . 
in the remainder, and when of course there wiH be one term 
less in the quotient tl^an in the foregoing case, when n wa|i 
2m even number ; but in the present case the log. fluent of 
the remainder will be^ found by the 8th form in the table of 
fluents in the 2d volume. 

ami 

Ex, 22. Thus, for the fluent of -; — u where n is an odd 

humber, the quotient by division as before, is x^'^^x — a*jr*~^ 
X + cl\v^''^^Si — &c ± a'-^jr/r, the number of teems \H^tkg 

~^i and the remainder T ^t— r* Therefore the fluent is 

jE^, 23. The fluent of ^j;3jj; is obtaiiied in the same 

manner, and has the same terms, but the signs are all positiye^ 
and the remainder is + 4^*"* x hyp. log. x^ — fl^ 

Ex, 24.' Also the fluent of -t — i ss still the same, but the 

a*— «\ 

fflgns are all negative, and the remainder is — -Jo*""' x hyp. 
log. fl* ~ a?*. Hence also, 

Ex. 25, The fluent of 5— j> is -l^r* — 4a* x hyp* log. 
of:r* + a\ 
Ea. 26, Hie fluent of j^, is ix^ + 4«* X hyp. logw 

of JT^ — fl*. 

iBor. 27. The fluent of ^^,, is -* ix*^ - 40* x Ijfp^ 

log; of a* — ;r*. -^ 

Ex. 



I • 



Bx. 28. Tte fluent of j^, k^jr^ -ri i*^x* + *^^X 

kyp- log- •«•* + a\ 

£^. ^, Tiie fluent of ^—^^ is Jx* + 4a*4:* + ia^ H 
kyp. log. j;^ — a^ 

itr. 30. The fluent of -^,, is - fr* - ia*;t^ - *«* x 

S^. • JP^. 51. In a simikur manner may be finind tbe 
9afPj^ of jrs^* vhei?e <^ is v^? whole positive numbfT,. by 

^yiiii^Ji till ttie r^inain/der be ^ ^.^^ ^ > which cap always 

he done* and the flujent of that remaind^ witt be had hj ^bf 
fiftkArm in ¥oL 3. Thm^ by djyiding. firM by ^ Hr <3^\ tb# ' 

t«pnsare»;rf»-^*-»;^- flf^-*^-7'4r.+ <if''^*^*""A -Ht 
&c tiH thjj hsfetenn be,a^''""'^''^'""^f-"', and tihe re^^ii^cji^^r 

^ , — = — ::: — ;: — when ai^ = ir — l,or 1 less than 

Cj which is also Ae oumber of th^ terms in the quotient ; 
f^n) 4^erjefox^ t^ fluent ^ 



byp. log. of j^ -|r (f. In like; manaer» 

jElr. 92. The Sp^nt of -;- — - has aU the same teitta 
as the former, but thjrir signs all 4- or positive) and the rei» 
mm>^< — ^^-^ »>» X hyp. Ipg. of ^ ^ a*. Also in like man^ep 

Ex. 3 3. The fluent of ^j - ; has all the very same teeing 

but all negative^ and. the remainder a^-»)* x hyp. log. 

ofa*-^. 

Ar. 34% The fly^t of i ■■ as -^ x -7 — — » ato 

7tf if* 

A^ q9$ae'^iA ^ pre<ie4i|igj bye substitat. ~ for a?, and i»^ 
Implying ^ whple series: by th^ $ra^tion ^^ 

ff 

S& , When thft n^m^fa^^ir i& compound) as w^ aa the dfr 
nominator, the ezpiiessian may, in a similar manner 1^ divi* 
sion, be reduced to l&e teims admitting of finite fluenttk 
lliqs^fi* - 2 



S3* rhxnaortB akd -TLmsirrs. 

£x. 35. To find the fluent of ^ x ri = !^p^, 

c + dafl e-Klx' 

By division this becomes — -jxx + —55- x — — — ; audits 

fluent - is'* + ^ ^ ^yP- ^<>8- 0^ -7 + **• 

27. There are certain methods of Qnding fluents one from 
another, or of deducing the fluent of a proposed fluxion from 
another 'fluent jMwiously known or found. There are hardly 
any general rules however that will suit all cases ; but they 
mostly consist in assuming some quantity y in the form of a 
rectangle or product of two factors, which are such, that 'the 
one of them drawn into the fluxion of the other maybe of the 
form of the proposed fluxion ; then taking the fluxion of the 
assumed rectangle, there will thence be deduced a value of 
the proposed fluxion in terms that will often admit of finite- 
fluents* The manner in such cases will better appear from 
the following examples* 

Ex. 1. To find the fluent of -77^^. 

Here it is obyious that if y be assumed = x»y{3c^ + d*), 
then one part of the fluxion of this product, viz, x x flu^* 
of \/(j^ + tt*)j wiU be of thie same form as the fluxion pro- 
posed. Putting theref^the assumed rectangle^ s=Xv^(;r*+a^) 

into fluxions, it is i=*^(r*+a*) + "^;i ' t But as the 

former part, viz, *v'(jr* + ^*)> does not agree with any of 
our preceding forms, which have been integrated, multiply it 
by v^(j:^ + a^), and subscribe the same as a denominator to 
the product, by which that part becomes 

makes the whole/ = " tf«i "^ "/(ST?)"* ^«°<^c^^P^^^ 

*"*^° -7$^ - ^^ -^\ ** -7(^' ""^ '*' *"'^' " 

therefore iy - i«* X / ^(/+,.) = i*-v<(-**+ «*) -V X 
hyp. log. of X +y' (** + a*), by the 12th fimn of fluents. 

Ex. 2. In like manner the fluent of ..^_^v will* ba 

found from that of — -rr — rr by the same 12th form, and 
is = •trv^(jr*-fl*) + 4a* x hyp. log. x +-v/(x* - ^7. 

Ex. 3* Also in a similar maxmeri by the 13th form> the 

fluent 
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fluent of j^ltl:,a) "^^^^ ^® found from that of -j^^z^^f and 
comes out — ixV(a^ — a^) + i« X cir. arc to radius a and 
sine jr. 

Ex. 4. In like manner, the fluent of ,,^ ^ ^^ will be 

A • 

found from that of ^/,^ ,, . Here it is manifest that y 

must be assumed = jrVC*^* + ^*).* ^^^ order that one part of 
its fluxion, viz, x X flux, of v^(x* + a") may agree with the 
proposed fluxion. Thus, by taking the fluxion, and re- 
ducing as before, the fluent of ,^ ^ ^,. will be found = 

Ex. 5. Thus also the fluent of ^>^^ _ ^,^ is i^ V (*^* - «*) 

.2:^. 6. And the/ - ^^ j'^ ^,^ , is - i^r^Vla^ -r 4r*) + 

In like manner the student may find the fluents of 
— ^ — , — f!f — ., &c, to ,, fl ^v » w^iere w is any even 

number, each from the fluent of that which immediately 
precedes it in the series, by substituting for j/ as.beforf. 

Thus the fluent of ^^"^^ = i^"' Vi^' + ^*) ^ ^' 

28. In like manner we may proceed for the series of simi- 
lar expressions where the index of the power of x in the nu- 
merator is some odd number. 
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Ex. I. To find the fluent of ^^^ ^ ^^y Here assuming 

y = jrV(^* + «*)» and taking the fluxion,, one part of it 
will be similar to the fluxion proposed. Thus; i = 2j?^ 



V'(;r* + a*) + ^ /^"^ j hence at once the given fluxion 
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- =3 y - 2xx^/(x'^+a!')i theref. the required fluent 

is J/.-/, a^i^^r^ + «') =^V('^' + «*) ^ f(^* + ^*)^' 
by the 2d form of fluents. , . 

. ^.r. g. In like manner the fluent of -..^ ^ ^,v» w . > 

MLXm 
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£x. 8. And the fluen* of .. f * ^. -zz -• ^/(«* - or") 

Ex. 4. T« find the flu. of ■ _ .. , from that; or ./ .^ • 

Here k is manifest we must assume j/ = r*V{x^ + «*). 

This in fluxions and reduced givesj s ^^T^r) + :;^^T7>, 

»d Hence ^^7^ = ii -. ¥ " i^C^T^) ' '«'****^«- 

the fluent of the latter part being as in ex. 1) above. 
In like manner th^ student may find the fluents of 

-rrr^ i^ aJ^d -77-r rr- He may then proceed in a sinjilar 

way for the fluents of ^^^ ^ ,.) . ^(,.^;^y &c, ^^^^^.) , 

where w is any odd number, viz, always by means of the 
4uent <^ each preceding t^m in the series. 

29. In a similar manner may the process be for the fluents 
of the series of fluxions^ 

«^g the fttent of each, preceding term in the serieSf as" a 
;|Wt of die next term» and knowing that the fluent of th« 

'first term - ^ ^ is given, by the 2d form of fluents, =« 

^V^ (tf 7h x)i of the same sign aa or. ' 

jPot. 1. To find the fluent of -rr^^^, having given that 

^' r^r'^A ^ 2v^(^ + «) =» A suppose* Here it is evident 
we must a3sume3^=a:y^(i:-f a), for then its flux* y = J^ ■■? 

hence ' ' ■ . =: f i — -f^Aj and the required fluent iis.fy — 
In like manner the student will find the fluents of 

Bjcc 2* To find the fluent of ^ '^^ . ,■ having given tfi* 
I/Cg-M ^ ^> -5^^ J^ ««*5t te assumed = :p'^\Cf^ski^U 
for then taldng the &a. mix^iximgiihm kfoURd i^Tlo* ' 

' ' " "" ' ' • ^ V mm 

. .. ^ ^Jf mm 



^ 

|i -■ 4ai ; theref./ -~^ = f j^ • ^OB = l^^/fr + a) 
-- |tfB = l^-v/C*^ + fl) - 4fl(^ - 2a) X |. ^(x + aX = 

. In the same manner the student will find the flueats of 
,r„^^. and of -^ r . And in s[eneral. the fluent of -r; ? 

being givm = c, he will find the fluent of ■ . ■■ . == -^ — . 

x^^/{x + «) — ^^ac. 

30. In a similar way we might proceed to find the fluents 
6f other classes of fluxions by means of other fluents in 
the table of forms in volume 2 j as, for instance, such as 
Xx^(jix — x% ar*iv^(ir — X*), x^xAy{dx^a^\ &c, depend- 
ing on the fluent of ;r^(ir— x*), the fluent of which, by. 
the 16th tabular foi'm, i^ the circular semisegment to diame-* 
ter d and versed sine x^ or the half or trilineal segment con* 
tained by an arc with its right sine and versed sine, th6 
diameter being d,, 

Ex. 1. Putting then said semiseg. or fluent of x^^dx^sc^) 
a A, to find the fluent of xxV{dx — x*). Here sBsnming 

y = {dx — JT*)*, and taking the fluxions, they j^re, y zz 
Hdx - 2xx)ii/ldx - a:*); hence xx^{dx - x^) zb \dxV 

{dx—x^) — 4i — i^^ "" iii therefore the required fluent, 

^^^'(dlr— 0?*), is I^A— f;y = 4rfA--f(<ir--ar*)*=Bsuppose. 

Ex. 2. To find the fluent of x^xy/ (dx-x^)^ having that^* 
of xxi^{dx^x^) given =b. Here assuming ^aBjT(<£r—4r*), 
then taking the fluxions, and reducing, there results i :== 
adxx — ^xf^x) v/ {dx - x^)\. hence x^'x^iflx - i*) ss ^xx 

V^(rfjr— 4?*)- jis=|rfB-^^i, the flu. theref* oix^x^{dX'-x^) 

is^rfB -^ ^j^ = ^i/b — \x(dx — :r*)*. 

Ex. 3. In the same manner the series may be continued 
to any extent; so that in general, the flu. of ^ "^ ' v^ (dx -- :r*) , 
being given = c, then the next, or the flu. o{x^xV\dx^x^) 

will be — ^ — i^dc r-x^^^idx-^x^)^, 

fi + 2 * fi + 2 . ^ ' 

31. li^ find the fluent of such expressions as T/rjf^^Si 

a case not included in the table of forms in vpl. 2, 

Put th<a proposed radical V(i^ ± 2ax) = z, or x* ± 2ax 
= »* ; then, completing the square, x^ ± S^ix+a* = z^c^^^ 
and the'root is x ± a = ^'(z* + a*). The fluxion of this is 

of 
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of which, by the 12th form, is the hyp. log. of z +-/(«*+«*) 
fcs hyp. log. of > ±a + ^/(x* ± 2ax)y the fluent required* 

£x. 2. "To find now the fluent of • ' ■ — ?, having 

given, by the above example, the fluent of > == a 

suppose. Assume V(j:* + 2ax) ^ y\ then its fluxion is 

^-;5^^.— =j.; theref. -^^5^75;;;^) = J. ^ -__.=j,.^^. 

the fluent of which is y — aa = ^{x* + 2ax) — a a, the 
fluent sought. 

Ex. 3. Thus also, this fluent of ..^ ^ ■ . being given, 

the flu. of the next in the series, or ^, , „ . will be found, 
by assuming Xy/{x^ + 2ax) ^y ; and so on for any other 
of the same form. As, if the fluent'of ■ , x be given 

=: c; then, by assuming jr''""'v^(a7* + 2flf^} =j/, the fluent 
of ,, , "^^ . = — JT*- VC*^* + 2fl^^) ^ac. 

« 

JBjt, 4. In like manner, the fluent of -r; r— r beinff 

given, as in the first example, that of ■ J^^ may be 

found ; and thus the series may be continued exactly as in 
the 3d ex. only taking — 2ax for + 2ax. 

S2. Again, having given the fluent ef --rr ~, which^ 

by pa.. 321 vol. 2, is — x circular arc to radius a and versed 

sine x, the fluents of —r—^^ — r,j -rs— — s> &c . . ../ ^ ,^ 
maybe assigned by the same method of continuation,.. Thus, 
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Ex. 1 . For the fluent of -r;-; — —7,, assume VC^^*^ — ^^) 

= y \ the required fluent will be found = — v' (2ax — :r*) + a 
or arc to radius a and vers. x. - 

J?T. 2. In like manner the fluent of — 77^ --rr fs 

where a denotes the arc mentioned in the last exalhple. ' 

Ex. 3* And in general the fluent, of ^' ^ ■ ^ . tu is 
-^!^ac - Tf ""' V(2aji;' - or*),' where c is the flu«xit of 

l>(gax-^*g«) > ^^ '^^^ preceding term in the series. . . 

33* Thus 
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« ' ■ • • ■ 

b3. Thus also, the fluent of xts/[x — . a) being giveni =? 

■ 1. * . 

-Kor— a)*, by the 2d form, the fluents of ar*v^(r — a), 

jrVv/(jr-^a), &c . . . jr*«'v/{jr— fl), mav be found. And in 

general, if the fluent oi x^^^xy/Qc — a) = c be given-, then 

X 

by assuming x\x — ay = y, the fluent of x^x \/(-2^ — «) is 
round = T*(jr— flj* +■ rc. 

34. Also, given the fluent of {x — aYx^ which is 5 

(>— a)» + ' by the 2d form, the fluents of the series {x — (lY'xx^ 
{x^(Cf*x'^Xj &c . . . {x—dfx^x can be found. And iii gop 
neral, the fluent of (r — a^x^-'^x being given = c; then 
by assuming {x — a)'* + *x" =3^, the fluent of {x—aYx^xy^ 

touna = w ■ , ■*. 

Also, by the same way of continuation, the fluents of 
x'^xy/ifi 7h x) and of x^x[a -t? xY may be found. 

35. When the fluxional expression contains a trinomial 
quantity, as ^(6 + cjt + jr*), this may be reduced to a bi- 
nomial, by substituting another letter for the unknown one 
x^ connected with half the coefiicient of the middle term 
with its sign. Thus, put z = x\ \c\ then z* = :r* -h ct +■ -Jc* j 
theref. z* — ^ = x^ -|- cx^ ^nd z* + A — 4^* = ;r* + cjt + i 
the given trinomial ; which is = %* + a*, by putting «* =: 

Ex. 1. To find the fluent of „^ ^f ^, . 

Here ;g = a: + 2; then jj* = ^* + 4.r + 4, and «* + 1 = 
5 + 4.r + x% also x ^=.k\ theref. the proposed fluxion re- 

duces to -rTf — -x ; the fluent of which, by the 12th form in 

the 2d vol. is 3 hyp. log. of % +\/(l + 2) = 3 hyp. log. 
^ + 2+v'(5+4;r + ;r*). 

Ex. 2. To find the fluent of i-v/ {b + ex + dx^) =ix^dx 
Here assuming ;r + -^ = 2; then jc = «, and the proposed 
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flux, reduces to x^dx V'(2* + "j - j5)=«V'flf>^V(z*+a*), 

putting a* for -J — jjs > and the fluent vnll be found by a 
similar process to that employed in ex. 1 art. 27. 

jEit. S. In like manner, for the flu. of 4f* -"';«■ v< {* + ex' + 
dx^)f assuming ^' + ^ = 2, nx'"'^x=ih rndx^^^x^-K-y 

hence 
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jience *^ + ■7>^+^ = V, and ^(dx** + cj-^ ») « 

X v' (»* ± «0» putting ± «* = T - iS > l»ence the give* 

fiaxkm becomes - iV^^ ■v^C*' ± «*)» ««* its Hu^t as m 

th^ las^ example. 

- JBx. 4. Also, for thte fluent of ^^^^"^ J assume 

^ a. i, s j^y tlwn the fiuadon may be reduced to tli^ feaoi 

:^ X ■ ,^ 4 t and the fluent found a* before. 

So far on this subject may suflice cm the present odcasioii. 
But the student .who may wish to see more on this branch, 
may profitably consult Mr. Dealtrv's yerjr methodical and 
ingenious treatise on Fluxions, lately published, from which 
several bf the foregoing cases and example^ haVe b^fen taken 
or imitated. 
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CHAPTER XI. 

OK THE MOTION Ot MACHINES, AND THEIR MAXIMI^M 

. SFFBCT8* 

.A*f * 1 . When forces actJftg in contrary directi«S| <* 
in any such directions as produce contrary effects, are ap* 
pUed to machines^ there is, with respect t6 every simple tpa* 
^kie (ttnd rf cetosequence with respect to every cteiWtotwft 
of fiimple machines) a certain relaftion toetweeii ibe po^rcsrs 
and the ditjances at which they act, which,^if subsistinf in 
toy such machine when at rest, wUl always keep it m a state 
of rest, or of statical equilibrium j and for thi& reason,' b^ 
cause the eflbrts of these powers, when thus related, with 
regard to magnitude afid distshlce, being efoal and opposite, 
aonibihite Mch Qth«r, and have no tendency to chai^ th^ 
state i4 the syi^n to which they are appB^ bo also, it 
l^sAtt^jMchiMhiive been put into a^tate oiowrorwf^ip^ 
fioa, whither rectilinear or r9tatory, by tWfe acutm J*: anr 
ppiirersidtstmct from Oose we ai^ now coilsiderffig, and we» 
4w6spow«^ liejiiato W JWt «pdn^th»inHdwwinflteA^ 
m^woiimjAzoaerM Ait iawbich*they.i»rt»*uf^ 
at rest, thciraimi4taniOtt»tctk>iiwittt«'«*^** *^ 
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of untfonn xxMixntk^ or of n^fiamiica/ equilibrium; and this for 
tlie sam« reason as before, because their contrary effects de« 
supoy each other, and have therefiore no tendency to change 
the state of the machine. But, if at the time a machine is 
in a^tate of baianeed'rest, any one of the opposite forces be 
increased while it continues to act at the same distance, aim 
excess of force will disturb the statical eqniiibrium, and prQ- 
duce motion in the machine i and if the c!ame excess 6f force 
cootinues to^act in the same manner it will, like every con- 
stant force, produce an accelerated motion ; or, if it should 
undergo particular modifications when the machine is in dtfr 
ferent positicms, it may occasion such variations in the motion 
as will render it alternately accelerated and retarded. Or the 
di&rent species of resistance to which a moving machine is 
st^jected, as the rigidity of ropes, friction, resistance of the 
air, &c, may so modify a motion, as to change a regular or 
irxegular variable motion into one which is uniform. 

S. Hence then the motioi^ of machines may be considered 
as of thi^ee kinds. 1. That which is gradually accelerated* 
which obtains commonly in the first instants of the comaui- 
nication. 2. That which is entirdy uniform. 8. That which 
is alternately accelerated and retarded. Pendulum clocks^ 
s^nd machines which are mpved by a balance, are related to 
. the third, class* Most other madbines, a short time after 
their motion is commenced, fsdl under the second. Now 
tjhougfa the motion of a machine i^ aUeraately oeccSerated- 
and retarded, it may* notwi^ta«ding,^ be measured by a 
uniform motion, because of the periodicai smd regular rene- 
tkicm Which may exist in ihrn accderation and retardatiin. 
Thus^e tnotion of a seccfid's pendulom, con^dei^ in re^^ 
spect^to a mng^ osoiUation, is accelerated during the first h^lP 
second, and rotated during the next : but 'ihe same motifm' 
taken for many oscillations i^on^ h^ considered as uniform. 
Sepposse* vfor example^ th^ the extent of each osdUation is 
5 inches, and that the pmdulum ha^ made 10 oscillations: 
its total eJ^ect wiU bi^ to hav^ run over $0 inches in IQse^ 
conds; and, as the space described io each second is the 
same,, we may compare the effect to thjKt produced fay a 
moveaWe wWh moves^ for 10 seconds ynih • velocity of ^ 
inches .per second. We see, therefor9i titat thu theory of 
machines whos<& motions are uniform, copduces natux^y \f> 
the estimation of the efiects produced by machines whose 
motion isL alternately aceelcrsted and retarded i so'that tl^ 
pi^«ims' GqiQjpriiffd m ibi» ichaptec will be directed to iboee 
machines whose motions fall, ui^ier the first two heads; such 
pnseJ^iema^being o^&r the greatest "BtUiCyitntpioBtace.. 

!VoL. in, R Dtfs. 
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Defs, 1. When in a machine there is a system of forces 
or of powers mutually in opposition, those which produce or 
tend to produce a certain effect are called movers or moving 
powers; and those which produce . or tend to produce an 
effect which opposes those of the moving powers, are called 
resistances. If various movers act at the same time, their 
equivalent (found by means of prop. 7^ Motion and Forces) 
is called individually the movuigjorce ; and, in like manner, 
the resultant of all the resistances reduced to some one point, 
the resistance. This reduction inWl cases simplifies the in- 
vestigation. 

2. The impelled point of a machine is that to which the 
action of the moving power may be considered as immedi- 
ately applied ; and the working point is that where the' re- 
sistance arising from the work to be performed immediately 
actSj or to which it ought all to be reduced. Thus, in the 
wheel and axle, (Mechan. prop. 32), wher,e the moving 
power p is to overcome the weight or resistance w, by the 
application of the cords to the wheel and to the axle, b is the 
impelled point, and a the working point. 

3. The velocity of the m^oviug power is the same as the 
yek>city of the impelled point ; the velocity of. the resistance 
the same as that of the working ppint. ' 

4. The performance or effect of a machine, or the work 
doney is measured by the product of the resistance into the 
'velocity of the working point ; the momentum of impulse is 
measured by the product pf the moving force into the velo- 
city of the impelled point. 

These definitions being established, we may how exhibit a 
few of the most useful .problems, giving as much, variety in 
their solutions as may render one or other of the methods of 
easy application to any. other <:ases which may occur. 

PROPOSITION I. 

Ifvi 'and r be the distances of the power p, and the weight, 
or resistance \v,fro7n the fulcrum "pof a straight Itver; then 
will the velocity of the power and of the weight at the end of 

any time t be -^ — T^g^i ^^ "T — r~5^^> respectively ^ the 
weight and inertia of the lever itself not being considered. 



If the effort of the power ba- A 



»< 



lanced that of the resistance, ^ L - 

would be equal tp — . Conse- |^ -^. >v 

quently> the difference bet%veen this value of p ^d its^ actual 

value, br p — ~w, will be the force which tends to move 

^ ^' '' ' • 

the 
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the lever. And because this power applied to the point A 
accelerates the masses P and w, the mass to be substituted 

for w, in the point a, must be -^w, (Mechan. prop. 50) iu 

order that this mass at the distance R may be equally accele- 
rated with the mass w at the distance R. Hence the power 

j» w will accelerate the quantity of matter p 4- ~ w ; and 

the accelerating force f = (p - -w) -^ ( p 4- -Vw) = Iltz^I^ 
But (vol. ii. p. 3^) 'V oc f/ or is =: gtF {g being = 32^ feet) ; 

which in this case == -r — .gt, the velocity of p. And, 

because veloc. of p : veloc. of w : : R : r, therefore veloc. of 
w = — veloc. of p = -- X ^ ^ ^ g t = 1 5— * gt. 

R R R*P+ r^vf° rv<»p + r''W ^ 

Cor. 1. The space described by the power in the time /, 

R'P •"" RJ"W - 

will be = ;^4p ^ ya^ • t5*^* » the space described by w in the 

AfP *" 1^'w 

same jtime will be = ^-z"-. — r- • iS^* 

r'p + r«w *" 

Cor. 2. If R : r : : n : 1, then will the forqe which acce- 
lerates A be = . 

pn^ + W 

Cor. 3. If at the same time the inertia of the moving 
force p be n 0, as in muscular action^ the force accelerating 

A Will be =:: -. - , . 

w > , ■ 

• Cor. 4. If the mass moted have no weight, but possesses* 
inertia only, as when a body is moved "along a horizontal 

Pn' ' 

plane« the force which accelerates A will.be = --; — . And 

r ' pn^ + w • 

either of these values may be readily introduced into the in- 
Testigation. 

CoTf 5., The work done in the time ty if we retainthex^i- 
rmar notation, wiH be = . ■ ' ■ gt x w = , . -■ . gt. 

Cor, 6. When the work done is to be a maximum, and we 
wish to knoV the weight when p is given, we must make 
the fluxion 'oJF the last expression =: 0. Then we shall have 

rRV-2r'R*PW— r^*=.0 and w = p x [^(^r + ^) ^^l- 
Cor. 7. If R : r : : 71 : 1, the preceding expression will 

become w ;= p x CV{^* + ^^) "~ ^*]- 

Cor. 8. When the arms of the lever are equal in length, 

that is, when w == I, then is w = p x (^/2— 1 ) == •414214P, 

or nearly -xV of the moving force. 

R 2 Scholium. 
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Scholmm^ 

If we in like manner investigate the formulae relating to 
moticm on the axis in peritrochio, it will be seen tliat the 
expresaotts corre^x>nd exactly. Hence it fidlows, that wheu 
it IS required to proportion the power and weight so as to 
obtain a maximum effect on the wheel and axle> (the weight 
of the machinery not being considered), we may adopt the 
condiisioDs of cors* G and 7 of this prop. And in the ex* 
treme case where the wheel and axle becomes a pulley, the 
expression in cor. 8 may be adopted. The like concliimons 
may be applied to .machines in generali if E and r represent 
the distances of the impelled and working points fron> the 
axis of motion ; and if the various kinds oiresistance arising 
from friction^ stiffness of ropec, &C| be properly reduced to 
their equivalents at the working points^ so as to be compre- 
hended in the character Vf for resistance overcome. 

PROPOSITION n. 

Gioen n andr^ the arms ^ a straight lever^ u mid m their 
respectwe weights^ and p the power acting at the extrevOity 
of the arm n ; to find the weight raised at the extremty of 
the other arm when the effect is a maximum. 

In this case ^m is the weight of A ,. 
the shorter end reduced to s. and -1 

Miff* V ^* 

conseq. ^ is the weight which, m 

applied at a, would balance tbe shorter end: therefore 

^ + — W, yfoM sostak both the shorter end and the 

wiei^ht w in «qviiibrio. Bat » 4. ^m k the ^wer ndly 
aaing at the longer ^ad of the lever ; conaequentiy 

p + iM — (— + ~w), is the absolute moving pomer. Unw 

tht^^Hstaaoe trf'the cembv of ^^ymtkm't^f die beam fron 9^ 

* The distance of R, the centre of gyration, irom c the centre or^axi^ of 
mfitim,im 80«ie «f the mest nsefol caa»t, k «i Mov-. ^ 

4Aacif0fJar iriMelof4mifor«ithickiMBs ... 1 cm^wi.j/t' 

sa r»d* j/i. 
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IdTthe pUne of a 4^c1e .... ditto .... ca^-imd.,^ 

fntheinrfaoeofakfti^ie . « ^ diUo • , • ^ 4:11 «« rad. ^4. 






ditto . • • • CR OB rad. 

Ina pfcHK Hfif «»Mkl4f/i«r<fk8 Wfaoseimdn ar« ^f^^X cr » / ' **' ' 
rmlving about centre .... • • . . J '^/JS-rS*' 
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is = V - — j;, which let be denoted by f ; then (Mechan* 

prop. 50)-^ . (m + w) will represent the mass eqiuTakot 

to the beam or lever when reduced to the point a ; while 
jthe weight equivalent to w, when referred to that point, 

will be — w. Hence, proceeding as in the last prop, we 
4i?^\ have -^ . (m + w) + p + — 7 w for the inertia to be 

overcome; and (p + i-M-r -^ - y^) ~ ~<m + m) + p + — w 

= the afccelerating force of p, or of w reduced to A. Mul- 
tiplf this by w; and, for the sake of simpKlying the pro- 
cess, put q for p + ^M — ^, and n for p + -^ (m+w), 

ow — 

then will j^— be a quaatity which varies as the effect 

varies, and which, indeed, when multiplied by gty denotes 
the effect itself. Putting the fluxion of this equal to no- 
thing, aod reducing^ wci at length find 

Cor. When r =: r, and m = wi, if we restore the values 
of n and j, the ex[H*ession will become w = 4/(2p^ -f- ^mp 

+'f^*) — (P + T^). 

PROPOSITION in. . , 

Given the length I and angle e qfeleoation of an inclined 
^lane bc j to find 'the length 1, of a^nother inclmed plane ac, 
along which a given weiffhtyr shall he raised^frerm the hori- 
zontal time ab to the potnt c, in the least time possible^ by, 
means of another given weight p descending 4ilon^ the given 
flan^^cAi the two weights being connected by an mextensible 
thread pcw running aliaoays parfdlet to the4wo planes^ 

' tiere we must, as a prelimin9ry 
to the solution of thi^ proposition, 
de4uce ex^essions for the motion 
of bodies connected by a thread, and 
rtiiln^ig upon doxtble uiclined planes. 
Lei the angle of elevation cad be 
E, jwhile e is the elevation cbd. 
Thm p^Mk^ end of the time^i> P .. . c "^ 

wiUJu^e a .velocity v-, and gravity would impress upon itf 

iatlifeJnatant / following, a XknrfW9k^,^^4f Mf ilit i^itpro* 

vided 




r >^ 
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Tided the weight p were then entirely fre44 but, by the dis- 
position of the system, v will be the velocity which obtains 
in reality. Then^ estimating the spaces in the direction cp> 
as the body w moves with an equal velocity but in a contrary 
sense, it is obvious that, by applying the 3d Law of Motion, 
the decomposition may be made as follows. At the'end of 

the time t -{- 1 we have, for the velocity impressed on, 

. . t V + tl , . . • '. effective veloc. from c towards B. 
*... v+es,n «.«,.h«r.^^^.,^ ^ j_. velocity de»t«.yed. , 

w . -c+e .in E . /,- where j 7 » -o • • ; «»•«" ";'»«=/^7',*' '"^"^ *• 

{v-^gsm E, t, . . . . velocity deitroyed. 

If, therefore, gravity impresses, during the time t, upon the 
masses p, w, the respective velocities g sine ,t -^ v, and g 
sin E . / + V, the system will be in equilibrio. The quan- 
tities of motion being therefore equal, it will be 

p^ sin ^ - ^ — Pv = wg sin E . / + wv. 
Whence the effective accelerating force is found, i. e. 

V p sin c — w sill » 
<P = -r- = 7 X g. 

Thus it appears that the motion is uniformly varied, and we 
readily find the equations for the velocity and space from 
which the conditions of the motion are determined : viz, 

r sin f — -w sin e p sin ^ — w siti e .. 

V = . . . ^ 1= ;— • 4^* • 

p+w p + w ^° 

The latter of these two equations give*s ^ = , , v : — r. 

* o ^g-^p srn e — W8in«) 

But in the triangle abc it is ac : bc : : sin b : sin A, that is, 

' 1 1 

L : J : : sin ^ ; sin E : hence — l = sin e. and — / = sin E ; 

m b^ing a (;onstant quantity always determinable from the 

data given. And /* becomes — ^ ^ — . Now when any 

ig (PL-WO 

quantity, as ty is a minimum, its square is manifestly a mini- 
mum : so that substituting for s its equal L, and striking out 

the constant factors, we have : = a min, or its fluxion 

PL — "wr/ 

z r- =5: 0. Here, as in all similar cases, since 

(PL — W/j4 ' ' . 

- the fraction vanishes, its .numerator must be equal to O; con- 
' sequently 2pl* — 2w/l — pl* = 0, pl == 2w/, or l : l:: 
2w : p. 

Cor, 1. Since neither sin e nor sin £ enters the final 
equation, it follows, that if the elevation of the plane BC is 
not given, the problem is unlimited. 

Cor. 
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Cor, 2. When sin <? = 1, bc coincides with the perpen- 
dicular CD, and the power p acts with al lits intensity upon the 
weight w. This is the case of the present problem which 
has commonly been considered. 

Scholium, 

This proposition admits of a neat -C 

geometrical demonstration. Thus, /^?vS. 

let CE be the plane upon which, if V^y 
w were placed, it would be sus- 9^ 

tained in equilibrio by the power p . ^1 

on the plane CB, or the pow«r p' ^ jw \^ *^ 

hanging freely in the vertical c d ; B^ 

then (Mechan. prop. 23) bc ; CD : ce : : p : p' : w. But 
w is to the force with which it tends to descend along 
the plane CA, as CA to CD; consequently, the weight p'if. to 
that force, as ca : cE ; or the weight p on the plane BC, is to 
the same force in the same ratio ; because either of these 
weights in their respective positions would sustain w on ce. 
Therefore the excess of p above that force (which excess is 
the power accelerating the motions of p and w) is to p, as 
CA — CE to CA ; or, taking CH = CA, as eh to CA. Now, 
the motion being uniformly accelerated, we have s oc ft*, or 

T* OC — : consequently, the square of the time in which ac 
is described by w, will be as ac directly, and as — in- 
versely; and will be least when —- is a minimum; that is, 

EH 

when 1- EH + 2cE, or (because 2ce is invariable) when 

— f EH is a minimum. Now, as, when the sum of two 

EH , 

quantities is given, their product is a maximum when they 
are equal to each other ; so it is manifest that when their 
product is given, their sum must be a minimum when they 

are equal. But the product of — and eh is CE% and con- 



EH 

EC« 

EH 



sequently given ; therefore the sum of — and eh is least, 

when those parts are equal ; that is, when eh = ce, or 
CA = 2cE. So that the length of the plane ca is double 
the length of that on which the weight w would be kept in 
equilibrio by p acting along cb. 

. When CD ;ind cb coincide, the case becomes the same as 
that considered by Maclaurin, in his ^iew of Newton'' s P/ii^ 
losophkal Discoveries^ pa. 183, 8vo. edit. 

PROPOSITION 
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pmorosiTioN iv. 

Let the given weight t descend along cb, and bj/ means ef 
the thread pcw (running parallel to the planes) draw a 
weight w up the platte ac : it is required tojirld tite vahieof 
w, when its momentum is a maximum, the lengths andpo^ 
sOions of the planes being given. fSee the preceding fig J. 

The general expression for the tcI. is v s ~ — ^- gt^ 

which, by substitute — L for sin e, and — /for sia £, becomes 

V — — gl^ This mul. into w, gives '^gt'f 

which'y by the prop, is to be a maximuou Or^ striking Oj4t 

the constant factors* — j gt, then is ^^'' ■" " — = a max. Put- 

ting this into fluxions, and reducing, we have p^l— 2pw/— 

w*/ = p, or W = Pv^(y + 1) — F. 

Cor. When the inclinations of the planes are equal, l and 
/are equal, and wsspVa-PsrPX (-v/2 — 1) :=:*4142p; 
agreeing with the conclusion of the lever of equal arifts, or 
the extreme case of the wheel and axle, i. e. the pulley. * 

PROPOSITION V. . 

Given the radius -a of a wheel, and the radius r,qf its 
axle, (he weight of both, w. and the distance of the centre of 
gyrathn from the axis of motion, f ; also a given power p 
acting at the circumference of the wheel; to find the weight 
w raised by a cord folding about the axle, so that its momen* 
turn shall be a maximum. 

The ferce which absolutely impels 
the pwU A is P| while w acts, in a 
direction contrary to p^ with a force = 

~r » -this therefore subducted> from p^ 

leaves p *- ^ 9c l^^^ZlZ for the re- 

duced forc^ impelling the point ▲. 
And i3ie inertia which resists the com- 
aaunication of motion to the point a will be the iameas i£ 

the mass ^ ^ ^ ^ were concentrated in the point / (Me^ 

chan. prop, 50). if the former of these be divicied by the 

latter, the quotient ^.^" ' ^^^^ is the force accelerating A; 

,,:»;! ^ >;. multiplying 




\ 
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multiplying this by — ^weltive -^ r* — r- for the force 

which accelerates the weight vt in its ascent. Consequentlj 
the vielocity of w will be ^ ^ ^'"T — r^ > which xaukt* ^ 

plied into w gives i ^^ ^^^ ^ for th^ momentum. As 
this is to be a maximumi its fluxion will s 0; whence we 

shall obtam w = ' ■ — « 1 — *- ^— — <*-• 

Ct)n I. When r =t^ sts in the case of the single fiiced 
pulley^ then w=6V'(2p*K'+2Rpf*a;+ ^*+i»anif*)-«-\ap^F. 

•» R 

0?r. 2. When the pulley is a cylinder of uniform matter 
f*=^R*, and the express, becomes vr=:j^\JL\2p*+i?w-^^'a^)l 

— •!«; - p. 

Cor, S. If, in the first general expression far the nio«> 

mentum of w, a be put =3 r*p + ^ *«?, we shall have -— — — »- 

. . . a + T^w 

z= a maximum. Which^ in fluxions and reduced^ gives 

w = ~v a . (a + Rrp) - 



f--^* 



Cor, 4* If the moving foi;ce be destitute of inettiaj then 
will a =: ^"^Wf and w> as in the last corollary. 

PROPOSITION VI* 

Let a given power p be applied to the circumference^ of 41.. 
wheelj its radius r, to raise a weight w at its axle, wnqse 
radiiis is r, it is required to find the ratio g/n and r wHierp 
w is raised with the greatest momentum ; the characters w. 
and f denoting thi same as in the last proposition^ 

Here we suppose r to vary in the expression for Uie iqo- 
mentum of w, ^-^ ^^^;^^^ g^> And we suppose, that by the^ 

conditions of any Specified instance, w6 cah ascertain wha^ * 
quantity of matter q shall make r*q 33 f^w, wfaidl, in hist^ 
may always be done as soon as we can determine f , The ex-* 

pression for the wpyk will then becopne - ^ - >' j ^t^. The 

fluxion 1^ which being made =: 0, gives, after a litUe rednoti 

p(y + w) • ...^ 

Cor. When the inertia of the machine is evanescent, with 
respect to that of p+w, then is r » Hi/Cl + — ) — ; 1. , 

^nrY'« i. V ^ . PROPOSITION 
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PROPOSITION VII. 

In any machine lyhose rnoiion accelerates^ tJie weight will 
be moved with the greatest velocity^ when the velocity of the 

power is to that of the weighty aj I + p v^( I + -:^) l^ 1 > l^^ 
inertia of the machine ieing disregarded. 

For any such machine may be considered as reduced to a 
lever, or to a wheel and axle whose radii are Rand T: in 

which the velocity of the weight ^ , ^^g t (prop. 1) is to 

be a masimum, r being considered as variable. Henc e then, 

following the usual rules, we find PR = r(w + v/w*-f-pw). 
From which, since the velocities of the power and weight are 
respectively as r and r, the ratio in the proposition immedi- 
ately flows 1 

Cor, When the weight vioved is equal to the power y then 
is K : r :: 1 +^2 : 1 : : 2*4142 : 1 nearly. 

« 

PROPOSITION VIII. 

• 

If in any 'tnachine whose motion accelerates^ the descent of 
one weight causes another to ascend, and the descending 
weight begiveny the operation being supposed continually re- 
peatedj the ej^ect will be greatest in a given time when the 
ascendiiig weight is to the descending weighty as I to 1'618, 
i7i the case of equal heights ; and in other cases, when it is 
to the exact counterpoise in a ratio which is always between 
1 to liand I to 2. 

Let the space descended be I, that ascended s ; the de- 
scending weight I, the ascending weight — : then would the 



equilibrium require w = 5 ; and 1 will be the force act- 

1 ' 

ing on 1. . Now the mass — , reduced to the point at which 

the mass 1 acts, will be = — 5* = — j consequently the 

whole mass moved is equivalent to 1 + — > and the relative 

force is (I ^) -4- (1 + — ) = — —• But, the space be- 

ing given» the time is as the root of the accelerating force 
inversely, that is, as ^ _ : and the whole effect in a given 
time, being directly as the weight raised^ and inversely as 
the time of ascent, will be as — \/ ^-^ ; which must be a 

maximum. 
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maximum. Consequently its square ''^^ must be a max. 
likewise. This latter expression, in fluxions and reduced^ 
gives w = -^[\/(^ + 10s + 9)-a + 3]. 

Here if ^ = 1, w == — r^^ : but if ^ be diminished without 

limit, w = 4^ 5 if it be augmented without limit, then will 
js/{s* +10^^ + 9) approach indefinitely near to J + 5, and 
consequently w = 2^. Whence the truth of the proposition 
is manifest. 

PROPOSITION IX. 

Lei f denote the absolute effort of any moving /orcey when 
it has no velocity ; and suppose it not capable of any effort 
when the velocity isw ; let f be the effort answering to the 
velocity v ; the?ij if the force be untfoi^mj v will be = 

For it is the difference between the velocities w and v 
which is eiEcienty and the action, being constant, will vary as 
the square of the efficient velocity. Hence we shall have this 
analogy, f : F :: (w — O)* : (w — v)*: consequently, f = 

Though the pressure of an animal is not actually uniform 
during the whole time of its action, yet it is nearly so : so' 
that in general we may adopt this hypothesis in order to ap- 
proximate to the true nature of animal action. On which 
supposition the preceding prop, as well as the remaining one, 
in this chapter, will apply to animal exertion. 

Co7\ Retaining the same notation, we have w == ^j^-j-. 

This, applied to the motion of animals, gives thi? theorem t 
The utmost velocity with which an animal not impeded can 
move J is to the velocity with which it 7noves when impeded by 
a given resistance, as the square root of its absolute force, to 
the difference of the square roots of its absolute and efficient 
forces. ' ' ^ 

PROPOS'lTION X. 

To investigate expressions by means of which the maxi- 
mum effect, in machines whose motion' is uniform, may be 
determined. .. 

I. It follows, from the observations made in art. 1 and the 
definitions in this chapter, that when a machine, whether 
simple or compound, is put into motion, the velocities of the 

impelled 
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impelled and working points^ are inversely as the forces which 
are in equilibrioy when applied to those points in the direc- 
tion of their motion. Consequ^tly^ if y* denote the resist* 
ance when reduced to the working point, and v its vdocity; 
while F and v denote the force acting at the impelled pointy 
and its velocity; we shall have FV ^y^, or introducing < the 
time, FVt ^fut. Hence, in all working machines which 
hdt^ acquired a uniform motion^ the performcmce ofthema^ 
chine is equal to tHe momentum of impulse. 

II. Let F be the effort of a force on the impelled point of 
a machine when it moves with the velocity v, the velocity 
being w when f = 0, and let the relative velocity w — v =:tf . 

Then since (prop, ix) f == p(^^— )*> the momentum of im- 



U %, tt« 



pulse FV will become Vf(—Y == ? . — 5 (w — w) ; because 

V = "w — «/ Making this expression for fv a maximum, 
or, suppressing the constant quantities, and making u\yf — u) 
a max^ or its flux. = 0, whent^ is variable, we find 2w=^3Uy 
or tt = yW. Whence v=w— t/rrw — ^^w = ^vr. 

Consequently, when the ratio ofytov is given^ by the 
construction of the machine^ and the resistaiice is susceptible 
of variation, we must load fhe machine more or less tUl the 
velocity of the impelled point, is one^tkird of the greatest ve^ 
locity of the force; then wHl the work done be a niaximum. 

Or, the work done by an animal is greatest, when the ve- 
locity with which it morves^ is o^ie-thirdofthe greatest velocity 
with which it is capable of moving when not impeded* 

in. Since f = ^ —^ = f(^— t) = $^> "^ ^^ ^^^ of the 

maximum, we have fv = ^pv = |p • -Jw ^= -sV^w, for the 
niomentum of impulse, or for the work done, when the ma- 
chine is in its best state. Cgnseque7itly, when the resistance 
is a given quantity, we must make v :v ::9f'. 4f ; and this 
$tructure of the fmchine mil give the maximum effect 

IV. If we enquire the greatest effect on the supposition 
that f only is variable, we must make it infinite in the above 
expression for the work dgne, which would tbeA become 

wf, or w — /, or w -^ft, including the time in the formula. 

Henei^ we see, that the sum qftlie agents employed id'fnove 
a machine may be infinite, while the effect is finite : ^fbt the 
variations of ^, whicn. are proportional to this sum^ do not 

influence the above expression Jbr the effect. 

.. . . * • - 

_- Scholium. 
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Scholium. 

The propositions now delivered contain the papst material 
principles m the theory of machines. The mann£r of ap- 
plying several of them is very obvious : the application of 
some^ being less manifest^ may be briefly illustrated^ and the 
chapter concluded with twp or three observations. 

The last theorem may be applied to the actiopa of men and 
of horses, with more accuracy than might at first be sup* 
posed. Observations have been made on men and horses 
drawing a lighter along a canal^ and working several days 
together. Tne force exerted was measured by the curva- 
ture and weight of the track-ropcj and afterwards by a qpring 
steelyard. The product of the force thus ascertained^ into 
the velocity per hour^ was considered as the momentum. In 
this way the action of TJian was found to be very nearly as 
(w— v)* : the action of horses loaded so as. not to be able to 

9 

trot was neaziy as {i»^ — v) * '^, or as (w — vp. Hence the 
hypbthesis we ha^e adopted may in mxay cases be safdy as- 
sumed. 

Recording to the best observations, the force of a man at 
rest is on tl^ average about 10 pounds; and the utmost ve- 
locity with which he can walk is about 6 feet per second^ 
taken at a medium. Hence, in our theorems, f = 70, and 
w= 6. Consequently F=^^r=3l^ lbs. the greatert foree^ 
a man can exert when m motion : and he 'will then mcyve at 
the rate jof f w^ or 2 feet per second, or rather less than a 
mile and a half per honr. 

The strength of ahorse is generaliy reckoned ^ixmt 4 times 
that of a man ; that is, neariy 420 lbs. at a dead puU. His 
utmost walking Tdoc^y is abwt 10 feet pcfr second. There- 
fore hismaximom action will be |- of 420 c i S(^- lbs. and he 
wiH dienjaoveattfae rateof 4 of 10, or if feet^^per second, 
or nearly 2f miles per hour, hi both tliese instances we 
suppose iht &ice to be exerted in drawing a weight along 
a horizontal fizne ; or by raising a weight by a cord runnnig 
over apiUey^ which makes its ^Srection homontaL 

^^ The iheorcms just given may serve to shcJw. in what 
points -ofYtew machines ought to be considered,' by those Who 



SWttWIAour bcneficiaH]r for their improvement'. 

Th^ first object of the utility of machines consists in fur- 
ni^hii^g the means rf giving to the moving/or fe tjie w^H 
a^ni^oii&us Erection; and, when it can hp done, of cauijinjg 
its action ix> be awHed immediately to the body to be moyeo. 
These can rarely he itnited : imi the former can be accom- 
pfished in most instances; of which the use of the simple 
i-^n^i':-- , lever. 
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lever, pulley, and wheel and aide, furnish many examples^ 
The second object gained by the use of machines, is an ac- 
conimodation of the velocity of the work to be performed ^ to 
the *qelo€ity with which alone a natural power can act. Thus, 
whenever the natural power acts with a certain velocity which 
cannot be changed, and the work must be performed with 
a greater velocity, a machine is interposed moveable round ' 
a fixed support , and the distances of the impelled and work- 
ing points are taken in the proportion of the two given 
velocities. . 

But the essential advantage of machines, that, in fact, which 
properly appertains to the theory of mechanics, consists in 
augmenting, or rather in modifying, the energy of the mov- 
ing power, in such manner that it may produce effects of 
which it would have been otherwise incapable. Thus a man 
might carry up a flight of steps 20 pieces of stone, each 
weighing 30 pounds (one by one] in as small a time as he 
could (with the same labour) raise them all together by a piece 
of machinery, that would have the velocities of the impelled 
and working points as 20 to 1 j and, in this case, the instru- 
ment would furnish no real advantage, except that of saving 
bis steps. But if a large block of 20 times SO, or 600 lbs, 
weight, , were to be raised to the same height, it would far 
surpass the utmost efforts of the man, without the interven- 
tion of some such contrivance. 

The same purpose may be illustrated somewhat differently j 
confining the attention all along to machines whose motion 
is uniform. The product fv represents, during the unit of 
time, the effect which, results from the motion o£ the resist- 
ance. \ this motion, being produced in aiiy manner whatever. 
If it be produced by applying the moving force immediately 
to the resistance, it is necessary not only that the products 
FV andyv should be equal •, but that at the same time f=/J 
and V = V : if, therefore, as most frequently happens, f be 
greater than f, it will be absolutely impossible to put the re- 
sistance in motion by applying the moving force immediately 
to it. Now machines furnish the means of disposing the pro- 
duct FY in such a manner that it may always be equal to^v, 
however much the factors of fv may differ from the analo- 
gous factors infv ; and, consequently, of putting the system 
in motion, whatever is the excess ofy over f. 

Or, generally, as M. Prony remarks ( Archi. HydrauL art* 
504), machines enable us to dispose the factors of fv/ in such . 
a manner, that while that product contiiiyes the same, its fac- 
tors may have to each' other any ratio we desire. If, for in- 
stance, time be precious, the effect nmst be produced in a very 

short 
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short time, and yet we should have at command a force 
capable of little velocity but of great effort, a machine must 
be found to supply the velocity necessary for the intensity of 
the foree : if, on the contrary, the mechanist has only a weak 
power at his disposition, but capable of a great velocity, a 
machine must be adopted that will compensate, by the velo- 
city the agent can communicate to it, for the force wanted : 
lastly, if the agent is capable neither of great effort, nor of 
great velocity, a convenient machine, may still enable him to 
accomplish the effect desired, and make the product fv/ of 
force, velocity, and time, as great as is requisite. Thus, to 
give another example : Suppose that a man, exerting his 
strength immediately on a mass of 25 lbs, can raise it verti- 
cally with a velocity of 4 feet per second \ the same man act- 
ing on a mass of lOOOlbs, cannot give it any vertical motion 
though he exerts his utmost strength, unless he has recourse 
to some machine. Now he is capable of producing an effect 
equal to 25 x 4 x / : the letter t being introduced because, 
if the labour is continued, the value, of /will not be inde- 
finite, but comprised within assignable limits. Thus we have 
25 X 4 X / =? 1 000 X V X / ; and consequently v = -,% of 
a fpot. This man may therefore with a machine, as a lever, 
or axis in peritrochio, cause a mass of 1000 lbs to rise -j^ of 
a foot, in the same time that he could raise 25 lbs 4 feet 
without a machine ; or he may raise the greater weight as 
far as the less, by employing 40 times as much time. 

From what has been said on the extent of the effects which 
may be attained by machines, it will be seen that, so long as 
a moving force exercises a determinate effort, with a velocity 
also determinate, or so long as the product of these is con- 
stant, the effect of the machine will remain the same r thus, 
under this point of view, supposing the preponderance of the 
effort of the moving power, and abstracting from inertia and 
friction of materials, the convenience of application, &c, all 
machines are equally perfect. But, from what has been 
shown, (props. 9, 10) a moving force may, by diminishing 
its velocity, augment its effort, and reciprocally. There is 
therefore a certain effort of the moving force, such that its 
product by the velocity which comports to that effort, is the 
greatest possible. Admitting the truth of the law assumed 
in the propositions just referred to, we have, when the effect 
is a maximum^ v = fw, or F = J^ ; and these ^ ti^rp .values 
obtaining together, their product xrf^ expresses the value 
of the greatest effect with respect' to the unit of time.* In 
practice it will always be adviseable to approach as nearly to 
these values as circumstances will admit; for it cannot be 

expected 
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amtli variMQB ^wiUmafc be of nack cDitoeqfnenceJtwlfef^ if)i«i 
ipetUBiifMiri^ property of tlM«e qeantitks vrfaiih «diiiirttf t* 
p9iop«rf9axit|Mtiftai!i4 mmimum);aivaliits9iiuil«iii1lit ^^nodt-^^ 
ratf iltst2Mu:e fr^pi cither of th^ extrei!|e»''ii>m psCMhHie'iNl^ 

s^Ue lAwQjpi'i^ tiie effecn. * * 

^ If t)ke relattOB of p (a> v foUmved May otlier l«w thtn ibt^ 
vthidb^ iwe iiaire asmmedf we-slioold* find from the expresston* 
of ihat im» values ol f, v,^&C| differem frond ike ]irece(ifig« - 
The general method however would be nearly the same;" 

With respect to practieoi the grand ob|^t in all eaMs dioidd 
be to^ctireaiMr<'rmwi0^i0n,.heeaiis4» its» vriuch^^ 

(tMitrk parikis/ the greptett effect alwra^ rewdt*. %veff> 
irregularity in the mot:ton^)r8atetSQmeof dieimpellhig powerv~' 
and itns the ^eatest only of the varying velocities ^wl^ch i$*: 
eqiial to that which the machine would acquire tf k moved'* 
umformly throughout: iFor, while the motion acoelerates; the > 
iinb<JUin|; force is greater than what biduicea ther^staoce^ 
at that time opposed to it^ ^nd the velocity is^ less than what;,, 
the iinachine would acquire if moving uniformly ; and when 
the machine attains its greatest velocity, It at?taind it' because 
tho power n not then acting again^ th« whc^ resistance* * In ' 
both diene ikuatfani therefore, the performance bf the W-'' 
chkft $» less than if the power atid reBistaftce wcr^ exactlj*' 
brianttti; in whidi case it would move iinil^jrmly («t. 17; - 
Besides this, when the motion of a madhtnej and pait!cti!ar!y 
a wy ponderous one, is irregular, there^are coittimial fepci- 
titiotM of tftrafais and joits which soon derange and uh imiitely' 
desti^ the whole structure. Every at^entfcn should there* j 
fore be piend'to the removal of aU causes of irregularity 
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CHAPTER XII. /' ',;;„^J 



nn$StW OT'BkTim AND Fl-UJDS AG^AINSt >^A;.LS AJ*p ^ 
PQJITIFICATIONS, THEOKY OF MAGAZINES, &C,. .' " 

•V ; ■.,.-, ' ' < ♦ ' • ■ ' * " ' 

PROBLSM 1. ^ "' 

WHUa^. Ml'T-inade earthy ^i:ttibL asjs uiBed In fbriiiinjgtain'^t i 
pert*, *c^ is npt s*sg>ppr|f^.by a w^ aji a faQiig,.'or JbycoijnNKrj 
terfarts ^ land^ie^^^f;, 1^ Ifli t0 tb<a6t»n of ^we^hf 
aixd Ihe weather j the particle^i loosen and separate xro9nj|ie& 

others 
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«f]wv» a«l fcrai « sUxNng surfact, amif rcfdar; vluch 
^Un siu^Krt is caUtd the natural slope of the taiA t umI it 
MppaMd to have ttwaya the same bidiMidoa or dwi ^ l u d 
firaoi ^« ptf<pMMliml*r, .in ttw- *aiD« kisd of toil, bi eon* 
otmttmA er noaUlt being a mizturfrof all torts tkram t*- 
l^het-, the natural slope is commonly at abooi balf a rifj^ 
flUgte, or 45 degrees ; but daf and ttiffloatn itandi a iveater 
angle aboife the horixon, while sand and tight mould ml onlf 
aOfful at a oiuch lets Juigle. The en^eer Or faaiMer mutt 
therefore adapt his calculatitHii accordingly. 

Now, we have already given, at M-op. 44 Statics in vol, 5, 
6th editicm, the g^ieral theory and determination of the force 
with which the triangle of earth (which woold slip down if 
not ffuf^rted) preasts against the wall 
on the most unexceptional principles, 
acting perpendicularly against ae at K, 
xir ^ of Afi altitude ae above the fomi- 
dation at b ; the expression for which 
force was there found to be —-■- ; ■ ' - m ; 
where m denotes the specific gravity of 
the e^h of the triangle ask. — It may be remained thtt thit 
was deduced from using the area only of the profile, or trans- 
verse triangular section a-bs, instead of the prismatic lolid of 
luiy given kngOl, having that triangle for its base. And the 
same tUng is done in determining the power of the sra^ to 
support the earth, viz, usipg only its profile or traasvene 
Bectjon in the same plane or direction as the triang^ abKi 
This it it evident will produce the same result as toe atHdfl' 
themselves, since, being both of the same given length, that* 
. have the same ratio as their transverse sections. 

In addition to this determination, we may here farther ob- 
serve, that this pressure ought to be dimini^ed in proportion 
to the cohesion of the matter in sliding down the induied 
idane be. Now it has been found by e^wriments, that » 
body requires about one-third of its weight to move it aiiang 
a plane surface. The above expression must therefore be 
veduced in the rsitio of 3 to 2 ; by which means it becomts 
"gii* ?" ^°* *^^ ^""^ practice eflkacious pressure of the 
earth against the wall. 

Since -J, whMi octii^rs in^thii expression of die ferte of 
the>«up^t>^Bqun) tod««ineoftbe 4. AEBT t» the radini 1, 
ptitithtftiac^of^tlut z. t s«; also ptir a =: aB the dtkud^" 
vf^ht'OMngf*; i(fc« ^ lAfyrB tc^rauton of the fert!e, iH, 



S ^' -^ni, b«OTiwi ^a^'Wi, ftrf the- perpeadicfllar [rfesfur* of 
tbs earth Ag^aot Ute waU> Ad4 if thu angle be 15", as is 
'usnalljr the cast in coirimcai earth, then ]se^=,l, and the 
pressure bfcottssVi^'m. - 

" PBOBLEM li." - ' 

To determine the- Thidenms t^ Wall to support the Earth.- 

In the first place suppose the section c 
bf'the wail to be a rectangle, or equally 
thick at top and bottom* and of the same 
heiglit as the rampart of earth, like jiEFG 

, it| the annexed figure. Conceive the 
weight w, proportional to the area GS> 
to be appended to the base directly be- 
low the centre of gravity of the figure. Kow the pressing of 
the earth determined in the firU problem, being in a direction 
[Mrallel to ac, to caore ihe wall to orerset and tarn bade 
abmit the point v, the effiut of the wall to (^pote that *WwI* 
win b|9 the ««ight W drawn into FN the leoxfh of the \m*t . 
1^ which it act>, that is w x fn, or ABfC X fn in gf&eral» 
^huever be the figure of the w»ll. 

Sut DOW in case of the rectangular figure, the area gK=ab 
.XKF=iu^t putting a=AE the altitude as before, and^a: ef 
tile required thickness ; also in this case fn as ^bf ~ \x, the 

..^centre of gravity being in the middle of the iiect(fBg)«. Hbnc* 
AdrolL^ T^ = i<i^% OF rather ^iLr'n is the e^ort of the 
wall to^e^atju being OTcrtunxed, % denoting the specific 
gravity of the WMt^~~-^^. ' - 

. No« K> make this efitwt sw^e halaiiee to tlw pressur* of 
the earth) w? fut the two opponng forces equal, t\ffX \% 
_4a»'»,= ^'e*j», or l**" =*^V*jn, an eqaatioit which giyet 
X = 4.«e^~, for the requisite thickness of the wall,^u'st 
ttta»»in it Hi equiiibrio. ■. . ■ ■:-... 

r-€aroL 1. The iactarme, ia tins espteuhta, it ^ i3i» dm* 
^'K'di'awii perp. to she slope of earth be: theref>lhebreadth 
jrljecoines^=: ^AQv/ — ■ which consea. is directly prdpOr- 
riogat to the perp. .Aft- — ^WJien, tlie angiq; at ^ is ?=, ^S'j or ■ 
■fiaH a "right angle, asls common^ ihe case, its sin&« is = v'-i> 

. jfhd ltheli!re^h 6f the wan ^ =:.|ii.v^^. ' Further, iwh^p 
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the esith» armmn, and tbea its thkidics J^ 3; -^ dr one- 
third of its height.*- But when the wall is of stime^ of the 
specific granty 2^; that of eaitk being nearly 2» th&t tSf 

VI ==: 2, and ?• = 2^ ; then /^ = y^^ =i -895, f of vlych 

i» *2d8, and the breadth x == -298a = -^ nearly*^ TlM »| 
the thickness of the stone wall must be*^ of its bei^^ 

. To determine the Thickness ef the WaU ai the Baikm, 
when its Sectwn is a Triangle, or coaning tQ an £4^ of, 
Top. 

In this case, the area of the wall aef 
is only half of what it was before^ or 
only iiB X eF = iaXf and the weight 
w n \axn. But now, the centre of 
gravity is af only f of fb from the line 
AEj or FN =: fFE = \x. Consequently 
w? X w =t |x X iaxn =s j^ jr*n. This^ 
as before, being put = the pressure of 
the eaitbi gives the equation ^ax^ns^^a^^ha^^ or jfn^jfi^^m^ 

and the root jr, or thickness ef :z ^tfV—- ^c aV";^ fef 

,tlie slppe of 45^ 

Now when the wall is of brick, or f/i » n nearly, this^be^ 
coined X = a^\ = -ioSa =.^, or -A of the height nearly^ 

But wheH the wall is of stone, or m to n as 2 to m^ then 

'^—^ v'-j, and the thickness x or «\/-|^ ^ ^-/rr *« 
*'66Ba = |a nearly, or nearly \ of the height* ' 




PROBLEM iv. 

. Sn? i^timiine th Thickness ef the Wdl at the Top^ it)hen 
the £ace is not Perpendicular, but Jndin^ g>s the Front tf 
e 'F^rt^cation Widl usually is. 

Here gf represents the outer fece of 
9C fort, ABFO the profile of the wall, 
having a o the thicimess at top, and ef 
that at the bottom. Draw oh pierp. to 
feF; and conceive the two weights w, 
tt^, to be suspended from the centres <k 
gravity bF the rectangle ah and the tri- 
togle^HF, aed to be proportional to their are^ respectively* 
Then the two momenta of the weights w, tt^, acring by the 
Kvers FN, fm; must be made equal' t^ the pressure <tftlit 
fearth in the direction perp. to^AB*.. 

S2 New 
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'' Wd# 1^ Ar Mjc&M' thfcktiess AG or 'EH' ^^ivlhtid^t 
tkkade All of^H SC2 # as before. And b^^ise hidudb^^^ 
life stepe «f Iher wall fa osttdtytuhde equal to <| df ks ahittad^^ 
that fe f H » j'AB or f tf) the fever fm will b« ^ cf |o «s ^4^ 
and the letcr* f>K «= fh + -{^H 3= ^ + ^^ But tSe area 
^f GHF 2= GH k ilTP =ar ax -f^ «* -j^lf » «lfy aiil^ f^ttr^ 
AH as iE )^ AG^cr s= wf these fwo'drftw«fimo)^Ai #«9^e€lv 
We levers fm, fNj give the two momenta, -p^w ^^^' k 
•A^ = tV^S and (4a -f 4'^) X <r.r s:^ |«tV+ ^tf.T* jthere^. 
the imm of the two, (4tfi?*+^fii*jr+A^')» most be tti-yE^i^i^ 

or dividing by -Jan, a:* + |(zx + ^ i= ^* x ~j nQ>y adl- 
iktg yV^ ^^^ ^^ 'i<l^ to complete the square, the equqtjhn 
becomes x^ + ^ + ^lyii* ac ^* , -2L + y7«% the root of whi^ 

is jr + ^ =aV{^ + ^), and hence x=av/(^+^) - jflr. 

^d ihe base EF = a V^(^ + ^)» 

Now^' for a brick waU^ mss n nearly and then the breadtb 
^ 9B tfv'(A + i) - -H = rr^v^34^i« ^ -la^tfior alfliost 
f«r in tkick wall$.-*^But in stohe "wralts^ ~ c: 4^ andijr'racr 

for the thickness AG at top, in stone walls. / . 

*.In th^.sapae manner we may proceed when the slopef Is 
j^f^fDOi^i to b^ any other part of the altitdde, instead of 4'aa 
pfi^^JKiy^'f , Or ,a general solution might be glyenj f)y.as- 

litnipgithft dineknass- «: •^ partof the ^mde. - \ ,. ; ■ . ^ ^ 
Thus then we have given all the calculations tha|: ma^jr be 




tliici^nc^ss of wa^l, as makes it an exact mechanical bafahd^^ 
^^-pnessi^e or pus'h of th^ eart^, instead of g^Viiig^jdie 
fo|snv^^ a decided preponderancjeov^ the latter^as .^i^curir 
/agAiQst any failure or acqidetnts^ /Tothis: w^ answeS", d^^ 
i^ial; has oeeh done is. sufficient to insure stability,; f<fe/t^ 
JEbltp;^jl^g' reasohi anci circumstances. Firstji it is Usuai^fb 
builci several! ^bunterforts €^ masonry > behind ahd^a^iilst die 
^I^^a^ertMn di^ncesoktia^^^fhkn^Oi>i#jani)th& 
tipittribitte^v^ rtittchtostroiigthen thb^alli-^Utoif Ais© A 
JP^re? 6f th(^**aftip4rt: 2d%ri -We Ws^ve otedtn^to^iticlttde 
Ibte'feBkit of th'^ fxifat^^ Vd»ed'ato«e>lhe^tfl^.i^lAelviipQn 
add somewhat, by its weighty to the:fot«^M»* MUstim^<i^f^«he 
^ . \: ^ - walK 
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lAft^il^^r; fKA^IA» itP^.'^^s.t ^S^ 



#lf 91^ ^f^iUtf* : 4>e$icks tl^e ad¥»9tages io the wa^^tseli^ 
j^^i^tfWr c0ftt^vaQ(Qr9:tire'/al8p.tt$Matty«q^plQy«d |o ^ddwoi^i 
ihe^.pce9sufe< of tbf^.^sirtb agonal it :..such ^ land-^tief. an4 
braiiabejf laid ^n tb^ ^artti> to dinunUh it» forci^ ^nd iH);^ 
.^^gajyofitt the ivf^« For all theae reasons thm$ iir^ think tl^ 
practice of makixig the wall of the thickness as assigned hj 
our itlieory, may be safely depended on, and profitabhr 
4Wi top Hpt|t,as the additional circiunstancesyi just mentioneoy 
w;iU su£ci(^Qtly insure stability^ and jts expense will be less 
ihan is /nciyred by any former theory. 

PROBLEM y. 

To determine the Quantity of Pressure sustained by 4 Dean 
J. ^c m^ Sbiice^vuuk iofe7itip aMody qfWater, .: \ « 

■ By irt; ^f 3 Hydrostatics, vol. 5, 6th edit, the pressu3pe of 
^fltu'd against any upright surface^ as the gate. of a sluice or 
canaJi, is ecnial to half the weight of a column of the fluid» 
whbise base is equal to the surface pressed, and' its aktttide 
the sanie as that of the surface. Or, by art. S14 of the ^^uM, 
,the pressure is equal to the weight of a coltimn of the fltiid9' 
'^hosiebase is equal to the sumce pressed, and k^s akitnde 
eqiial to the depth of the centre of gravity belowth^^tdjp^'A* 
surface of the wat^; which cOmes to theisame ddngias the 
former article, when the surface pressed is a rectangle, be- 
cause its centre of gravity is at half the depth. 

J Sxi.lJ Suppose the dam 6r sluice he a rectangle, whose 
.lei^th, or breadth of the canal, is 20 feet, and the depth of 
>^%f 6 feet. Here "2(> x 6 =: r2Q feet, is the area of the 
s^]^&» jfuressed ; and the depth of the centtrfa df gravity beJijig 
% feet, vfe, at the niid4Ie of the f 6,cta06 i^Htn^dri^h^ >c 
'3 =;i 366 cubic /feet IS the comfent of thfi <5dlufiTfn of Waiter. 
1B,u^ jgaclj cixbic foot of wafer weighs lOOb oipiir^s^ br^^t 
;^QupSi jtherefore 360;^)^ }p6o^^ 360006 outtc^i/V'i^S^ 
jib^d^^ pr JIO tpw and 106 Ib^ is th^ wei^ttif\he'coitri 

r4»fiithcidig!Arrfrf4^WAti5twin«f§ feet, m,}P'.^i}/^h ?^i*wlf : 
'a?- . Here 
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InKviBg the twcfc psMHel Mm Aft, cd, viiy, 
SkU %: B^ ^t>d tl> =& 1^ )urf depth 6 iMt. 

^die shike, libe ttftie «6 fciefere ia the I^t 
Miuii[j{6 : htut tlie ten tie ef ^givriiy OttiiUft 
%e se imr tioim es befere, keeavike tto 
ttgure ts iridttr «A)ow toid narroirer beAo^, 
'ttie triM>Ie Sepdi tieinjt^ tlse ^iMfie» 

iffyw^. te ifc wttftfae %be •centre of gt^avity 
ifc vf tie trapeztttd al^y ^pteduce t& two 
i^ufes Ae^ BOy tiB ifjfey itteet in 9 9 flho dntw f$RSB nd eft 
^perp. tt> AB : fben Att : CR : : ab : 4&B, tint is, % :'^ :: l'^ : 
18 = G£ ; and ef being 2= «, theref. H5 = 12. Now^^y 
Statics art. 229 vol. 2, ef == 6 ^= |eg gives F the centre of 
gravity of the triangle AB6, ttnd fi == 4 = -J^fg gives i the 
^iSMitre of gnraity «f ti&e ttiatigk C£te. Then mmmAAg K to 
denote the ctntre of ad, ft will be^ by art. 212 voL 2, as the 
«trap. Axx : A cdg ; : if : bk:> or A abc ^ ^ qe>g : A cbg : i 
.;IF : FK, or by tbeor. 8d Geom. ce* — of' : gf* : : ir : s?K, 
th^it is 18* - 12* to 1^* or 3* - 2* to e^w 5 : 4 : : JEF c: 4 : 
' y* «i Sf = JX ; and hence «K =;= 6 — 3 J =: 24 5= ^^ is the 
distance aE the centre 41 below the syrlace of the water. This 
^fir^wi^ intQ 120 the 9rea of the dam-gate, gives 336 cubic 
^ifeet ^ water =< the pressure, i;: 336000 ounces 2= 210QO 
.y>)M^s sc 9 tons 801b, the ^uantity-of pressure against the 
^fpLf, 9^ required, being a 15th part less than in the £rstt^Lse. 

< iP^v & find tbe f}ciantity of pressine egainet atkm or 
fluice, across a cahai^ which is 20 ieet wid^ at top^ 14 at 
.bottom^nM 8 feet 4^^ ^^ water ? 



i^t^d^Urmf&Hi'i&e Siramesi J^gle qf Position of a Tcik ff 
Ga^for ike Lock en <k C(m(d or Bive}\ 

• 

Xet At, *fcijB tlie ti»8o gates, trietft^ 

^g hi the an^e c, projecting out 

Against the pressure cff the water, ab 

beinglhe'bt^^th 6f Ae canal cfririver, 

i^ew'the pMsisttye of th0 <wii»er ^tn « 

^ate^C) fS'ds tiieq«aiiliifiy,wtafe4l<e 

eixtfimt er'ltcifdi of it, ac And i^ve iMf«Eiiaiiiati*8fi«cei>^tiitt 

){li^0fisiite, i^^the^Iitfi^'of ie^^'t^ tlie middfeiof «cv «r as 

^C itself.' On hqth tkw a^ootio^ tb^b^Jb? ^^pM^ine 4b as 




iWf, Thefffyvt the f^irt»o^.^,tbfe «*>^^B|^;oCtke;f#«t 
m^bi^a:^tile^eQipr^a^.of,tb^.f€^ ^ " ; ; . 

. Koy?' produce acIp w^t ^d> |:^rp. to it|:|Ot ; ^4 llriw 
CEUo bisect ab perpendiculgrjy in Ej A^n^ by sirtiilsff tj*^- 
ahgles, as^Ac : ae.:^ A9 : Apj wliere, ae atfa ABbdfifig'givfeh^ 
lengtbs, AD is reciprocally as Ac,, or A"D*Tiedj^qcSl!y a^ ite^ 
that is9 AD^ irasf the resistance of the gate AC. ' B«t thcf fe- 
sistan^ce of AC is increased by the pressure of the other gatjB, 
in the direction B<i Now the Force in bc fs'^resolvecl into 
the two BD, I5C ; the latter of which, DC, b<«iiig pSffalMrtei 
AC, has no effect upon it^. but the fofmer, 31>> Acts-pei'dWi- 
dicularfy on it. Therefore the whole effective strciigm or 
vfeste^if^e of the gate is as the prodiitt.AD^'^x ito.' ^ 

if now there be put ab = a, and bd == jt, then aC^ rr' Aft* 
. irf* B0* as a^^ J?* ; coiiseq. ad* x bd 2= (^* — i*) x ar =ra*.t^— s^ 
"for the resistance of either gate* And, if we would have fljjg 
4o be the greatest, or the resistance a maximum, its dniimi 
must yanbh> or be equal to nothing : that iff, fl*i — ^jr^i-'^s^dj 
-^ketvce a*=: 3jr% and jt == a^/^ = -J-aV'Srsa •5tTSStf, the^M- 
tural: sine of 35*^ 16' : that is, the strongest position 'fbf the 
lock^ates, is when they make' the angle a or s "^ "35^ Wf 
or the compleinental angle ace or BCE = 54° 44'^ or tie 
whole^ salient angle ACB = 1 09* 28'^ ' ' ~ ' • 

' Scliolmmr^ ^ ,' \ 

Allied to this problem, are several other cases in tiieChahics: 
^ inch as, the action of the water on the rudder of a'^lp^ln 
«ailing, to turn the ship about, to alter her course ;'afltl'*^flie 
action of the wind on a ship's sails, to itnpel h^f ibi^p^^iil j 
, alsp the action of water on the wheels of water-mflls, ^«id of 
the air on the sails of wind-milk,* to -ea^s^ th^m t& ttim 
round. ' -^ ^'- /u-y^i- 

Thus, for instance, let xWL S 

ABC be the rudder of a 

1 . ship, ABDE, sailing in the 

oirection bd, the' rudder 

placed in the oblique posi- 

tion BC, and consequently 

striking ^he water in the< 

dir^tioncF, parallel to M. Draw Bnp^i;©. to i$C, adi|W 

perp. to CF. Then the sine pf^^M ^gle4cff ^acid^jjac fi, ol^the 

, xikeclion xsf the strojie of |:Jie .pui4e» na^ai^ 

foe BF, to the 'radii|94<^;^tjfier<efoi?e^tSe"foif^^^^^^ 

j?:ill^«Hlfte.«dd^:.w^U if,W w% byart* 31 pa.'3g^,y<)ft 2. 

^•: JSkvt)l*k>fi^j&^fiy ^ije«4?€MW?^^ of wihipU'the 
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^mit and change ner course. But bf : bo : : cf : cb, there* 

Ibre CF : C& : ; BP* : ^ , tne force upon the rudder to 

turn the ship about. . . ^ >. 

Now put. a = CFi JT =s Bc { then f f* ss a* — j:\ ai^ t}ie 

Ibxiefc ?^"'t* y' JBP ^ ? -» "i? is y.fTTif ,.* and. to hvr^this^ ifsa^iU' 

mom/Sfts 0tix. miist hlfe made to vanish, that is, a^x - 3ij*;r=,0^ 
and heilce jr :b tf^j. ss bc rr the natural ^ine of 35"^ 16' s" 
alideF} therefore the compleaiental anglec :=: 54^^|>s^ 
bwortli.'fdr th6 ottiqdity of the rudder, when it is ippst 
eBTca'cious/ . \ \ '\ 

^^^IThe ^ca^e wiQ be also the same with respect to the win^^ 
acting on the s^ols of a wind-millj or of a ship, viz, that the. 
sails ^ust1>e 'set' so as to make an angle of 54^;l-4 wi^h th^" 
4)tection of the wind; at least at the beginning of the ijc^p-r 
tiqn,*of' nearty st) when the velocity of the sainsbut small 
iA;tbihparison with that of the wind} but when the former 
i5:^ffety considerable in respect of the latter, then the angl^. 
0(r^ht to^jbe proportionally greater, to have the best effect, as 
sfio^n in Maclaurin's Fluxions, pa. 734, &c. 

;^|At3n:^ideration somewhat related to the same also, is the 
^i^^sf effect produced on a mill-wheel, by a stream of water 
^iiifing i!ipon Its saik or float-boards. The proper way m this 
C^ st€m$ to be^ to consider the whole of the water as ac|ing, 
prfihi^ wheel, 1)ut striking it only with tlae relative velocity, 
piP'ihp velocity with which the water overtakes and sfrikes^ 
u^o^ theweel in motion, or the difference between jthe yc^ 
Jocities of the wheel and the stream. This theh is the powelf ' 
or force of ,th^e water; which multiplied' by the veloci^'of 
t^e Whe^l^'ltH^'pi'oduct of the two, viz, of the relative velp- 
fcity and the absolute velocity of the wheel, that is (V — v)yf=^ 
jv — v\ wiU be the effect of the wheel ; where V Jdenpte^ 
the given:'iclocity of the^water, ;uid v the required velocit^ 
of ih€yr^e^):-^>,^ow, to make the d5ect Vi;- v**a maximi^ji 

pf iAe gyttii^, itft fl^xiop mp?t va^usi^y that is.vtu-r-Stii^^^sfljj 
hfnce'<^'^ !>;, or the vejputy of the.wne^lViU he eqvat to 
Mlf ^"velocity of the sti^m, wh^atliei effeict is.t^)great^^i 
aM this agrees best^ with £;3^P^inie»t^ ,,; ..r^.;-.^. 

: -^foi my wa y o f^ yesolylng tjiiy prQ^deffiffai^iV^ijf^ogfider: 
•the watpr as striking the wb^el with a force, as t][ije square of 
ttevebilivQ ^Umty^^^i this ^mhi^ied lyv~^,Wvdo^y=of 

otb ' henc^ 



'« 



PROBLEM ^Wk H, . ' 

7^ determine the ^lorm and JJirnenstons qf Guawwaer- 

Magazines. *':•"•-' ■; : -- -*. • •,.. 

BiltKe practice of engmeenhg, witH respect to the fcrectr6» 
.ofi^iQVfcler.iDiigasines. the extenor sba^ » Hsmllyfl^e likop 

" th^^oof of a bou^Cj^ Uavllig two dojplngsidcSf foniua^ twa 
ihcHned .plane$) to' throw .off* the t^» and jpy tjyffi in zi^ 
angl^ i% ridge at .tlie top > while the mteripr i^presepts a 
vault, ipore~ pr 1^S6 extended, as the occ^ion^ Jipa^ je^jjtjp^ 
arid m^ shape, or transverse section, in the form of^sota^^ 
9rch%^ both for strength and conimpdio^s.n)om, for placuijf 
th^powder barrels. It has been u^ualJtQ msJce tbisj|nteri9r 
CTjrye ^ semicitiile. But, against this shap^, for suq|i a4>urr 
?<>se^ ; I .'^"st enter my decided protest 5 asjt ^ip iift V^^k AfK 
f^if tnes|: 0^ any frorti being in equilibrium in 4ts^tf^ ^d tbftj 
Ti^eakest pf anjr, by being unavoidably. o^Uj^hj^hner.ypi'oni^. 
pj^-tHiafj'jfx others. JBesUes, it is constantly f9Ufi4^l;n^t^;^cr* 
tfee peiHenng of semicircular archer i^ struck, axi^ rei9<;^e^ 
they settle at the crown, and rise up at. the fianI^|;^v^n.ii^itH 
a straight horizontal form at top, and. still inuch.mpre sqia 
powder magazmes with a sloping rppf; which .etqe^ts afff 
ek^ctly what might be expected froip a cphtempUtiOA x^ thii^t 

. true theorjr of arches. Vpw this shrinklpg^ oC tljg^c^ ' 
miist be attended with other additional bad ?9?cts,^i]ljf;1yfi^^^ 
ihirtfee texture of the tement, after it ha3. beert m?SQrnfi^<^, 



t|iis place give an myestigatipn, founded oiii tft^ true pnn- 
cloles of ecLuilibriup, of the only ^ust form of itheyi^jfepqi^ 
wnTch is properly adapted to the usual slopeg roof/ , -, ' " . . . 




arches, in my tracts oif thit Siibj^cti* ' '* 

^myi^Una*^Here'4'i!* sStrfe cfeHira <^a«By^>te%«i^^^ 
#i(^dr&tti|^^ HatltvK9tX>t«^fb&'AF/ift)r^^t«(tI«toM 
«£^dn^ the 



^^ pRSf sfxBt or s4«rH AtvD rtuiDs 

l^a U H g tt t off he giTCS wgla df deration Ktnylb'fMitti 11 



J i: 



and then t&e equation Is zx; a a 4*^ "^ ^ ^ 77* 

Now, the fluixion of th6 eqn^ltibn ' 
1^ to tf + > - ly, h li; = *• - 0, 
tnd the 2d fluxion is ou == jt ; there- 
fore tbf foregoing general equation 

becomes w ::z^'y and hence ww sz 

"2^, tfce fluent of which gives a^= , ^ 

-^-i but at p the Tahie of a; is =rtf, andils 0, th^curvf 
at being parallel to sj ; therefore the correct fluent is 

i/t -.> = ^. Hence theni^ = ^;~, or> =r -^?^'i 

<he correct fluent of which gives ^ s: ^/a x hyp. log. cf 




a 



'^ Now, to determine the value of q, we are to consider that 
when the vertical line ci is in the position Ah or MiCy then 
w = CI becomes ^ AC or mn =:= the given quantity c sup- 
pose, and^ rr au or qm = b suppose, in which position the 

hat equation bccomts bsst/ax hyp. log. ^^ - ^^ ^ ; and 
hence it is found that the Value of the constant quantity 

"' • h 

^a, is . ■ f"c *' '/fV-.^> * ^^^^ being substituted for it, in 
the above general value oft/, that value becomes 

ia » log.ofw-*. */(a«— a*)— Tog. tf 

a 
from which equation the value of the ordinate pc may always 
be found j to every given'vahie of the vertical ci. 

But if, on the other hand, pc be given, to find ci, which 
ij^ill be the more convenient way, it maybe found in the 

following manner :. Put a = log. of a, and c = ^ x log. of 

-— -*^ ^ '9 then the above equation gives C^ + a = log. 

'tiW^f\/':^'^ii^) -^ agam, put n =« date number^wtidsei log* 
h cy*+ A ; then » *» t^ + -/(»* — ^^) t ^tid hctke'Wa;; 



ex.- 



> %iw^ S^ 0%i ofimj^ ill «4mMrd^% a^MiUM'^^a 

"^^-; nature. 






Mcdott of a tx^Kffome aircb l>altii€ed la aH kt porls^m whkk 
the iptmv^icMi A2£ is 2^ feet, the j^kch m Wght^M^ 
1« fect^ thkkiwsi at tike a"OW>. Wt,=?=.7 {e€A,(fi^ the aMfe 
xif the rMj^ l&h 112'' 3^^ or tbe &^ of it iicb s 59"* ii^ 
ftke comphMMRC ^ whkjbi^ <m tine dievsitioo. J(.IK^ is $S^4i'il| 
tbe tangent of which is = f , which will therefore. lie tlMi 
value of / in the foregoiog iavestigi^ofi. - TJic Tdncs ofthe 
other letters will be as fpHow^ ^^ o&^^as?; A^3«^=iil(% 

€ = y X log. of -JSl— -u^ =r ^^ log. of -g^t: ^ T% 

kg. of 2"5620f =!i '0iO»59i | cy 4-;a =? I04p8«l3^^4: 
*8450980 = log. of n. From the|[eneral equation thenj vizj 

« ^ w = — r — == 2 - '+ in, by assuming jf sn c c cs s tt r el ^ 



2m 



Val.of^ 






I 
2 
3 
4 
5 
6 
7 
8 

10 






^qiratto 1, 2, 9| 4, 8cc,tlience finding 
the corresponding values of cy + a or 
"OtOS594y 4- •849©98<>, and t© Aese, 
as common iogs* takmg out the corre- 
Bpondtng na^oral nf nhers, whkh wfl! 
Jje lire -values of « ; then the above 
theorem will give the several values of 
w or ci» as they are here arranged in 
the annexed table, from whidi the 
figure ofthe curve is to be constructed, 
by thus finding so mafiy^j^omts in it. 

Otheiyoise. Instead of making n 
the number oF the log. cy + A,-if^we 
put m = the natural number ofthe log. 

•cy only^ that f» *= ^^r*^^^~2,^iidif7tt— '«^?=:V(«>*— **), 

or by squaring, &c, ^frf-^Harrm + w* = nf'-^et^ji and hetwSi 

m =r ■ X « ^ to which the numb^v being, applied, the 

very same €onduuoBs restft as in the fepegdiifg calciilatioii 
i^d table. 



7-0309v* 
7-i243* 
7*2806 
7-5015 
7-7888 
8-1452 
8-5737 
9 0781 
9-6628 
10-3333 



1«0BL£M TZU«. 



t.. 



» • . , ■ ' '■.'■'.. 

7, ; it h|i%»bf$)i^ow9b'm .1^ tract vo^ PdaipkJi^.trfi^ 
'^3^^4^g^ iii^^: V^l»b€ii^ a^ i^siii^^i^Qi equilitrntioj^ 
when its extrados, or form of its exterkir covering, ^.isJIjii^ 
. y^y saiiie^arab#la as •iJb^ lo«(6r-or inside -curve. -Hence jtihen 



tht inside parabolic shape will be veJ74<MmmieQt}0t tSbimiA 
iqr 4iy» i9Mr ^Mir^N p0pfilheilM|^M cadrf^^fflOieilisi 

flitruf^ive er9€«^# -^ . k\--:\. • - r -bv/o^t 



«taitauat« . Tketi fii^^ :^ x a is 994 .--j^ ss^acprntuib^lfasi^ 

l4rjr» af^ what U is^at thfe- vertex y that is, ci is in^erywliefe 
eflpbltcp^.- '/' ' :^' ' ' "*,j' 

Gteseq&enlSy^lCK. is ^t>ry and since »i is ts ict itu|^ 
4tef ^it ikt ii'tlie same pafrabolic curVe with DC, andtn^ 
It* placed atty height above it, always prodacSi^sg an arcK b^ 
e^iH^dpn^aod very commodious for powder magasdnes.^ 



•'f 
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tntOM AND PRACTICE OF" OUKMBllt. 

TiiSi^^d' vol. ^f this course have been given s«v^ai {Aur- 
tiietila^ retetiiij^ td this »u6)ect. Thiis^ in props. 1^9» SO, 9f» 
3?; p:'l5 1 &% tt |[iven all that relates^ to the paraboUc timf 
of' proJeittflfeSrtfcSt is^ the mathematidiil principles' wMw 
v^c^ii tald^^b^^inRl reflate snchproj^cts^ if tfaefy ^c^ d^ 
iii^dHl^'^i^bed in their litiotiom by the aii^ in whftlf 
tB^ iho^^ -Ifeti li^wri the endriious resistance ttjfi diM 4<^ 
diudpiV ^^HMj^^^V ^«^^ initty' military pifojeetiles^' ^vietkl^j^ 
^nin^'e^fflsT'dfeJeMrlrM with th^ liigher v^bcttksi ^^ 



sh)in^'6^ffl9r^feJeMi|;M With the 1iigh< 

nc^¥§n^i^m^^.ii9mf^ of ^h^t diey wo^d%k;kti]MI^^ 
dS^ ii'^A^s^a^ 1 tFh«t <£e«^fly^itftttt dan oi^4>^^i]iii7 
fid%^sllftifire^feW^^S|^^^dcl^ the i\itm^rl&^ia Ilii^^tt4) 

th«3^|^l^f{{l^ro$^St9e^»a^^ 

c Si ' fe ^ a-j>ft%lx9ir^^^ si>T^5b orl; or i:£ lo. rjDirq sfucz aHt 



^ J i. £ 
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powder. The idea of this experiment^ i8HHdd^,^>AEdf^H$ 
hall is d^^arged intor4%e»y 4ar|^b8t Q|^«A4e^t4d^c| 
^<><%:F^^^^ll velodt^y inPao&teqoeticfttf ^i^bt<^Wt caj| 
be,^silL^/i0b$f!^^ and '^kkmritdy' m#a»t#ec& ^^&mi, llddi 
Ipiis j^air.Vi&lodty, ^hus,obtained^th«^pr|^at ^ne c^tb^b^^^jjn 
^ihimiddiate^y derived by this simple prpportionj vie. a^ the 
091^1 of - th e b a ll| is ix>^dutistiati>f-^ we^htaofihe bal 
^d the b!6ck» so is the observed ve^oty of the last^ u>z 4<tii 
|]rfl|«Miiosidy which. IS the vetocky of ^04fldl«auKhf;Mp4#te 
.^yi^i^./j»^tbif wilLbQ.tbe $oiif^ 

br numerous useful principles, as resiuts deriv€^j£^)nQ^|JbLk 
^^°?^^,^^5^«* ^^*alL>i«ths,^d^fii^;^^^^ 
^j^^kmfk ^]»rsl^!$;0f balls and other iho$| m^g^fthcfi^ 
ih^!W9?i^^4^^^ ^ qsMtiiies, o£ gunpow^^^j jift s^f^^f 
«?^ei^p£pt^wilf sopplj^ answeirs to^l en^uirl^^ ^^l^i<S)iK!Hft^ 
Excepting the extent of their ranges; forlt wlfl even (£&* 
termine the resistance of tbe air, by causing tiie baU to strike 
the block of wood at^^tfiwreat dtstances^^om the gun, thus 
showing the velocity lost by passmg through those different 
q>aces of air; all which ^ireufiMtances .are partly shown im 
«ny 4to vol. of Tracts published in 17B6^ and which will be . 
completed 49 ^]^M^w>^vol|iine£> of o]us<^l^nf9^|racts nos^ 
printing* _ - ^ . 

: J^M^P* ia prol^ i1 wForcefi,^n§ar.tl^ei§ni39fhSotopf^T^» 
^m^y^^^ «C tbe ^ome kind oi^^iya^^^ ^fm^^ldWi 
^4:tp^,^|ermm^ therC^uri^^ tifqiiaQ$^^e^9i^i^e^§fg^ 
ffi^^or.^liwy of tfee air:^es«king::frftogis ^»«t.^©W»^i%j 
fkhmi thfl .velocity wifb< w|ikk:^it v«:gw4%.4|^Gr^^ 

^he same parcel of air to the degree ot^g^if^isOf^^kW^ 
u^jo9di ^ ■ flamed 



\. 
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ftlt|i6<H!tfkfi^mbbe n«^rly 1006 times iHepf^mtii^ p^thH at- 
inosplierc; Bnt this was merely gueswiig a(t thfe degree pf heat 
^ tte inAafc^d'fltiid, and cbusequenwy of its tost ^f€ligth> 
tioth wWcK in 4ict arc fcund to be much gf€fat^r. It is trtafe 
tliat this ass«in«d degre^ of stretigth accorded prmf well 
trith tliat a«Ao/s expeiitnettts ; but this se^mhig agreement, 
it ttiay'casaybe-shbirn, could only be owin]^ to thft inaiicuracy 
rf hb own fiirrher experiments^ and, in fact, with far better 
Opportunities than otI to the lot of Mr. Robins, we hive 
•hown that infla?tned gunpowder is about double the strength 
%hat he has assigned to % and that it expands itself with the 
%*k)city of about 5000 feet per second. 

¥n\hr sen»ble of theiirtportance of experiments of thfe 
khld, first praaised by Mk Robins with musket balls' only, 
inyemfeaTOurs for many years were directed to the prosfecU- 
tiOB of the same, on a larger scale, with cannon balls ; and 
1 having had the honour to be called on to give my assistance 
«t sevw^l courses of such experiments, carried on at Wool- 
wich by the ingenious officers of the Royal Artiljery ther^, 
"tmder the auspices of the Masters General of the Ordnance, 
I hare assiduously attended them foi* ifiany years. The first 
■of these courses was performed in the year 1^75, being 2 
years after my establishment in the Royal Academy at that . 
place : ^md in the Philos. Trans, for the year 17T8 I ga^e an 
Account of these experiments, with deductions, in a memoir^ 
which was honoured with the Royal Society*s gold medal of 
that year. In conclusion, from tile Whole, the following 
' Importaht deductions were fairly drawn and ftated, viz. ' 

is/. It is made evident by these experiments, thit gun* 
ponder fim almost ihslantaneously. 2dlyy The velocStks 
commnnicated to^hot of the same weight, with different 
charges of powder, are nearly as the square roots* of thos^ 
charges. W/y, And when shot of difterent weights are fifed 
%ith the same charged pewder; tiie velocities communicatefcl 
to^tfetoi, are nearly in the inverse ratio of the square ro6ls 
of th«nrWeightSi ^^hhf; So that, in general, shot which ai% 
of different we^ht's, and impelled by th^ firing of dtefafeflt 
'charges' of powder,* acquire velocities which are directly as 
the square rbots of the charges of powder, and iiiWrsely as 
fhe'^quai* roots of the weights of the^hot. Sthityy It wdtitd 
therefore he a great improvement in artillery, occasionally ih 
f1as3fe use 'trf shot of a long shape, or c)f heavier riiaher, as 
Wiid^t fojf *tts the momentum of a ^hot, xthen discharg^ 
wMi^tHe same charge of pbwdeir, would be ittcreased in Ifee 
*»S^*<3f'rii* sqtiare root Of the weight of 'the shot; ferMch 
^hm Bdtft Augment proportidnaliy tlie fo«:e btikk Wdtr ^tti 
* which 
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Hiich it iroidd strike^ and the eatteatxyfih^ m^ ta idSdi 
It wQuId go. dthb/y It would also he an improveinccilj. to 
dlminbh the vinaage ; since hj this means, one third or 
inbre of the ^lumtityofpowdermisht be saved* UhlypWhrnk 
,ih.? unnroyeooents mentioned in the bit tvo artklea asc com^ 
«i4e^ea as both, taking place, it appears, th^ about half Jtho 
quantity of powder mi^ be saved* But, important as tins 
saying ra^y be» it appears to be still exceeded by that of tho 
guns : for thus a small gun may be made to have the eJEact 
and executiQA of another of two or three times its siae in the 
pre3ent way» by discharging a long shot of 2 or S times the 
weight of its usual ball, or round shot} and thus a smdil ahif 
might employ shot as heavy as tho^e of the largest now used* 
finally/ as these experiments. prove the r^fulatiens with 
respect to the weight of powder and shot) when discharged 
irom the same piece of ordnance ; so, by making similar cx^ 
periments with a gun varied in its length, by cutting off fioM 
It a certain part, before each set of trials^ the effects and go^; 
neral rules for the dijSerent lengths of guns, may be ww 
certainty determined by them. In short, the principles.on 
which these experiments were made, are. so fruitful in con* 
sequences, that, in conjunction with the effects of tbexesist- 
ance of the medium>they appear.to be sufficient for answering 
^n the inquiries oJF the speculative phalosopher^ as well as 
those of the practical artillerist. 

^uch then was the summary conclusion from, the first set 
6f experiments with cannon bails, in the year 1^775, and audi 
were the probable advantages to be derived from them*. I am 
jQot ware however that any ^iterations were adopted from 
them by authority in the public service : unless we are to 
except the instance of carronades, a specie^ of ordnance that 
,was afterwards invented, and in some degree adopted in the 
public service; for, in this instance, the proprietors of those 
pieces, by availing themselves of, the circum^tauces of large 
balls, and very small windage, have, with ^mall' charges gf 
'powder, and at little expense* been enabled to produce very 
considerable and useful ejects with those light pieces* 

The 2d set of these experiments ext<a:ided thrgugh most 
part of the summer ,seaspns of the yors 17^, 1(734, 1785, 
and some in 1786. The objects of this course w^e numer- 
ous and various : but the prindpal articles as follow • 1* The 
velocities with whidv.lnlls ar^ projected by e(|ual charges of 
powder,, from pieces of equal weight and cal&re, but of dif- 
. ierent lengths^, 2. The velocities with" differehf charges of 
powder, the weight anil lengtk of the guns b^ing equal: 
3. The greatest velocities duetoohe diiQEerentlet^gtht'O^'guni^, 
..*'" "'' » to 



fTt 



TBEOW AHO PRACTICE 



lb he flitieftaiBed 1»7 soooeismly increHtbg die diai^, tilf 
die bore should be filled, or till the velocity should decrease 
^gailu 4* The efiect of iFaryiiig the weight of the jHece ; 
cffCTf thing else being the same* 5. The penetrations of 
Wb into blocksof wood. 6. The ranges and times irf" flight 
«f fatBs ; to conifiare diem with their first veflocities, for ascer« 
taintng the resistance of the medium. 1. The effect of wads; 
•f different degrees of ramming, or compressing the charge; 
of different d^rees of windage ; of different positicHis of the 
irent; of chambers and trunnions, and every other cir» 
cnmtmce necessary to be known for the improvement of 
iMtillery* 

An an^e account is given of (hese experlmentsi and the 
teaolts deduced finom them in my volume of Tracts published 
in 1186 ; some few circumstances only of which can be noted 
liere. In this course, 4 brass guns were employed, very 
aicelv bored and cast on purpose, of different lengths, but 
eR|ual m all other respects, viz, in weight and bore, &c. The 
Jfengtht of die bores of the guns were* 
. mt gnn n^ 1, was 15 calibres, length of bore 28*5 inc* 
i. . ^ n^ ^, . 20 calibres^ .... S8'4 
^ ^ ♦ n*3, . 30 calibres, .... 57*7 
. . . n° 4, . 40 calibres, . . . . • 80*2. 
the ealifare of each bekig 2^^ inches, and the medium weight 
of the balls 16 oz. 13 dnims. 

The medinnu of all the experimented velocities of the 
tMdls, with which they strucli: the pendulous block of wood^ 

eced at the distance of 32 feet from the muzzle of the gun^ 
several charges of powder, were as in the following tables 



Table ^initial VdiH^ities. 


Powder. 


The Guns.* 1 


vt: 


T«*. 1. 


f- N^. 9. 


N*. 3, 


K«.4, 


s 


780 


835 


920 


970 


4 


1100 


1180 


1300 


1370 


6 


1340 


1445 


1590 


1680 


8 


1450 


1580 


1190 


1940 


12 


1436 


1640 


• 


• 


14 




1660 


• 


• 


U 


• 


• 


srooo 


• 


18 


« 


• 


1 
• 


220O 



{laced in the 1st cotomn^ for »!} the four ^xx&, thenmn^ 
•rt dtnotinf so many feet per leomd. Whence m generd 



It 



or '^ Gf^i««ERYi 



«73 



It- af^ars' how tK^ Velocities ifxcrease witn ' the cTrngj^s . of 
iiowder, ^fbr each guti, and also how they iocre^e as the 
;jgum are longer, with the same charge, in ey.erg^ instancel ^ 
; , By increasmg the quantity of the tharges oc^tinually^ for 
%ach gun, it was found that the velocitjies contmue4 tq ixir 
crease till they arrived at a certain degree, diSerent in eaca 
giin ; after which, they constantly decreased ?gain, till the 
bpre was quite fiUed.with the charge. The charges of pow- 
der when the velocitieiS arrived at their maximum or 'greatest 
state, were various, as might be expected, accgrding to the 
lengths of the guns; and the weight of powder, with the 
length it extended in the bore, and the fractional part of the 
pore it occupied, su'e shown in the foUowing tabloi of the 
charges for the greatest effect. 



Qun, 



n*. 



Length 
of the 
Core. 



Weighty 
oz. 



1 

2 { 
3 
4 



28-5 
3S'4 

51'1 
80*2 



• m i i» —»— <i«<Mwfcnp# 



The Chatge. 



12 
14 
16 
18 



I.eDstb« 



-sc- 



inches. 



8*2 

10*7 
12-1 



I*artof 
whole. 












y 






1U* 



*.Sdih6 few experunents in. this course were made lg.,p|tai4 
the ranges and times of flight, the mediiihis of which afe 
exhibited in the following table. •- . 



Weight. 




SaUs. 



Diam. 



inch. 

1-96 
1-96 
1-96 
1-9S 
rl'9d 



fiteVat 

gun. 



45. 

,15. 

15 

IS 

)' * 

1.5: 

. * 

15 \ 



' 



t 



offlisrht. 



■"_■ -• -•* 



l^stngf. 



'-^•■ 



■ ) 



sees. 

2|-2 
9-2 
9-2 

J4-4 

15-5 



-r — r 

"feet.; 

^130 
^666 

pod 



tiret 

veloc. 
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In this table are conteinedthefoHowmgrtmcOmitant data,, 
determined ;witjh ^ .tplenable d€^ei«;n£;^d£ctt[l| vi:^ itbe. 
i^lght ofU^eipiQ^er, ^th^^^i^ig^s jaldrtiftam^t^OtfOite b^ 
the initial or projectile velocity, the angle of elevation of the 

Vol. tit. . T gun. 
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gun, tin titn^ in seconds of tbe ball's flight Ardugh theTiir, 
ftfid its riinge, or the distance where it fell on the horizontad 
plane. From trhich it is hoped that some aid may be derived 
towards ascertaining ithe resistance of the medirnn^ and its 
effects on othier elevations, ^c, and so afford some means of 
obtaining easy rules for the cases of practiod gBnnerjr. 
Though the completion of this tenqmry, tor want or time ^ 
present, must be referred to another Work, where we may 
have an opportunity of describing another more extended 
course of experiments on tliis subject,^ which have never yet 
bedn given to the £^lic. 

Another subject of enquiry 
Wk the foregcrittg experi- 
ments, was, how far the balls 
would penetrate into solid 
blocks of elm wood, fired in 
the - direction of the fibres. 
The annexed tablet shows 
the results .of a few of thfe 
trials that were made with 
the gun n° 2, with the mosit 
frequent charges of 2, 4, and 
8 ounces of powdery and thlB» 
mediums of the penetrations, 
as placed in the last liaey are 
found to be 7, 15, and 20 inches, with those charges. These 
penetrations are nearly as the numbers 

2, 4i> 6, or 1, 2,3 ; but the charges of powder are a& 
2, 4, 8, or 1, 2, 4 j so that the peiietrktions are propor- 
tional to the charges as far as to 4 ounces, but in a less ratii^ 
at 3 ounces ; whereas, by' the theory of penetrations, the 
depths ought to be proportional to the charges, or, which is 
the same thing, as the squares of the velocities. So that it 
seems the resisting force of the wood is not unifonojiy or 
constantly the same, but that it increases a little with the 
increased velocity of the ball. This may probably be occa- 
sioned by the greatcar quantity of fibres driven before the 
baU i which may thus mcrease the spring and re^stance of 
the wood, and prevent the ball from penetrating so deep as 
it otherwise might do. 

From a general inspection pf this second course of thes^ 
experiments, it appears that all the deductions and observar^ 
tions made on the former course, are here corroborated and 
strengthened, respecting the, velocities and weights of the 
balls, and charges of powder, &c. It further appes^s also 
ihat the velocity of the i«ll mcreases with the Jnicrea^ei pf 

ch^ge 
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■ charge only to a certain point, which is peculiar to each gun, 
where it is greatest ; and that by further increasing the 
charge, the velocity gradually diminishes, till the bore is 
quite fall of powder. That this charge for the greatest ve- 
locity is greater as the gun is longer, hut yet not greater in 
so high a proportion as the length of the gun is ; so that the 
part of the bore filled with powder, bears a less proporticm to 
the whole bore in the long guns, than it does in the shorter 
ones ; the part which is filled being indeed nearly in the in- 
verse ratio of the square root of the empty part. 

It appears that the velocity, with equal charges, alwajrs 
increases as the gun is longer ; though the increase in velo- 
city is but very small in comparison to the increase in length ; 
the velocities being in a ratio somewhat less than that of the 
square roots of the length of the bore, but greater than that 
of the cube roots of t^e same, and is indeed nearly in the 
middle ratio between the two. 

It appears, from the table of ranges, that the range in- 
creases in a much lower ratio than the velocity, the gun and 
elevation being the same. And when this is coinpared with 
the proportion of the velocity and lepgth of gun in the l^st 
paragraph, it is evident that we gain extremely little in the 
range by a g^at increase in the length of the gun, with the 
same charge of powder. In ' fact the range is nearly as the 
5th root ox the length of the bore ; which is so smaU an in* 
crease, as to amount only to about a 7 th part more range for 
a double length of gun. — From the same table it also ap- 
pesu^, that tne time of the balFs flight is nearly as the range; 
the gun and elevation being' the same. 

It has been found, by these experiihents, that no difference 
is caused in the velocity, or range, by varying the weight of 
the giin, nor by the use pf wads, nor by difFerept degrees of 
ramming, nor by firing the charge of powder In difierent 
parts of it. But that a very great difference in the velocity 
arises from a smaU degree in the windage : indeed with the 
usual established windage only, viz, about -^ of the calibre, 
no less than between ^ and ^ of ^he powder escapes and is 
lost : and as the balls are often smaller than the regulated 
size, it frequently happens that half the powder is lost by 
uiinecessaiy windage. 

It appears too that the resisting force of wood, to balls 
firod into It, is not constant : and that the depths penetrated 
by%alls, with difierent velocities or charges, are nearly as th^ - 
Ifi^g^thins o£ the charges, instead of being as the charges 
tl^e^selvesj or, whidi is the same thing, as the square of Uie 
lydi^srity.— -La^fclyi these and most o^erexperiments> show^ 
'->.• T2 that 
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that balls are greatly deflected from the direction ia whic& 
they are projected : and that as much as 300 or 400 yards iir 
V a range of a mile, or almost Jth of the range. 

We have before adverted to a 3d set of experiments, of 
BtiU more importance, with respect to the resistance of the 
itiedium, than any of the former; but, tHI the publication of 
those experiments, we camiot avail ourselves of all the die-, 
coveries they contain. In the mean time however we may 
extract from them the three, folio wing tables of resistances, 
for three different sizes of balls, and for velocities between 
loo feet and 2000 feet per second o£ time. 



















Ta>1£ hi. 




Rm^taneei to a tall n/ 


l-9« 




Stiiitancalomiall 




inrhts iiamtlrr, and 16 oi. 


13 dr. 


^•1iit,.dittm.a„d\ 


3'5«t>i.<&i«.««l 




u;ighl. 




3». vitight. 


fit*, fra. $*. at. 




Vel. 


Resistances. 


iDif. 


'JdDlf 


Vtl. 


Re», 


Bift. 


Vei. 


Res. 


Dift. 




feel. 


lb". 


DZ>. 






feet. 


lb.. 




kH. 


Iba. 






100 


017 


ci 


.!' 

20 
27 
35 

54 
66 




900 


35 




1200 


115 






200 


0B9 


11 


^i 


950 


41 


6 


1250 


124 


9 

10 

fo 




300 


1-56 


2J 


G 


1000 


47 


1300 


133 








45 




1050 


53 


1350 


Wi 




SOD 


f50 


7-J 


S 


1100- 


60 




1400 


158 




600 


6cy 


107 


9 


1150 


67 


1'450 


IGa 




700 


9-44 


lil 


10 


1200 




1500 


172i 


!?t 




800 


WSl 


505 


12 


1250 


i1 




1550 


184 


IT 

15 
16 

17 




900 


16-9* 


271 


13 


1300 


91 




1600 


197 




1000 


21-B8 


350 




13 


1350 


101 




1650 


211 




MOO 


27 63 


442 


104 

lis 

124 
131 
135 
135 
133 
128 
123 


12 


1400 




is* 


1700 


396 




laon- 


34'13 




11 


1450 


1411 


1750 


343 




1300 


41-31 


661 


9 


1500 


leeo 


259 




1400 


4906 


785 


.V, 


1550 










1501) 


si-as 


ffI6 


4 


1600 


150 










1600 


6^'6<> 


1051 





1650 


lie 












17011 


14-13 


11S6 




170O 


165 










IBOl) 


88'4t 


1319 


-5 


1750 


171 










IWJO 


CO-44 


1447 


-6 


1800 


176 










Hcno 


S3-l)6 


1569 













-:— 








FBOBLBM I. 

To determine tlie Resistance of the Medium against a 
Sail of anij other size, moving with any of the Velocities 
giifn in the foregoing Tables. 

'Tlie analogies among the numbers in all these tables is 
very remarkable and uniform, the same general laws running 
through them all. The same laws are also observable as in 
t he table of resistances near the end of the 2d volume, parti* 
culariy the 1st and fid remarks immediately following that 

table. 
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tablcy VIZ, that the resistances increase in a higher propor- 
tion than the square of the velocities, with the same body ; 
and that the resistances also increase in a rather higher ratio 
•than the surfaces, with different bodies, but the same velo- 
city. Yet this latter case, viz, the ratios of the resistances 
and of the surfaces, or of the squares of the diameters which 
is the same thing, are so nearly alike, that they may be con- 
'sidered as^qual to each other in any calculations relating to 
artillery practice. For example, suppose it were required to 
determine what would be the resistance of the air against a 
24lb ball discharged with a velocity of 2000 feet per second 
of time. Now, by the 1st of the foregoing tables, the ball 
of 1*965 inches diameter, when moving with the velotity 
2000, suffered a resistance of 981b : then since the resist- 
ances, with the same velocity, are as the surfaces ; and the 
surfaces are as the squares of the diameters ; and the diame- 
ters being I '965 and 5'6y the squares of which are 3*86 and 
31-36, therefore as 3'86 : 31*36 :: 98Ib : 7961!?-, that is, the 
24lb ball would suffer the enormous resistance of 7961b in 
its flight, in opposition to the direction of its motion ! 

And, in general, if the diameter of any proposed ball be 
denoted by d, and ?* denote the resistance in the 1st table 

due to the proposed velocity of the r965 ball; then -^^ will 

denote the resistance with the same velocity against the ball 
whose diameter is (/; or it is nearly -^d^r^ which is but thp 
28th part greater than the former. 

PROBLEM II. 

Xo assign a Side for determining the Resistmice due to any 
Indetenninaie Felocity of a Given Ball. 

This problem is very diiBcult to perform near the truth, 
on account of the variable ratio which the resistance bears to 
the velocity, increasing, always more and more above that of 
the square of the velocity, at least. to a certain extent ; and 
indeed it appears that there is no single integral power what- 
ever of the velocity, or no expression of the velocity in one 
term only, that can be proportional to the resistances through- 
out. It is true indeed, that such an appression can be assigned 
iyy means of a fractional power of the velocity, or rather one 

whose index is a mixed number, viz, 2-^ or 2*1 ; thus ^; 

' ^ * ° 5400 

= the resistance, is a formula in one term only, which will 
answer to all the numbers in the first table of resistances very 
nearly, apd consequently, by means of the ratio of the squares 

- .-or 
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of the diameters of the balls, for luiy otkftr inUs whatever. 
This fomiBla then» though serving quite wdl for some four- 
ticular resistance} or even f6r con^ructio^ a oom^ace series 
or table of resistances, is not proper for -the us^ of proUems 
in which fluxions and fluents are concerned) on account of 
the mixed nuinber Zt^ ^ the index of the velocity v. 

We must therefore have recourse to an Expression in two 
terms, or a formula containing two integral powers of the 
velocity, as v* and v, the first and 2d powers, affected with 
general coefficients vi and n, as mv*^ + mvtx r the resist'- 
Since. Now, to determine the general numerical values of 
the coeflicients m and Tt, we must adapt dus general ex- 
pression mv* + 7iv := r, to two particular cases of velocity, 
at a convenient distance from each other, in one of the fore- 
going tables of resistances, as the first for instance. Niyw^ 
wrer making several trials in this way, I have found that the 
two velocities of 500 and 1000 answer the general purpose 
better than any other that has been tried. Thus then, em«> 
ploying these two cases, we must first make v == 500, and 
r = 441b, its correspondent resistance, and then^.again v s 
1000, and r = 21 '88 lb, the resistance belonging to it: this 
wili give two equations, by which the general value of m znd 
of n will be determined. Thus then the two equations being 

500*w» + 500w = 4*5, 
and lOdO^M + lOOOn = 21*88; 
dividing the Ist by 500, and the C 500m + w = •OO^, 

2d by 1000, they are . • ^ lOOOm + n = -02188 ; 
the dif. of these is . ... . 500m c=: -01288, 
aild therefore div. by 500, gives m = '00002576 ; 
hence w = '009 - 500m = -009- '01288 = —'00388 = w. 
Hence then the general formula will be •00002576 V* — 
•O0388v =: r the resistance nearly in avoirdupois pounds, in 
all cases or all velocities whatever. 



Now, 
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Ko^Vf » t^ fifKl kwf pesu- to thm 
truth this theorem coines;| in 
every instance in the table, by 
iubstituling f&rv^ in this formula, 
oU the sey^al' velocities, 100, 
200, 300, &c, to 2000, these 
give the correspondent values of 
r, or the resistances, as in the td 
cohunn of the annexed table, 
their velocities being in the first 
column f and the real e:y;peri- 
mented resistances are set oppo- 
site to them in the 3d or last 
column of the same. By the 
comparison of the numbers in 
the^e two colun^s together, it is 
se^n that there are no where any 

Eeat diflference between them, 
ing sometimes a little in ei^- 
cess,' and again a little in defect, 
by vel-y small differences; so that, 
on the whole, they will nearly 
balance one another, in any par- 
ticular instance of the range or 
flight of a ball, in all degrees of its velocity, from the first or 
greatest, to the smallest or last. Except in the first two or 
three numbers, at the beginning of the table, for the veloci^ 
ties 100, 200, 300, for which cases another theorem m^y be 
employed. Now, in these three velocities, as well as in all 
that are smaller, down to nothing, tt^e theorem *0O0Ol72^i^ 
= r the resistance, will very well ^erve« as It brings out for 
the first thre^ resistances *17, and -69, and I '55^, difieripg 
in the last pn^y by a very small fraictjipa. 

CoroL I. The foregoing rule -00002576^'- -00388v=:r, 
denotes the resistance for the ball in the first table, whosci 
diameter is 1*965, the square of which is S*86, or almost 4 ; 
hence to adapt it to a ball of any other diameter d, we have 
only to alter the former in proportion to the squares of the 

diameters, by which it becomes ^^^^ (-000025761;*— -003881;) 

= (-00000667^^- -00 Iv)^* = ('0OOOO|v*--00lv)</% which 
is the resistance for the ball jvhose diam^^ter is d, with the 
velocity v. 

Carol. 2. And, in a similar manner, to adapt the theorem 
•(^001725?/ = r, for the smaller velocities, to any other size 

of 
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of ball, we must multiply it by -^, the ratio of the surfaces^ 

by which it becomes •00000447flf>* = r. 

We shall soon take occasion to make scnne applications ia 
the use of the foregoing formulas, after considering the effect^ 
of such velocities m the cases of nonresistanc^. 

PROBLEM HI. 

To determine the Height to which a Ball will rise^ when 
fired from a cannon Perpendicularly Upwards with a Given 
Felocitify in a Nonresisting Medium, or supposing no Re^ 
distance in the Air. 

By ?u-t. 73 pa. 151 vol. 2, it sippears that any body pro* 
jected upwards, with a given ^velocity, will ascend to the 
height due to the velocity, or the height from which it must 
natiu^lly fall Xo acquire that velocity \ and the spaces fallen 
being as the square of the velocities; also 16 feet being th^ 
spape due to the velocity 32 j therefore the space due tp ^y 
proposed velocity v, will be found thus, as 32* : 16 :: v^ : 5 
the space, or as 64 : 1 : : v* : ^v^^=^s the space, or the height 
tow hich the velocity v will cause the body to rise, independ** 
cnt of the air*s resistance. 

Exam. For example, if the first or projectile velocity, be 
2000 feet per second, being nearly the greatest experimented 
velocity, then the rule ^V^* = s becomes ^ x 2000*= 62500 
feet = 1 H miles ; that is, any body, projected with the ve- 
locity 2000 feet, would ascend nearly 12 miles in height, 
without resistance* 

Corol. Because, by art. 88 Projectiles vol. 2, the greatest 
range is just double the height dufe to the projectile velocity, 
therefore the range, at an elevation of 45^ with the velocity 
in the last example, would be 23|- miles, in a nonresisting 
medium. We shall how see what the effects will be with 
the. resistance of the air, 

PROBI.EM.IV. 

To determine the Height to which a Ball projected Up- 
wards J as in the last problem, will ascend, being Resisted by 
the Atmosphere. 

Putting X to denote any variable and increasinp; height as- 
cended by the ball ; v its variable iind decreasing velocity there \ 
d the diameter .of the ball, its weight being w\ wz = '00000f , 
and n == "001, the coefficiejits of the two terms denoting the 
law of the air's resistance. Then (iinv^^nv)d^, by cor. 1 t.9 

, prob. 
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prob. 2, will be the resistance of the air a^^inst^the ball in 
avc^dupois pounds ; to which if the weight of the ball be add- 
ed, then (mv*— nv)d*+a^ will be the whole resistance to the 
ball's motion ; this divided by w, the weight of the ball in 

motion^ gives ^^ == --' ir + 1 =/ the retard- 

ing force. Hence the general formula vv = 2gfx (theor. 10 

pa. 342 vol. 2, edit. 6) becomes — w=2^x x i 

making v negative because v is decreasing, where ^ = 16 ft.; 
and hence 

J^ = — r- X 



Now, Ibr the easier finding the fluent of this, assume 
V — ^ = z 5 then V = 2 + ^, and-u* = 2* + -^z + 



2w ' 2m' m 4m« 

and «;x; = zk + ^«, and i;* - -£-v + ~^, = 2% and v* — 

— v = %* — -— ; these being substituted in the above va- 
lue of Je, it becomes x =s 

— tD 2m — w zz + pz "W ZZ+ pz 

•^ • «• — — - + • «' H p' 

pitting ;? = £j, and ?^ = -£p- - ;>% or /^^ + ?^ = ^. 

Th^n the general fluents, taken by the 8th and 1 1 th forms 
vol. 2 pa. 307, give x = ^, x [ilog. {2; + ^') + -^x arc 

to rad. J and tan. «] = ^ x [4 log. (v^ - -^^ + £5) + 

•— X arc to rad.^ and tai>g. v— p]. But, at the beginning 

of the motion, when the first velocity is v for instance, and 
the space a: is = 0, this fluent becomes 

^ = S ^ f^ ^°g- Cv* - 1^ + ^) + -^ ^ ^'^ ^''^''^ i 

tan. V — /?], Hence by subtraction, and taking v = for 
the end of the iiiotion, the correct fluent becomes 

•^ = ii;;^ X C^ log- <^ - «^ + ti^f) - i 'og ^ + 7- '^ 

(arc tan. v — p — arc tan. — p to rad ^)]. 

But as part of this fluent, denoted by ~- x the dif. of the 

two arcs to tans, v-p and — p, is always very small in com- 
parison 
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parisen with the oth^r prec^diog terms, they <°17 be oatitted 
without material enror m wj pr4<;tical ip«t4IM:e i V!4 thep fhe 

«uent is * = -^ x hyp. log. 2^ ^H—, for the «t- 

li)ost height to which the ball will ascend, when its motion 
cease^, a^d is stopped, partly by its own gravityi but chi^y 
by the resistance of the air. i 

But now, for the numerical value of the general coefficient 
r — r • and the term ---;; : because the mass of the ball to the 
diameter d, is *5236(]?% if its specific gravity be s, its weight 
will be '52S6sd^ = w ; therefore ~ = •52365d, and ^ =s 

1S54:Osd, this divided by 4^ or 64, it gives j-^ = I221'2sd 

for the v^ue of the general coefficient, to any diameter d 
and specific gravity s. Aijd if wfj further suppose the ball 
to be cast iron, the specific gravity, or weight of one cubic 
inch of which is *26865, it becomes 330^^, for that coeffi- 
cient ; also 7854tOsd = 21090^ =x ~j and — = 150. And 
hence the foregoing fluent becomes S30d x hyp. log. 

T«-15Ov + 21090d «^1-, , v*-l50v + 21O9M 

^ M ■ or 760a X com* iofir. ■ ■ ^ . 

21090d ^ 21090d » 

changing the hyperbolic for the common logs. And this is 
a general expression for the altitude in feet, ascended by any 
iron ball, whose diameter is 4 inches, discharged with any 
velocity T feet. So that, substituting any values of d and v, 
the particular heights will be given to which the balls will 
ftscend, which it is evident will be nearly in proportion to the 
diameter d. 

Exam. 1. Suppose the ball be that belonging to the first 
table of resistances, its weight being 1 6 oz. 13 dr. or 1*05 lb, 
IU)d its diameter P965 inches, when discharged with the ve- 
locity 2000 feet, being nearly the greaiiest charge for any iron 
ball. The calculation being made with these values of d an4 
V, the height ascended is found to be 2920 feet, or little more 
than half a mile; though found to be almost 12 miles with- 
out the air's resistance* And thus the height may be found 
fpr any other diameter and velocity* 

Exam. 2. Again, for the 24 lb ball, v^ith the same velo-^ 
city 2000, its diameter being 5*6 = d. Hi^re 760d = 4256, 

, va-150v + 21O9ad 58181 . _ r i.- u • i /./.ni^o 

* . theref. 
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AiBtA l-5095« X 4£56 = 64S4 ss r the Iieiglit, being a 
Iktlf more than a mil^. 

We may now examine what will be the height ascendedj 
considering the resistance always as the square ok ib» Telocity. 

PltOBLSM T, 

To determine the Height ascended by a Ball prt^ected as 
in the twoforegaing problems ; supposing ike Rtsistttnc§ tff 
the Air to be as the Sguare of the Feloczty, 

Here it will be proper to commence with selecting some 
experimented resistan(;e corresponding to a medium kind of 
Velocity, between the first or greatest velocity and nothing, 
from which to compute the other general resistances, bycon<- 
sidering them. as the squares of tne velocities. It is proper 
to assume a near medium velocity and its resistance, because, 
if we assume or commence with the greatest, or the velocity 
of projection, and compute from it downwards, the resistances 
wfll be everywhere too great, and the altitude ascended much 
less than just ; and, on the other hand^ if we assume or com- 
mence with a small resistance; and compute from it all the 
others upwards, they will be much too little, and the com- 
puted altitude far too great. But, commencing with a me*- 
dium degree, as for instance that which has a resistance 
about the half of the first or greatest resistance, or rather a 
little more, and computing from that, then all those com- 
puted resistances above that, will be rather too little, but all 
those below it too great ; by which it will happen, that the 
defect of the one side will be compensated by the excess €m 
the other, and the final cogicludk>n must be near the truth* 

Thus then, if we wish to detercoine, in this way, the alti- 
tude ascended by the ball employed in the 1st table of ret- 
sistance^, when projected with 2000 feet velocity; we perceive 
by the taUe, that to the velocity 2000 corresponds the re-^ 
sistance 98 lb ; the half of this is 49, to which resistance 
corresponds the velocity 1400 in the table, and the next 
greater velocity 1500, with its resiistance 57^, w^hkh will b^ 
properest to be employed h^re. Hence then, for aay otiier 
velocity v, in general, it will be, according to the law of the 

squares of the velocities, as 1500* : v* :: 51-^ : ■ ^^^^ =s 

•000025|if ?= tfv*, putting a == '000025^ which will denote 
the air^s resistance for any velocity v, very nearly, couoty^g 
from 200a 

Now let X denote ;the altitude ascended when the velocity 
is V, and w the weight of the ball : then, as above,, av^'is the 

resistance 
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resistance from the air, hence av"- + «e; is the whole resistin|^ 
force, and ^ =/the retarding force ; 

therefore — vi =: 2gfx = ■ J"" X ^gxy 
and hence ;r = t- x ■ . ■ = -= — x 



the fluent of which, by form 8, is -7— x h. log. (t^ + ■^)f 
which when or = 0, and v = v the first or projectile velocity, 
becomes O = -j^ x h. 1. (v*> + -—) > theref. by subtract- 

Miff, the correct fluent is a: = r- x h. 1. — r — , the height 
;f when the velocity is reduced to v ; and when v =: 0, or the 
velocity is quite exhausted, this becomes — x h* I. ^ ■■' 
for the whole ^height to wUch the baU will ascend. 

, Ex. I. The values of the letters being ae^=sl*05lb, 4^=s64, 
a =» -000025^, the last expression becomes 645 x hyp., log* 

T« + 41266 ,._^ . v« + 41«66 * j i, *i. i: * 

4^265 I or 1484 X com. log. ^^^^^ . And here the first 

veK V being 200O, the same expression 1484 x log. — jj-^gg — 

becomes 1484 x log. of 97*93 = 2955 for the height as- 
cended, on this hypothesis ; which was 2922 by the former 
problem, being nearly the same. 

Ex. 2. Supposing the same ball to be projected with the 
velocity of only 1500 feet. Then taking 1 100 velocity, whose 
tabular resistance is 27*6, being next above the half of that 
for 1 500. Hence, as 1 100* : v* : : 27*6 : '000023751;* = av\ 

This value of a substituted in the theorem -^ x h. 1. — : — » 

4ga to 

also 1500 for v, and 1*05 for w, it brings out x =r 2728 for 
the height in this case, being but a Utde above the ratio of 
the square rootsof the velocities 2000 and 1500, as that ratio 
would give only 2560. 

Ex, 3. To. find the height ascended by the first ball, pro* 
jected with 860 feet velocity. Here taking 600, whose re- 
sistance 6*69 is a near medium; then as 600* : 6'69 : : 1 : 

•O0O0186=fl. Hence ^ x h. 1. ^^^^^^ = 23 34 the height; 

which is less than half the range (5100) atv4'5* elevation, but 
more than half the range (4100) at 1 5* elevation, in pa. 161 

vol. 23 being indeed nearly a medium between the. two. 

Ex. 
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j&jr. 4. With the same ball^ and 1640 velocity. Assume 
1200, whose resistance 34*13 is nearly a medium. Then as 

1200^ : 34-13 : : 1 : •O000237=a. Hence ^ x h. 1. ^^^^^ 

64a w 

=2854; again less than half the range (6000) by experiment 
in ToL 2, even with 15** elevation. 

JBx. 5. For any other ball, whose diameter is d, and its 

weight Wy the resistance of the air being ^^ ss ■ ^^^^ =8&rfV. 

putting b = j3oooo » ^^^ retarding force wiB be "^ 

thence — w = 2gx x , and x = --— x ,^ ^ ^ . , and 

the cor. flu* x =i r-rr X h. 1. ., ' ^ = -r-rs X h. 1. . 

for the whole height when v = 0. Now if the ball be a 24 
pounder, whose diameter is 5-6, and its square 31*36 ; then 

^^=So = -OOO^OSl, and 5^ = .^, = ^ = 1794, 
aad Jrf'v* = 836, and *£l!±r = 22ili* = i^ = iii ; 

215 

therefore x = 1794 x h. 1. — - = 1794 x 3*57888 = 6420, 

being more than double the height of that of the small ballj^ 
or a little more than a mile, and very nearly the same as in 
the 2d example to prob. 4. 

PROBLEM VI. 

To determine the Time of the BaIVs ascending to t)ie 
Height determined in the last prob. by the same Projectile 
Velocity as there given. 



— w CI? ., • X — w V 



By tliat prob. i=~- X -^^, ther. / = — = r-^ x ^^ — ; 



a a 



the fluent of which, by form 11, is -^ — a/ — X arc to 

radius 1 tang. -^ = J^ ^^ x arc tan. ~^j or by cor- 

^— "^ J— , 

^ a ^ a 

rection i^~ s/~ X (arc tang. -^ - arc tang. -^)^ 

the time in general when the first velocity V is reduced to 
V. And when v = 0, ^r the velocity ceases, this becomes 

f ;= j-^-^ X arc to tang. — -^ for the time of the whole. 

ascent. . - 

Now, 
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Now, as in the last prob. v=s200D, w=» 105, as='0d002S4. 
= 90005«0- . "^°« - = *^266, and ^- = 203-14, and 

t 

— ^ = 98-445 the tangentj to which corresponds ij^ ace 

^ a ........ 

of 89^ 25', whose length is l-5«oe ; then ^ >c 203 1 4' x 

, -/.^^ 80314 X 1-5606 ^,, ^_ it/. r 

1-5606 = ^ = 9 '91, the whole time of ascent. 

Remark, The time oi freely ascending to the same height 
^55 feet, that is, without the air's resistance, would be 

-y/-^j- = -J-/ 2955 = 13" -59 5 and the time of freely as- 
cending, commencing with the same velocity 2060^ would be 

V _ 2000 __ „ _ I'o". 

jjj. = _ = 624=l 24. 

» PROBLEM Til. 

To determine the same as in prob. v, taking into the aC" 
coufU the Decrease of Density in the Air As the Ball ascends 
in the Atmosphere, 

Jn the preceding problems, relating to the height and time 
of balls ascending in the atmosphere, the decrease of density 
in the upper parts of it has been neglected, the whole height 
ascended by the ball being supposed in air of the same den- 
sity as at the earth's surface. But it is well known that the 
atmosphere must and does decrease in density upwards, in a 
very rapid, degree J so much so indeed, as to decrease in geo- 
metricd progression, at altitudes which rise only in arithme- 
tical progression ; by which it happens, that the altitudes 
ascended are proportional only to the logarkhins of the de- 
crease of density there. Hence it results, that the balls must 
be always less ai^d less resisted in their ascent, with the same 
velocity, and that they must consequently rise to greater 
heights before they stop. It is now therefore to be consi- 
dered what may be the difference resulting from this cir-" 
cumstance. 

Now, the nature and measure of this decreasing density^ 
of ascents in the atmosphere, has been explained and deter- 
mined in prop. 76, pa. 244, &c, vol. 2. It is there shown, 
tfcat if D denote Ae air's density at tfie earth's surface, and 
tf 4ts <iensity at any altitude «, or ;r ; dten is :r «= 6S551 x 

leg. of -^ in. feet, when the temperature of the air i^i^^j 

and 60000 x log. -|- for the temperature of freezing cptd i 

we 



vre may therefore Assuifte for the mediiim r=: 62000 x log. -2. 

for a mean deeree between the two. 

But to get an expression for the density a, m terms of Jt 
out of logarithms^ without which it could not be introduced 
into the measure of the ball's resistance^ in a manageable form, 
we find in the first place^ by a^ neat approximate expression 

for the natural number to the log. of a ratio, —, whose terms 

do not greatly differ, invented by Dr. Halley, and explained 

in the Introduction to our Logarithms, p. 1 10, that ^-"ij X x> 

ilearly, i$ the number answering to the log. / of the ratio -j-' 
wh«re.72 denotes the modulus '43429448 8cc of the common 
logarithms. But, we before found that x=r 62000 x log. of -j-> 

or g^jjj is the log. of -|-, which log. Was denoted by / in the 
expression just above, for the number whose log. is / or 
g^j^ ; substituting therefore ^^rgs for h ^ A© expression 



n — _ * • ' ' 



«-*/ ... , , 194000 ^ , 

— i] X D, It gives the natural number ' ^ ■ x !> = «, or 

* n + ■ 

124000 

1 24000* '^^ ^ ^ ^^ density of the air at the altitude x^ put- 
ting D =± I the density ^t the surface. Now put 124000w or 
nearly S4000 — e \ then ^— ^ will be the density kA the air 

at any general height x. 

But, in the 5th prob. it appears that av* denotes the re*- 
siMiance to the velocity v, or at the height ^, for the density 
of »rir the *att^ as at the surface, which is too great in the 

radio of c + .r to c — JT ; therefore av*- x will be the 

resirfi^teoe at the height jr, to the velocity v, where « == 
•OQO0254. To this adding w^ the weight of the ball, gives 

av^ X 1- w for the whole resistance, both from the air 

^nd the- ball's oiasst conseq* — x -^ — I will denote 

the accelerating force of the balh Or, if we include the . 
smoH part ^ ot 1, within the factor — — , which will make' 



no sen^jible difference m the'fesult, but be a great deal simpler 

c — « 
« + JF 

force. 



in the^Qceggy the» is ^ ^ " *• x y~ = / the ace 
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fcrcc. Conseq. — w = 2g/* = 2gx x j-^ X — jj— / 
and hence ^-—^ x :=: -^ x 77 > or by division, — *^ + 

7+i^ "" 32a ^ " , tc' 

r« -f 

Now the fluent of the first side of this equation is evi- 
dently — X -i- 2c X h. 1. (c + t) ; and the fluent of the latter' 

side, the same as in prob. 5, is — - x h. 1. (v'- + — ); there- 
fore the general fluential equa. is — x + 2c x h.l. (c+x)=: 
^^ X h. 1. {"j^ + — ). But, when jt = 0, and vssr the initial 

velocity, this becomes 04- 2cx h.l.c = -gjj x lul. (v*H Ji. 

theref. by subtraction, the correct fluents are — o^ + 2c x h.L 

— = -rr-- X h. 1. ^ — ^, when the first velocity v is dimf- 

c 64tt au* +w ^ 

nished to any less one v ; and when it is quite extinct, the' 
state of the fluents becomes -^ x + 2c x li.h ^^ = ^ x 

c 64a 

h. 1. , for the greatest height x ascended. 



ra 



Here, in the quantity h. 1. — , the term x is always small 
in respect of the other term c; therefore, by the nature of 
logarithms, the h.l. of — is nearly = — r- or 5— — » theref. . 

the above fluents become — :r 4- =: ~ =s ,r--— ^ = 

~^ X h. 1. ^.^^ Now the latter side of this equation is 

the same value for x as^was found in- the Sth problem, which 
therefore put =:=^ 6 ; then the value of x will be easily found 

from the formula y~^ == 4, by a quadratic equation. Or, 

still easier, and sufficiently near the truth, by substituting^ 

for .r in the numerator and the denominator of ■ ^ , then 

--— jT = i, and hence x =? -— r fr, or by proportion, as 

2c — fc : 2c + A : : 6 : jT ; that is, only increase the value of 
.r, found by prob. 5, in the ratio of 2c — A to 2c + A. 

Now, in the first example to that prob. the value of x or ' 
i was there found ^2955 ; and*2cbeing =5 108000, theref.^ 
2c - ^ = 10504-5, and'2c + 6'= 110955, then as 105045 : 
110955 : : 2955 : 3121 = the value of the height x in this 
case, being only 166 fe^t» Or ^T^h part more thin before. 

Also^ 



, J^9 for tb« H ^Vftpl^ t9 4}w ftj^ BTPt- Fherf r W« ?« 

^^ : ^7i^p tl^ height si$q^i>^4 ^^ this e^amp)^, l^f^ ^Ifg 
t}^ iStli pait nx»e th^i> before. An4 ^ an, £pr ^y gtJtiy 

FRQpi.]fM ynj. 

' To ik(ermin£ the Time i/ a Bail's JscefiSmgf Simidariu 
ifie Dccrmpaig DcmUy qfthe Air as in the last pr$b* 

The fluxion ^ thf u<o,e is ^ 5= -tj?. Bift tlif gl^^^^ e^jfj-- 
f:|oa afdofi flaxions of the space s an^ veloc^y v, in. the last 

vrays smaH in respect of c, is nearly = ^ as determined in thf 

• •• • 

gut sqmiblfi j^rror j an.<^ thfin /becopo^s ?= -" ¥ ^ /if j^. 

NoW| this fluxion being to that in prob. 6, in the constant 
tatio pf r — ^ to <^ + ^> their fluents will be also in th^ same 
constant ratio. But, by the last prob. c=r 540Q0, and 6 b:2952» 
Iwtiie.first example in prob; 5 ; therefor^' c — A = BlQiSf 
atid c + b =: 5695 5^ also, the time in. problem 6 was 9"'9J ; 
l;iierefore as 51045 : 569'&S : : 9''-9l : 1 1'^'O^ fqr^e time in 
this case, being I''* 13 more than the former, or nearly the 
^4 p»t .more ; which is nearly the double, or as ^he square 
rfJSi^e 4iSi^^m^!^> i» '^ 1^5^ P^^t). in t^e hea^i^ ascf nd^. 

PROBLEM IX., 

To determine the circumstances of Space^ Ttme^ and ' 
Velocity^ of a Ball Descending through the Atmosphere S^ 

its own Weiglht. . - • • > 

^It is Jjere megpt that the ba^s are at least as heavy as cast 



degr^ee of velocity any $uch bsiU ^c.qvii|:?j5 by thus jdescex^dip^* 
TCJq.w h i^ n^awfest that the baU*s njiQtion is co^im.enced,, s^nd 
uniform^ Uxcreased, by its own weight, which is fts constant 
urging force, bein^ always the same, and producing an equal 
increase o/ vejpcit'y in equal times, excepting fo^ tliedimipu- 
tion of motion by th(? air's resistance! it is afeo evideiit.'tliat: 
Vpt. Ill, • u thm 



no 
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this resislince, beginning from nothing, continually increases^ 
in some ratio, with the increasing velocity of the ball. Now, 
as the urging force is constantly the same, and the resisting 
force always increasing, it must happen that the latter wm 
at length become equal to the former : when this happens, 
there can afterwards be no further acceleration of the mo- 
tion, the impelling force and the resistance being equal, and - 
the ball must ever after descend with a uniform motion. It 
follows therefore that, to answer the first enquiry, we have 
only to determine when or what velocity of the ball will- 
cause a resistance just equal to its own weight. 

Now^ by inspecting the tables of resistances preceding 
prob» 1, particularly the 1st of the three tables, the weight 
of the ball being V05 lb, we perceive that the resistance in* 
creases in the 2d column, till 0*69 opposite to 200 velocity, 
and 1"56 answering to SOU velocity, between which two the 

f proposed resistance 1*05, and the correspondent velocity, 
all. But, in two velocities not greatly different, the resist- 
ances are very nearly proportional to the squai*es of the ve* 
locities. Therefore, having given the velocity 200 answering 
to the resistance 0*69, to find the velocity answering to the 
resistance I '05, we must say, as 0*69 : \'05 : : 200* : v* =: 
60870, tberef. v c: V60870 = 246, is the greatest velocity 
this ball can acquire; after which it will descend with that 
velocity miiformly, or at least with a velocity nearly approach- 
ing to 246. 

The same greatest or uniform velocity will also be directly 
foimd from the rule '00001 7 25 v^ =s r, near the end of pro- 
bUm 2, where 7* is the resistance to the velocity v, by making 

1*05 

1-05 = r ; for then v* = .oooonas ^^^^'^^f ^^^ ^ame value 

for V* as before. 

But now, for any other weight of ball; as the weights of 
the balls increase as the cubes of their diameters, and their 
resistances, being as the surfaces, increase only as the squares 
of the same, which is one power less ; and the resistances 
being also in this case, as the squares of the velocities, we 
piust therefore increase the squares of the velocity in the 
ratio of the diameters pf the balls ; that is, as 1*965 :d:: 

246* : -^^^ 5r v\ and hence v = 24.6 Vj:^ = 115W^* 

If we take here the Sib ball, belonging to the 2d table of 
resistances, whose diameter d is =2*80; then v/2*80= 1*673, 
and 175t X 1*67 = 294, is the greatest or uniform velocity, 
with which the 3 lb baU will descend. And if we take the 
61b ball, whose diameter is 3*5:3 inches^ as in the 3d table of 

resistances: 



\ 
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resistances: then V3-53 =: 1-88, and ItSi x 1*88 = 8S0» 
being the greatest velocity that can be acquired by the 6 lb 
ball, and with which it will afterwards uniformly descends 
For a 9lb ball, whose diameter is 4*04j the velocity will be 
175-|. X 2*01 3= 353. And so on for any other size of iron 
bail, as in the following table. Where the first column con« 
tains the weight of the balls 
in lbs } the 2d their diame- 
ters in inches; the 9d. their 
velocities to which they 
nearly approach, as a limit, 
and therefore called their 
terminal or last velocities, 
With which they afterward 
descend uniformly $ and the 
4th or last column the 
heights due to those veloci- 
.ties, or the heights from 
which the balls must descend 
in vacuo to acquire them. 

But it is manifest that the 
balls can never attain exactly 
to these velocities in any 
finite time or descent, being 

only the limits to which they continually approach, without 
ever really reaching, though they arrive very nearly at them 
in a short space of time ; as will appear by the following 
calculation 4 

To obtain general expressions for the space descended, and 
the time of the descent, in terms of the velocity v : put x == 
any space descended y t r: its time, and v the velocity ac- 
quired, the weight of the ball w == 1*05 lb. Now, by the 
theorem near the end of prob. 2, which is the proper rule for 
this case, the velocity being small, -000017251;* =* cv* is the 
resistance due to the velocity v j theref. a? — cy* is the impelling 

force, and «"_ ' ssy the accelerating force; conseq. w or 



wt 

lbs.. 


Diam. 
inch. 


Terra. 
Veloc. 
feet 


Height 

due to v» 

feet. 


1 


1-94 


244 


930 


2 


2-45 


275 


1182 


8 


2-80 


294 


1260 


4 


308 


308 


1482 


6 


3-53 


330 


1701 


9 


4-04 


353 


1958 


12 


4-45 


370 


2139 


18 


5 09 


. 396 


2450 


24 


5*eo 


415 


2691 


32 


6-17 


436 


2970 


36 


6-41 


444 


3080 


42 


6-75 


456 


S249 



to 



2gfx = 2gx X 



to — CJ^ 



zo 



nr 



and i = j- X 



m 



co«» 



the correct 



fluent of which, by the 8th form, is a:* = ^^L x h. 1. — !^~ 

'J ' Age »— cv*, 

the general value of the space x descended. 

Here it appears that the denominator %e) — cv* decreases as 
V increases ; conseq. the whole value of Xf the descent, in- 
crease$ with v^ till it becomes infinite, when the resistance 
c-J' h cs li^ tl^e weighs of tbo ball, when the motion becomes 

11^2 uniform^ 
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uteifeite, ss hdhve reniirHted. We may h^wrvtf easSy fttsagnp 
die vtStte t>f 1* a IMt betoe die velocity becemes umformy. 
or tr^kffe *e^ Immwii^ c: h^ X!kxo^ ^ek o^ s ^, dMm 
lr tz S4Gs i^ ^niid tn tihe begtAiMif of dMspfroliein. Assume^ 
th c r cfgi ^ V a little less t#ian tkAt f^ii^teft velocity^ as iot in^ 
sMOice 240 : tlieii iMs ^^okie of %; ^bstintted itt d« general 
formula for x above deduced, gh^eis x a; STTSI Avt, a Mttle- 
before the motion becomes tinif^Mtm^ or %hen the vcledty: 
* has arrived at ^40, its maximum ^f^kf^ 946. 

In like manner is the space to'te coi^uted. that wilt bft 
due to any other velocity 1e^ thUM the giNsatest or teraainat 
velocity. On tke cotitrary, to find %he velocity doe to asy 

|>roposed apace r, from tbe formula j? = ^ x h. !• ^ j^^^ . 

Here x is oiven, to find % First then -^ = b. 1, ■ . 
take therefore the number to tb& hyp. log. df -^, t^fdl. 
liumber call »; then n.= ^T~% 5 eonseq. kw *- jwif cc.«;^ 

and no; -t w =: ncp*,* atid v = v^ ay, a -general theorem 

' for the value of v due to any distance :r. Suppose^ for in- 
stance, X is leoO; Now 4g beii^ n- 64| w = 1*05, and: 

e-cs •00001725 : therrf. — — .«= 10514> and the natural 

number belonging to this, considered as an byp. log. is 

2-8617 = il; hence then v = iJ w = L9d,i6the'veIo- 

city due to the space lOOO, &t when the baH has descended 
1000 feet. . ' 



Again, for the time t of descent ; here ^ ^ — ^ but 
i = 2- X — ^~, as found above, theref. ^ = ^ x — - 



«,«* 






tiie Aie»t-of wWch is^ "IT V^ T"' ^ ^" ^' """S * the;general' 

value of the titne f for any value of tbe velocity v ; vrtiich 

value of t evidently- increases as the denomi];»ator ^ u 

de<^reases, or as the^velbcity v increases*, and consequently 
the time is^infinite when that denominator vanishes, which 

is when v ^ \y/ — :, or cv^ ss, leCf thare^stance equal to the 

balFs weight, being the same" case «« when the space 4:* be- 
comes infinite, as above remar^-ed. ftitf,. &be<asi-w«s done 

for 
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¥01; the distance .r as above, we may here also find the value 
ot.t corresponding to any value of v, less than' its maximum 
^46, and consequently t^ any v^lne of r, as whB» t^ is .240 
for instance, or jt =2 2781, as determined above. Now, by 
aubstitutii^ 2^ fisr tr, ki ^q gcanral fetflBwi^ > > 

# 2: j^ V^~ X h* 1. - ^ ■ ■ '^k hriagKcxitI *r 16*'575|so 

-that it would bQ nearly I6i seconds wbenthe velocity arrives 
at 24Q, or a little less than the maximum or uniform degree, 
nih^ 246, or when the s{»ce descended is 2781 feet« 

Also, to determine the tkqe corresponding to. the same, or 
"idim the descent is 1000 l^etior the velocity (99^: findthp^ 

value ot -r-\/ — = v.a/' ,v,,nni>To^ = "VT" ^ •■:s"- Then 



w 



• "-- = Si^jrr;? 5= l7 ^ thehyp.log.ei wbi€:hi^3-247§. 

Hence 2*2479 x -t^t- = 8"*64, the time of descending IQOO 

^et, or when the velocity is 199. 

See other speculations on thn problem, in the 2d volume^ 
iproh. 22, as determined from theory, viz, without using the 
•(•Kpenmeiited reaistaace of the air. 

TKOBLrEM X. 

To 4€t€rrmne 4 he Circumstances of tbs MQlmn ^f a. Sail 
,frqjected Horizontally ifi the Air ; abstracted J rom its Ver* 
4ieil Descent ^y its Gravitatiff^. 

Putting d for the diameter, and w the weight of the ball, 
v the velocity of projection, jnd v the velocity of the* bajl 
after having moved through the space x. Then, by coroh 1 
to prob- ?t if the velpcity is consi4erahle^ such as usual in 
practice,, the resistance .of the ball, moving with the velocity 

^j 16 (wv* — nv)d'^ and therefQre ^^' " ^i d^ is the rttardive 

UP 

forced; hence the common formula w =: 2^/if, is — «v = 
^fx X -*— -wr, ^nd therrf. x s= ---- k — ;; 2= -sx:t X 



—V _ to 



•MV-f» 




Wfm ^ 7*' *^^ fluent of which is obvipysly 



52S ^ ■* ^n^' ^^S' ^^ ^ "^ "^f ^J^d ^^7 ^^ correction by the 

- first 
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n 



first velocity v, it becomes x = jjjjjj x h. log. -^ the 



m 



general formula for the distance passed over in terms o£the 
velocity. 

Nowy for am application, let it be required first* to deter- 
mine in what space a 24 lb ball will have its velocity reduced 
from 1780 feet to 1500, that is, losing 280 feet of its first 
velocity. Here, d = 5'6, w = 24,'v s? 1780, and v = 1500j 

also -£-= 150. Hence j^ = 3587 4, then x =: 3587-4 x 

h. 1. ^ « 3587.4 X h. 1. ig = 358T4 X h. 1. Jf = 

676 feet, the space passed over when the ball has lost. 280 
feet of its motion. 

Again, to find with what velocity the same ball will move* 
after having described 1000 feet in its flight. The above 

theorem is x or 1000 = 3587*4 X h. L ^"l^^ = 3587'4 X 

, , l«rO 10<H>0 • - 1630 , ^, . , • 

*^- ^- r=i5o» ^^ S5874 = ^- ^- rrrso 5 ^"* *^ "^"'^^^ *^ *^ 

• , 10000. ,-^.^ ^, 1630 ^ , 

hyp. log. -^^^ IS 1-74 1€ = N suppose-, then n =;pj55» and 

wv- 150N = 1630, orNv = 1630 + 150N,and v s=~-^ 

150 = 936 — 150 = 786, the velocity when the ball has 
moved 1000 feet. 

. Next, to find a tbeor. for the time of describing any space, 
or destroying any velocity : Here / = -f = 5^ x ^~J 

the fluent of which, by the 9th form, is / = rr—j; x — X 
h. 1. — -^^ — = —^ X h. h — ^ — J and by correction 



" — — oA j« X n. i« .•■— .i«iii — 

n. wfUP » 



w 



**^i^^i^'^ — n-^^' — ;r)*32;s ^ hyp. log. 

^vJ^^Q • -^f putting V for the first velocity, and 150 for ~ 

its value, as before • 

Now, to talpe for an example the sam^ 24lb ball, and its 
projected velocity 1780, as before % let it be required to find 
in what time this velocity will be reduced to 786. . Here then 
V 5= 1780, V = 786, W = 24, d = 5*e^ d* ==? 3 J -36, n ?= -001 ; 

hence 
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•^ = fg^, the hyp. log. of wluchis -1099} then 31-36 x 

•1099 = 2"*628, the time required. 

For another example* let it be required to find when the 
velocity will be reduced to 1000, or 780 destroyed. Here 
V ::^ lOObj and all the other quantities as before* Then 

▼ — 150 V ICaO 1000 1630 , , , r !_• i_ . 
^3150 ^ T = -SBO" ^ 1780 = T5l3» the hjp. k>g. of whlch IS 

^07449 ; theref. 31*36 X '07449 = l"-78, ij the time sought. 

On the other hand, if it be required to find what will be 
the velocity after the ball has been in motion during any given 
time^ as suppose 2 seconds, we must reverse the calculation 

thus-: t = 2" being = -^ x h. L ^-^^-^ . — = 23-916-X 

° 3Znd^ V — 150 v 

h. L ^ ■ " , , , . — ; theref. -rrr-. = •083626 is the hyp. log. of 

V — 130 V ' 23-91b ^* o 

▼ — ' ISO 1? 

rrr . — , the number answering to which is 1 '08725=: n 

-suppose, that is, N =: ■ [^ ^ . -^. Hence nw— i50.Ny = 

, ^,v f 150NV 290290 ^^, , , 

TV — I50v, and v = 71x7 = ^„. ,,,,. ' = 951, the velo- 

' 150+NV— V i?0j*30^ ' 

city at the end of 2 seconds. 

The foregoing calculations serve only for the higher velo- 
cities, such as exceed 200 or 300 feet per second of time. 
But, for those that are below 300, the rule is simpler, as the 
resistance is then, by cor. 2 prob. 2, '00000447(^*1;*= fJ'v% 
where d denotes the diameter of any ball. Hence then^ 

employing the same notation as before, — ^-=/, and — w-ea 

Z2fx = 32;p X —•', theref. x = j—j^ x —-, the correct 
fluent of which is jc zz. r--^ X h. 1. -^, 

Now, for an example, suppose the first velocity to be 
300 = V, and the last -u = 100, for a 24 lb ball. Then 
w = 24, d Tz 5'6y rf* = 31-56, c = '00000447 ; therefore 

w 3 J V iJOO 

5^ = lis^sT = ^^^^ » ^^^ V = lo? = ^' ^^^ ^yp- ^^«- 

of which is 1-0986 ; theref. 1*0986 X 5350 = 5878 = .r, is 
the distance. — If the first velocity be only 200 = v ; then 

-^ = 2, the hyp. log. of which is '693 1 5, therefore -69315 x 
6850 = 3708 s= Xf the distance. 

And 



2M THCORr M9(b fllMtlCE 

AM convftsdf , to Bud what velocity ^ll rt mfln after 
passiilf over tny ^ce> Is 4606 feet, thfe ^st velocity beiim 



so * 

=5 — -- ss *74766> the natural number of which is 2*1120, 

tktt ft, 2-He « ^1 th<JI%f*t ^ =« tuu '^ S^^**''**^ 
vcloiify. * 

AgtiA, fef llife tiUht / : ttiKe ;r te ^^ X —j thewfcrt 

« xs ■^ = v^ X -^, the corrett fluftnt *f Wluch is 



ifT«80(Hafcd««= 100, then:^'«35 = ^V AeA 

jj^ ftr 5350 X 55g *= ^5"! = /, the time of redming Ae 
300 velocity to 100, or of passing over the space 5818 feet. 
Antl, reversing, to fin6 the velocity v, answerihg tO any 

^Ai lime i: Sitttfe t =r ^ X (1 - i) = 5350 x 

(i i^ {), thfe!«f. T7 ^ 53!^. Here, if irbe giVwi = SO^i 

and V = 300 } then t. = 5535^^^ = -j^ X 500= ^-^ = 

, il2, the velocity sought. 

Cvrol. The saine farmdFtheorwn, ^ = --^ K h.l. -^* 

ts abbvt, is brt)U]^t but for srtiail velocities, will also serve 
fer the highter otofes, if we femploy thie medium resistance be- 
tve«a the two proposed velocities, as w«s ^»^ in prob. S. 
Thus, as in the first example of this problem, where the two 
iw ei o d ties 8n-e 1 780 *nd 15(iO, the resisttmce due to the tdo- 
city 1700, in the first table of resistances, being 74* 13, say as 
nOO* : n 80* :: 74-13 : ^1-27, the resistttoce due to the ve- 
locity 1780 I then the mean between 81*67 and 57'i^5> due 
to IJ^OO velocity, is 60*26, or rather ttke €9^. Agftkv as 
-»/^S-7 : ^S9i: :: 1600 : 1646, the velocity d«e to the me- 
dium resistance 69^. Hence, as in prob. 5, as 1646* : v* : : 
Wi : 'QP0^26fe5%^ == suppose tft>*, the resistance due to any 
Tekx^ty V, betwe«i 17fiO as»d 1 500, for the 4 05 lb ball. And, 
jtf 1-96^* : S-** : : e^* : e'124a:«r =s lOOOSOSS^u* = i^ sm^ 
poscj the resistance due to the same velocity with the 24Sb 

- Wl. Therefore^ ==/, and - w = 35/^5= iiv% a«d 



X = ^^f the correct fluent of whiclx U -^ X h.1. — = -^ 

X h. L i'^. ir~ ?c h. 1. 5| - 3600 X 'lllUi 6= 6W the 
v^iloaiy so«igkt% . 

HlOfeLfeM XT. 

To determine the Rar^es-i^ Ptffftctiks in the Ain 

To deterrmne, by theory, the trajectory a projectile dc-. 
scribes in the air, i$ otie of the most difiicuh problems in the 
whole course of dynamics, even when assisted by all the ex- 
periments that have hitherto been made on this branch of 
physics ; and is indeed much too difficult for this piace^ in 
the full extent of th© problem : the consideration of it must 
therefore be reserved for another occasion, when the nature 
df the air*s resistance can be more amply discussed- Even 
the solutions of Newton, of Bernoulli, of Euler, of Borda^ 
5cc, &c, after the most elaborate investigations, assisted by all 
the resources of the modern analysis, amount to no more 
thai! distant approximations, that are rendered nearly useless, 
even to the speculative philosopher, from the assumption of 
a very erroneous law of r^istance in the air, and moch more 
so lo the practical artillerist, both on that account, and from 
Ae very intricate process of calculation, which is quite inap- 
plicable to actual service. The solution of this problem re- . 
quires, ft5 an indispensable datum, the perfect determination 
by expef iflhent of the nature and laws of the air's resistance 
at different tikitud^s, to balte dF different sizes and densities, 
mo^g with all the usual degrees of celerity. Unfimunately 
htewefver, hardly any ekperiments of th« kind have been 
finrnde, eKcepting^ those which on some occasions have been 
published by myself, as in my Tracts of 1786, as well as ift 
mf Dicckt&aif^ s^ilie few of which are also given in the 2d 
vd. of this course, art. 105, with spihe practical inferencef^^ 
And though I h^ve many more yec to publish, of the ttiiie 
kind, much more extensive and varied, I cannot yet under- 
take to pronounce that they are fully adequate to the purpose 
in hand. 

All that can be here done then, in the solution of the 
present problem, besides what is delivered in the 2d volume, 
is to collect together some of the best practical rules, founded 
partly on theory, and partly on practice. 1. In the first pl^ce 
then, it may be remarked, thA the initial or first velocity of ^ 
a ball may be directly computed by prob. 17, near the end 
pf our 2d volume ; having given the dimensions of the piece, 

the 
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the weight of the ball, and the charge of powder. Or other- 
wise, the same may be made out from the table of eiy>eri« 
mented ranges and velocities in pa; 161 of that volume, by 
this rule, that the velocities to different balls, and different 
charges of powder, are as the square roots of the weights of 
the powder directly, and as the square roots of the weights 
of the balls inversely. Thus, if it be enquired, with what 
velocity a 24 lb ball will be discharged by 8 lb of powder. 
Now it appears in the taUe, that 8 ounces of powder discharge 
the lib ball with 1640 feet velocity ; and because 8 lb are := 
128 oimces ; therefore by the rule, as ^^1- : ^ ^^ : : 1640 : 
1640^/4$ = 1 640^1- = 1339, the velocity sought. Or 
otherwise, by rule 1 p. 162 of the 2d vol. as v^24 : v' 16 : : 
1 6(X) : 1 306, the same velocity nearly. But when the charges 
bear the same ratio to one another as the weight of the balls, 
that is when the pieces are siiid to be alike charged, then the 
velocities will be equal. Thus, the lib ball by the 2 oz charge, 
being the 8th part of the weight, and the 24 lb ball, with 31b 
of powder, its 8th part also, will have the same velocity, viz, 
860 feet. In like manner, the 1230 tabular velocity, an- 
swering to 4 oz of powder, the 4th part of the ball, will 
equally belong to the 24 lb ball with 6 lb of powder, being its 
4th part, and the tabular velocity 1640, answering to the 
8 oz charge, which is \ the weight of ball, will equally be- 
long to the 24 lb ball with 1 2 lb of powder^ beiQg also the \ 
of its weight. 

2. By prob. 9 will be found what is called the terminal 
velocity, that is, the greatest velocity a ball can acquire by 
descending in the air ; indeed a table is there giv^n of the 
several terminal velocities belonging to the dinerent balls, 
with the heights, in an annexed column, dui^ to those veloci- 
ties in vacuo, that is the heights from which z body must fall 
in vacuo,, to acquire those velocities. 

3. Given the initial velocity, to find the elevation <>f the 

?iece to have the greatest range, and the extent of that range, 
'hese will be found by means of the annexed table, altered 



from 



> 
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from Professor Robison*s, 
in the Encyclopaedia Bri- 
tannica, and founded on 
an approximation of Sir I. 
Newtx>n's. The numbers 
in the first columni multi- 
plied by the terminal velo- 
city of the ball, give the 
initial velocity; ^ui^l the 
numbers in the last co* 
lumn, being multiplied by 
the height, give the g£eat- 
est ranges ; the middle co- 
lumn lowing the eleva- 
tions to produce those 
ranges. 

To use this table then, 
divide the given initial ve- 
locity by the terminal ve- 
locity peculiar to the ball, 
found in the table in prob. 
9, and look for the quo- 
tient in the first column 
here annexed* Against 
this, in the 2d column will 
be found the elevation to 

give the greatest range ; and the number in the 3d columa 
multiplied by a, the altitude due to the terminal velocity^ 
also found in the table in problem 9, will give the range^ 
nearly. 

Ex. 1. Let it be required to find the greatest range of a 
S4lb ball, when discharged with 1640 feet velocity, and the 
corresponding angle to produce that range. By the table in 
|Mrob.;d» ih«^ ter^ninal velocity of the 24lb ball is 415, and its 

producing altitiide 2691 : hence -rrr = 5*95, nearly equal to' 

3*9865 in the 1st column of our table, to which corresponds 
the angle S*** 15', being the elevation to produce the greatest 
range ; and the corresponding number 2*9094, in the 3d 
column, multiplied by 26? T, gives 7829 feet, for the greatest 
range> being nearly a mile and a half. 

Exanu 2. In like manner, the same ball discharged with 
the velocity 860 feet, will have for its greatest range S891 
feet, or nearly j o£ a milei and the elevation producing it 
99^55'. 

Thes$ examples^ and indeed the whole table in the 9th 

problem. 



Table of Elevations giving tht 


Greatest Range. 


[nicial vcl. 
div. by V. 


Elevation. 

- 


Range dir. 
by a. 


0*6910 


44** 0' 


0-3914 


0-9445 


43 15 


0*5850 


1-1980 


42 30 


0-7787 


1-4515 


41 45 


0*9724 


1-7050 


41 


11661 


1*9585 


40 15 


1*3598 


2-2120 


39 30 


1-5535 


2-4655 


38 45 


1-7472 


2*7190 


38 


1-9409 


2*9725 


37 15 


2*1346 


3-2260 


36 30 


2*3283 


3-4795 


35 45 


2-5220 


3-7330 


35 


2-7157 


3*9865 


34 15 


2*9094 


4*2400 


33 80 


3*1031 


4*4935 


32 45 


3-2968 


4-7470 


32 


3-4905 


5-0000 


31 15 


3*6842 
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froUem^ are only adapted td the use of camon bttk But 
It is act usual,- and indeed not easily practicabU^ to dis^Mrgft 
Gannon shot at such elevations, in the Britidi atrvici^ tSiik 
practice being ihe peculiar office of mortar shells. Oa thit 
account then it will be necessary to make out a table of ttr^ 
minal velocities, and altitudes due to theah Axr the dtfSeifiil 
aizes of such shells. Th^ several kinds of tlwse in fceaem 
tBset are denominated from the diameters of their monar 
kora in inches, being the five following, viy, the 4*6, titi« 
4*S, the 8, the 10, and the 13 inch mortars^ as in the fivfl 
tolumn of th^ following table. But the outer diameters of 
the shells are somewhat smaller, to leave a Bttle room Ql^ 
npice as windage, as ciNitaiaed in the 24 cohmm. 



■^-"'♦— ^-»^ 



■•* 



Taile of dimensions ^ SCc, of Mortar Shells. 



\ 



Diam.of 
Mortar. 



tncti. 
4-6 

8 
10 

13 



Piatn. of 
Slietls. 



inch. 
4-53 
5-12 
7-90 
3-84 
12-80 



Wcigtot 

of $h«Us 

filled. 



■•^ 



lbs. 

d 

18 

4T 

91* 

201 



Weiglit 

of eqiial 

solict. 



lbs, 

67 
ISO 

286 



Ratio of 

abcUUk 

90li4. 



1-42 
J -42 
1-42 
1-42 
1*42* 



rerminal 
velQcity* 



feet. 

314 

352 
414- 
462 
321 



Alt.* 

veloc. 



*■• 



feat 
1541 
1936 
23*78 
5335 
4^40 



•««««Mf 



"^be 3d column contains the weight of each shell when the 
hollow part is filled with powder : the diameter of the hoi- 
* low is usually -^ of that of the mortar : the weight of the 
shells empty and when filled, with other circumstances, may 
be seen at Quest* 83, pa. 28 i, vol. 2. On account of the 
vacuity of the shell bemg filled only with ^gunpowder, the 
weight of the whole so filled, and contained in column 3, ia 
much less than the weight of the same siae of soUd ir^n, aa^ 
the corra^pondiDg weights of «uch equal solid balls are coa« 
tained in col. 4. The ratio of these weights, qr the latter 
divided by the former, occupies the 3th colymn. 

Now because the loaded or filled shells are of less specifie 
gravity, or les^ heavy, than the e<][ual solid iron balls, in the 
ratio of I to 1*42, as in column 5, the former will have less 
povrer or force to oppose the resistance of the air, in that 
same propoition, and the terminal or greatest veioekyv as 
^termined in the 9th prob. will be correspondently Mts* 

Therefore, instead of the mle there gvveii, vi2, \*lB*S\/d, for 

d 

that velocity, the rule mu3t now be '17S*5-/ j^=l4T34/4*Va 
• the 



Ito <li«n>ttf» etihmAMlmng iti that is, tlM teiv^iMl vikK 
MAfii will be ftU Ictt ia di« mtio of Ul"^ to 17^-^. li^w^ 
0BmfVtk^ tbei««ev€r«l vekckies by tbifi ruk$ tQ aU cW di£> 
§miHA 4ittnetti^ <hef are £910^ as placed ixi iIm ^th coL^ 
•M in •tbe^ 'i^tb i» iist ^Eobuiur are s«t tli« altitudes wbioli 
Woldd produoc thepe mIocims ill v«ciM^ as ^OB^utMi£t^m 

ink theorem -rr. 

CM* 

Havtj^giiow obtdined tJiesd terminal velocities^ aod their 
.. prpdudi^ alti^iudest for the shells^ we can, from them an4 
the Ihrmer table pf ranges and elevatioosj easily coippute the 
greatest ra^ge» aad the corresponding angle of elevatii^i, for 
any joiortar and shelli m the same way as was done for th# 
baJQs in this problem. Thus, for example, to find thetjfreat- 
tst range and elevation^ for the 13 inch shell, when projected 
with tM velocity of 200Q feet ppr second, being nearly the 
greatest velocity that balls can be discharged with. Now^ 

bytfaeanesthodiiefotie nasd, -^ =^ 3*79^; opposite to tfai3# 

jbimd in the first column of the table of ranges, corresponds 
34* 49' for the etevation in the 2d column, and the number 
^•764 in the Sd column ^ this multiplied by the altitwde 4340, 
gives 11995 feet. Or more than 2-J: miles, for the greatest 
range. 

This however is much short of the distance which it is said 
the ft'ench have lately thrown some shells at the siege of 
CatKz, yiz, 3 miles, which it seems has been effected by 
ttieans of a pecuiiar piece of ordnance, and by loading or fill- 
ii^ the cavTty of the shellwhh lead, to render it heaviei?, and 
thus make it fitter to overcome the resistance of the air. Let 
ns then examine what will be the greatest range of our IS 
indi shejQ, if its usual cavity be quite filled with lead whea 
disdhrarged, with the prx)J€Ctile velocity of 200Ofeet. 

*Ndw the diameter of the cavity, being about /o of that of 
the mortar 13, will be nearly 9 inches. And the weight tjF 
a globe of lead'of this diameter is lS9*31b ; which added to 
l#7-«, the weight of the shell empty, gives 327 lb, the whole 
wei^ of the Siell when the cavity is filled with lead, which 
Was found M6 when siqpposed all of solid iron, their ratio or 
^ttptient is •8783. Then, as before, the theorem will be 

n5*;5v^--j^ = IS7*3 Vd £or the terminal velq^ityj which^ 
ifAten d^ 12-8, becomes 670 for the terminal velocity; 
U«eiMf«c^ ii^ pr<)d>»cii»g Ateitiu)^ *^ "iT" ^ ^^^** ^^^» ^^ 

ili^ ^aigejcne;h94 »s bcfor^^ -^^^ ^ i2'9S.5.i yhicTi jiumber 
' . . -v'.. V found 
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fmxnd in the first column of tlie table ot rang^, the oppo^ti 
nninher m the 2d col. is 37* 15' for the elevation of the piece« 
and m the 3d column 2*14, multiplied by 7oi4> gives ISOIO 
leet» or nearly S miles. So that our 13 inch shells, discharged 
St an elevation of about 37f degrees, wotSd range nearly the 
^stance mentioned by the French, when filled with lead, if 
they can be projected with so much as 2000 feet velocity, or 
upwards. This however it is thought cannot possibly be 
euTected by our mortars ; and that it is therefore probable the 
French, to give such a velocity to those shells, mu^t have 
contrived some new kind of large cannon on the occasion. 

4. Having shown in the preceding articks and problemsi 
how, from our theory of the air*s resistance, can be found, 
first the initial or projectile velocity of shot and shells ; 2dly, 
the terminal velocity, or the greatest velocity a ball can ac- 
quire l^y descending by its own weight in the air ; 3dly, the 
height a ball will ascend to in tlie air, being projected verti- 
cally with a given velocity, also the time of that ascent; 4thlf9 
the greatest horizontal ranges of given shot, projected with a 
given velocity ; as also the particular angle of elevatidn of 
die piece, to produce that greatest range. It remains then 
now to enquire, what laws and regulations can be given re^* 
specting the ranges, and times of flight, of projects made at 
other angles of elevation. 

Relating to this enquiry, the Encyclopaedia Britannica 
mentions the two following rules : 1st. *^ Balls of equal den- 
sity, projected with the same elevation, and with velocities 
which are as the square roots of their diameters, will describe 
similar curves. This is evident, because, in this case, the 
resistance will be in the ratio of their quantities of motion ; 
therefore all the homologous lines of the motion will be in 
the proportion of the diameters." But though this miay be 
nearly correct, yet it can hardly ever be of any use in prac- 
tice, since it is usual and proper to project small balls, not 
with a less, but with a greater velocity, than the larger ones. 
2dly, the other rule is, ^^ If the initial velocities of balls, pro- 
jected with the same elevation, be in the irwerse subduplicate 
ratio of the whole resistances^ the ranges, and all the homo- 
logous lines in their trackf will be inversely as those res^t* 
ances.^' This rule will come to the same thing, as having 
the initial velocities in the inverse ratio of the diameters, as 
distant perhaps from fitness as the former. Two tables are 
next given in the same place, for the comparison of ranges 
and projectile velocities, the numbers in which s^pear to bci 
much wide of the truth, as depending on very erroneous 
effects of the resistance* Most of the accompanying remarkr, 

however, 
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however, are very i&geniousy judicious, and philosophical^ 
and very justly recommending the making and recording of 
good experiments op the ranges and times of flight of pro- 
jects, of various sizes, made with different velocities, and at 
various angles of elevation. 

Besides the above, we find rules laid down by Mr. R<rf)ins 
and Mr. Simpson, for computing the circumstances relating 
to projectiles as afSscted by the resistance of the air* Those 
of the former respectable author* in his ingenious Tracts on 
Gunnery, being founded on a quantity which he calls f, 
(answering to our letter a in the foregoing pages), I find to be 
almost uniformly double of what it ought to be, owing to his 
improper measures of the air's resistance ; and therefore the 
conclusions derived by means of those rules must needs be 
very erroneous. Those of the very ingenious Mr. Simpson^ 
contained in his Select Exercises, being partly founded on 
experiment, may bring out conclusions in some of the case? 
not very incorrect ; while some of them, particularly those 
relating to the impetus and the time of flight, must be very 
wida of the truth. \ We must therefore refer the student^ 
for more satisfaction, to our rules and examples before |nven 
in vol. 2 pa. 162 Sec, especially for the circumstances oT dif- 
ferent ranges and devations, &C9 after having determined, as 
above, those for the greatest ranges, founded on the real 
measure of the resistances. 



CHAPTER 
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CHAPTER XIV. 

PROMISCUOUS PROBI.EMS,- AS B%fiMi$9» W lf^C9IAMC5^ 

* 

Z^/ A3 andjiS' Hlwp v^lmed planes, wJtos.e comvipn oiltU 
tUfdc ADj^gnw s= e^/ect^ m4 their hy^gths siicA^ iJuU <i 
he(nkf My i> 2sccQtul^ oftivi/^ longer 17^ 4esccmling through 
ji3 inan through ac^ ij^ihe/ori:e qfgrmity ; Qni-^:i'WQ idiU^ 
the QTije weighing 3 am the e/Acr 2/p, h conmcied jfj/ a (h;:C(ii 
atulJfiii on the pjaiies^ tJic thxmi slicing fr^elj/pver the t^er- 
Ux A# they will tmUuaUy mjslain exfoh" pthej\ ^uerp &e 
Ungihs of the iwo flonesj 

TiiE lengths of.fflanes ef the 4amt 4iei^lit 4>e»^ as tlie 
timesof descent down them (art. 1S3 vcrf. ^y and abo »tis^ 
weighty of bodies motuftHj sustftiaing -ejK^ f>th«r on'tbe^i 
(art. 192), therefore the timed mt]9t49e^»4ie wej^s^ tenioe 
as 1, the difference of the weights, i5 40«^ sec. 4ii0 diffi 6f 

}3 * 6 sec ) . - r 

2 ' * J the times of descending down tlie two 

planes.- And as v^l6 : v^64 : : 1 sec. : 2 sec* tbe time of de- 
scent down the perpendicular height (art. 70). Then, bf tbe 

laws of descents (art. 1S2), as 2 sec. : 64 feet \ ^,^^^ \ ^|| | 

fee|t the lengths of the planes. ' . 

JVe/e. In this solution we have considered 16 feet as the 
space freely descended by bodies in the 1st second of time* 
and 52 feet as* the velocity acquired in that tiihe, omitting 
the frattiohji xV-^^ t» ^^ render, the numeral calculations 
simpler, as was done in the preceding chapter on projectiles, 
and as we %hali do also tn scdving the following questions, 
whefevtr such numbers occur. 

* -^ Another Solution by means of Algebrct^. 

Put X -^ the time bf descent down'^tHel^^plaxig ; theii 
wilier + 2 be that df the greater, bythe j[i|€^t|pn* Nov,.\ 
the ^freights being as the l«gths of the pknesV arid* these" 
again as lh<.timesj^^th^%j| s» 9 ^4 : • -i^t ^% 0f Mo^ 
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Sx 4- 4 

planes 

solution. 



3jr» and x n 4 sec Then the lengths of the 
found as in the' last prtipordon of the fomicr 




If an elastic ballfMfroiyi the height of HO feet above tie 

plane, of the horizon^ and impinge on the hard mrf ace of a, 

plane inclined to it in an angk of i5 degrees; it is required to 

find what part of the plane it must strike, so that after re- 

JtectiOHj it majffall on the /torizontal plane , at the greatest 

distance possible bej/ond the bottom of tlie inclined plane 9 

Here it is manifest that 
the ball must strike the ob- 
Uque plane contmued on a 

i)oint somewhere below the 
lorizontal plane ; for other- 
wise there could be no n^axi* 
mum. Therefore let Bc be 
the inclined plane> cdg the horizontal one, b the point on 
which the ball impinges after frilling from the point Ap BEGi 
the parabolic path, b its vertex, bh a tangent at B, being 
the direction in which the ball is reflected $ and the other 
lines as are evident in the figure. Now^ by the laws of r^ 
flection^ the angle of incidence abC^ is equal to the angle of 
reflection hbm, and therefore this latter, as well as the former^ 
is equal to the complement of the Z.c the inclination of the 
two planes ; but the part ibm is = /. c, therefore the angl^ 
of projection HBi is = t&e comp. of double the ^c, and 
being the comp. of hbk, theref. Z. hbk =s 2 ^ c. Now, put 
a=:i 50 ::z ad the height above the horizontal line, t =^ tang. 
Z.DBC or 75** the complement of the plane's inclination, f =3 
tang. HBI or Z. H =7 60^ the cOm^. of 2 Z. c, ^ = sine of 2 /L hbi 
= 120^ the double elevation^ or = sine of 4Z.c$ also\rs= ab 
the impetus or height fallen througb: Then, 

Bi = 4kh = 2sXi by the projectiles prop* 21 ^ 

•"■ic^rj "^^r-.)} ''"'*»-^' 

also, ICD s BK — BD = ^sTx — JT + «, and KB =5 iBi » sx\ 
then, by the parabola, Vbk : Vdk : : ke : fg bs bjb x 

%/ii^ v/ ^ — ^ = ^.tT^ •- (T " ^^^^ =" 

2b^{ax — **jr*), putting b = sine of 2ZLc = sine of SO^l 
HtncecG^QD + w ±9asmtX'-'ta + sx ± fibV(ax^i^x*) 
9 niaximum) the fliixion of which made =r 0, and tl^ efufir 

tim rt4|icfd> g^vf^* ~ ^ x (I ± V^f;r^>^*^ ^ ^ * 
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+ t, and the SoMe ^gn ± aasWan to the tir» fMts or Va- 
lues of 4^1 or tp die two foinu o, G» wbefi^, %he. pv^^^f^^ 
cuts the horizontal line CGy the one in ascending and the other 
in descending. ....'- 

Now, in the present case, when the /.c =: 15^t / :s=,tang- 
7S*=2+ v^3, r =3 tan, ^O'^VS,^ =;: m,6(fr='WhP = 
sin, 30*=k4^, n=:j+ ^=r2+-|\/S; thenr^ s2as^k0Q^<ftBd 

= lOD X (1 ± ^^m^)szlOax (1 i;--^94.U);5:lift:«* 

or '586 ; but the former must be taken.' H^ice the^lkjdy 
must strike the inclined plane at 149*414 feet below tlit^^kd* 
rizontal line \ and its path after reflection will cut the swid 

line in two points ; or it will touch it when ;r'= 4r» Hence 

also the greatest distance cg required is 886*99 lii f<^& 

CoroL If it were required to find cg or ^j;' — ia r^ «; dk 
^b^(ax — 4V) = g a given quantity, this equaticm would 
give the value of or by solving a quach-atic. 

TBOBLEM 3. 

Suppose a skip to sail from the Orkney Isbinds^Mat^ude 
59* Z'^north^ ona^.N, e. courscyat the rate of 10 miles an 
hour ; it is required to deterviirfe how long it will be l>efore 
she arrhes at the polCj the distance she will have sailed^ mid 
the d^erence of longitude she wilt/iave made when she arrkes 
theref 

Let ABC represent part of the equator ; 
f the pole ; Amr^ ^ lo:5<Hfrpmic or rhumb 
jii^f , .or the pi*h of d?^ *ip cp^j mqed. tp th& 
If guator i P3, PC, i^ny two ng^^idians 'mdfi$' 
nitely iMjar each caher j n^, or mt, the. p^t 

of a paV^i^jL^f l^tu4^ ipit^iTC^pted hetwe^ 
them. 

Put cfyt ^ «^!ike^ an^ ^for tl^e tang^n( 
f>( t^4;^r*?, oc mgh npir to thp rs^^^s r\ 
m^^lij vayjaWif p^t (^^ tJip jlvwb fc<w» tfe«.e4p&tofo ^,m 
the latitude b7^.= a?-, ij^s jsine 4r,^sk4^W|i^^r ^^'^l^thj? 
dif^ Gflofij^tud^ ftom AyissjVi. 1%^ sfBce ,th£.i9)«epk^|:ai^ 
tt^S^nrnt xn9iy b^ ^pi^id^ml ^s f x^^H»^4p]|fl^ 4sir 

fcr ike secant Qf i^ JLnmi^ the drip's course^. In Uto nian- 

Uer, 




V •!■ 



^ X 
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Her, if w be a^tkj other l^kudey aod v iu <;orxespQ^ding length 
of the rhumb; then v =a ^; and hence V — v == r x ^^^> 

if 

or p f^ — , by putting D=V— v the distance, tndd^yt-^tv 

the dif. of latitude ; which is the comtnon rule. ^ 

The same is evident, without fluxionrt for since the I. mm 
is the saoie in whatever point of the path Amrp the point *i 
is taken, each indefinitely small particle of Amrf^ ihust be to 
the corres^oilding indefinitely small part of i77»> in the con- 
stant ratio of radius to the cosine, of the course ; and there- 
fore the whole lines, or any corresponding parts of them, xnmt 
be in the s^inie ratio alsof as above determined. In the saiAe 
mzoffiAr it ig proved that radius : sine of the course : : dis- 
tance ; the departure^ 

.Ajfain, as radius r : ^ =: tang, wmr : : w aa 7nn ; nr or nit, 
and as r :y : : FB : vm : : x = bc : m/ ; hence, as the extremes 
of these proportions are the same, the rectangles of the means 

must be equal, viz, j/« = /oi; = — because t xsz ^ hf the 

tvx Itx 

property of the circle ; theref. « =: — = ^33^; the general 

fluents of these are z^tx hyp, log. ^^ + C; which 

corrected by supposing a =» p when jt =: a^ are js & / x (hyp. 
^^fr ^^ " ^yP- log- V^); butr X (hyp. log. ^/^ 
•^ hypt log. y'^-ii) is the meridional parts of the dif. of the 
latitudes whose sines are x and a, which call b'^ then is 
z s= — , the same as it is by Mercator's sailing. 

Further^ putting m =3 2*7182^ the number whose hyp. log. 
is l,^and n = - 5 then, when z begins at A, w** == -^ — , and 

therrf. i* = r X "^'"T , = r -^ : hence it appears that ' 

asm", or rather n or z increases (since m is constant), that 4* 

aj^oximates to va equafity with 7\ because -^^j^^ decreases 

or converges to 0, which is it4 limit ; ofitosetju^tifTy ?*^is*the 
Htnit or ultimate value ot s : but wheti £ ^ r^ the ship wHl 
heal the pole; (heref. the pole mu^t b^ the*Hiiiitf,>^iJ ^»t»-^ 
Ascent steite, of the rhumb or courte : se^thbt t^ ship lAay 
be saii to^ amVe a^j^be^pole after making aoiilfifirkiaDe tlMA» 

of revoiirtions ttjund k ; fisr Ae above expxfessioii -^^^vtf- 
tififefes'wJh^ in aA<i^ consequently :r) is bfinite, in w^fch cast 

•«S'i]ff7 9&.ir...sA ^; ■. z': c ■ '.i s:' . * ■-■ ..• '^ J.J .. .. ;::;;'3^ ^d* ■'^'■ 
/•SA X 2 N^w^ 
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Now, from the equation d ss — - or -u., it ^ foiiodi that, 

when d ='30* 5Y-theconip. of the given lat. 59'*5';'aiidc = 
sine of SV 30' the comp, of the course, D will be .=» 2010 
geographical miles, the required ultimate distance ; which, 
at the rate of 10 miles an hour, will be passed over in 201 
hours or 8^ days. The dif. of Ipng. is s^own above to be 
infinite. When the ship has made one revolution, she wUl 
be but about a yard from the pole, consideripg her as a point* 
When the smp lias arrived infinitely near the pole, she vrill 
go round in the manner of a top, with an* infinite velocity! 
li^hich at once accounts for this paradox, viz, that thougl^ §he 
make an infinite number of revolutions round the pole, yet 
her distance run will have an ultimate and definite value, as 
above determined : for it is evident thlat however great the 
number of revolutions of a top may be, the space passed over 
by its pivot or bottom point, while it continues on or nearly 
on the same point, tnust be infinitely small, or less than a 
certain assignable quantity. 

PROBLEM 4, 

A current of water is discharged by three e^ual openings 
or sluices 9 in the following shapes : the first a rectangle ^ the 
second a semicircle, and the third a parabola, having their 
altitudes equal, and their bases in the saike horizontal tine, 
and the water level with the tops of the arches : on this sup- 
position it is required to show what may be the proportion ^ 
the quantities discharged by these sluices. 

Let VB be half the parallelogi-am, avc 
half the seu^icircle, and avd half the pa- 
rabola, that is, the halves of the respective 
sluices or gates. Put a = av the common 
altitude, and c n '7854 : then is of the 
area of each of the figures ; also ca =3 ab', 
a = AC, and ycd = ad -, also put ;r = vp 
any variable d^p^h> ^uikL x = p^ Then, the water discharg^edi, 
at any depth »^>.. being as the velocity and apevture> and the 
velocity being in all the figures as ^x, therefc^e xVjTKtift^ 

andxV^k^Rj indiVx'^vs, or cdii'l^i", and Jt*;rv^(^^'77^}, 
and |tVci< xx, iare propbrtiouai to the fluxidris onhe quali- 
tity of w^tf r 'diateharged by thfe ^id figures, or'.sltiit^s i*i^ 
spectrvety ; the correct flaettts qf i^iich, when i =?. (U af^ 

j^a^, i?fli4 ir^F(8y3 7T i)> m<A:ica\ .the,*2dMftBfenb3beiftgr 

found byj^ifevlSiJi^ gg.5;iQ£,tbi«iyqtc .Hence tthe qdiftfititts 

" • of 




PAQMisCtTOUS BXHRCISHS. 309 

,ofwaCejr dhAzrg^ t>y the rectangle, the s^micircfei and the 
parabqla, are. reipectivelj as -J^, and ^J(H^/Q•^l)fJmd {c, or 

ai 1, and -^8^2-7), and f, or as 1, and 1-0984.7, and \{. 

.r- ; , ^^ ■•• ''. . . 

JV/^' atW/wif velocity of a ^4lb ball of cast iron, which is pro* 
jfecfed in a direction perpendicular to the horizon, bein^ sup- 
posed 1200 Ifcet per second ; and that the resistance of the 
TNeditwiii constantly as the square of the velocity^ anderverj/- 
xifhe re of the same density : required the time of flight ^ and 
ifie height ta which it will ascend. 

' Answer, By problems 5 and 6, of the last cljapter, the 
ascent will be found =: 5337 feet, and the time of the ascent 
^8 seconds. 

PROBLEM 6. 

To determine the same as in the last qiustion, supposing 
the density/ of the atmosphere to decrease in ascending after tht 
usual way ? 

Ans. By probs. 7 and 8, the height will be 5614 feet,- 
and the time 34 seconds* 

' PROELEM 7. 

It is required lofijid the diameter of a circular parachute^ 
by means of which a man qfiSOlb weight may descendonthe 
eoTth^fronha bhlbon dt a height in the air, with the ve- 
locityqfonly 10 feeiin^a second of time , being thevehdti/ 
acquired by a body freely descending through a space of only 
I foot eymcheSy or of a man jumping down from a height of 
18|^ incnes : the parachute being made of such materials and 
thickttcssy that a circle of it of 50 feet diameter ^ weighs only 
J 50^, tnd so in proportion more or less according to the area 
of (he circle. - . 

^ If a Tailing body descend with a uniform velocity, it must 
necessarily meet with a resistance, from the medium it 'de- 
'sceiidt iqt equai to the whole weight that descends. Let x 
^«note the tliameier of the parachute^ and a =a •WS^ j then 
ax* \^rill be its area, and as pO* : *r* : : J50 ; -/^•^he. weight 



(jjF the sapje, to . which addipg 150lh>, the. mm*s weight, ;the 
sj^m -j^x* 4-'jl 50' Vill b^ ^h^ jvhol^ descet\dii3g w^Jgh;/ ^g^> 
in the table,;or resistances^^ p?u 375,ixear the endof wll 2, 
we find" that a circle of *|^ of a square foot area, moving with 
^.•feetf:flnflocftyi tnern Mfitti^ a'resistaiice of ^57 ^{)toces"'t= 
•©4555 lb uj aid thi^ risistiaDc^&y ^fh'thie same velocity, %*5ng 
\- ' ^ • as 



as the surfaces, therefore as f : •0475 :: ax^i '^fi^iHx^ =2 
•16788jr* the resistance of the air to the parachute, to irWch 
tbe descending weight must be equal; that is, M678Sjr* =$ 
^jr* + 150 5 hence '10788j:* = 150, or x^ = 13^0*5, and 
hence »r := 37y feet, the diameter of the parachute required. 

To determine th^ effects of PUe^Engines. 

The form of the pik-engine, as used by the ancients, is not 
known. Many have been inv^it«id and described by the . 
moderns. Among all these, that appears to be the best wliich 
was invented by Vauloue, as described by Desaguliers, and 
was used^ at piling the foundations at building Westminster 
Bridge. Its chief properties are, that the ram or weight be 
raised with the least expense of force, or with the fewest 
men ; that it fall freely from its greatest height ; and that, 
having fallen, it is presently laid hold of bv the forceps, and 
so raised up to its height again. By which means, in the 
shortest time, and with the fewest men, or the least force, the 
Qiost piles can be driven to the greatest depth. 
. Belidor has given some theory as to the effect of the pile*^ 
engine, but it appears to be founded on an erroneous prin- 
ciple : he deduces it from the laws of the collision of bodies. 
But who does not perceive that the rules of coUision suppose 
a free motion and a non-resisting medium ? it cannot ther^ 
fore be applied in the present case, where a very ^peat re-> 
^stance is opposed to the pile by the ground. - "We shaU 
therefore here endeavour to e:2cplain another theory of thi^ 
machine. 

Since the percussion of the weight acts on the pile during 
jthe whole time the pile is penetrating and sinking in the 
earth, by each blow of the ram, durir*g which time its whole 
force is spent ; it is manifest that the effect of the blow is of 
that nastin?ei vfhich requires the force of the blow to be- esti- 
mated by the square of the velocity. But the square of the 
velocity acquired by the fall of the ram, is as the height it 
falls from 5 therefore the force of any blotv will be as the 
height fallen through. But it is aho mbre or less in propor- 
tion to the weight of the ram ; consequently the effect ox 
force of each blow must bef directly in the compound ratio of 
both, viz, as aWj where xv denotes the weight, and a the alti- 
tude it falls tvotn $ or it wiH be ^mply as the altitude a, when 
the weight w is constant. 

Again, the force of the blow is opposed by the mass of the 
file, and by the consistence pf the earth penetrated by the 

point 



^pc^tdltttiot pile^ and aUe Ixr the friction Qf the 6arth against 
the 9ur£ice or sides of the pile that have penetrated beiovr the 
surface* Consequently the efiect of the blow, or the depth 
penetrated by the pile, v^rill be 'intersely in the compound 
ratio of these three, vif5, inversely as mtf, where m denotes 
the m^ss of the pile, t the tenacity or cohesioh of the earth, 
andythe friction of the surface penetrated in the earth. Bnt, 
in the sfame soil and with the same pile» m and / are both 
constant,' in which case the depth of- penetration will be in- 
versely onlj asy the friction* On all accounts then the pe- 
netration will be as — ->, or simply as y onlyi for the same 
wei^t and pile and soil. 

To determine the deptK sunk by (he pile at each stroke of the 

ram. ' ' . 

After a few strokes, so as to give the pile a little hold in 
the ground^ to make it stand firmly, the blows of the ram 
may be considered as commencing, and causing the pile to 
sink a little at every stroke, by which small successive sink- 
ings of the pile, the space the ram falls through will be suc- 
cessively increased by these small accessions, and the force of 
the successive blows proportionally increased. But these, on 
the other hand, are resisted and opposed by the friction of 
the part of the pile which has been sunk before, and which, 
also sinks at each stroke ; and as the quantities of these rub- 
bing surfaces increase in a greater ratio to each other^ than 
the heights fallen through, that is, the resisting forces in- 
creasing faster than the impelling forces, it is manifest that 
the depths successively sunk by the blows must gradually 
decrease by little and little every time ; which is also found 
to be quite conformable to experience. Thus then the suc- 
cdafiive sinkings will proceed gradually diminishing^ till they 
become so small as to be almost imperceptible. 

l>Iow it was found above that -^ is as the penetration fay 

any blow of the ram, by the same pile in the same soil, that is, 
as the height fallen directly, and as the resistance or friction 
in the earth inversely. Let a denote any other and greater 
hei^ti by an after stroke, and f its friction \ also p the pene- 
tration by the, former blow, and p that by the latter, which 
HMist^be.the smaller: then, by the foregoing principle, 

■TT s — • • ^ • ? 5 hence a : A *,:fi : f/), which is a general 
theorem. . ' • 
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But nowi with respect t^.tbe quaotitT^tx^frictiaa frosi wttf 
UoW| though It be not known from exf^rkneiu th^ i^t Aia* 
tion is e^Lactly proportional to. the ntbbtitg..surfbcp,^4h«r«i^ 
great reason to believe thart it must be at least varfine^ly 
so: there is abo equal reason to Qondade^diatihe effect 
or resistance from that rubbing surface nrnst 'be iieat4y 
or exactly as the length of space it* moves over» that is byrhe 
penetration of the pile by any blow. Now, it d denote'the 
depth of the pile in the grounid before any new.Uow^ is struck 
by the ram, and b the depth or penetration produced hy the 
blow.5 then the length of the rubbing surface will be d-i-ib^ 
for, t\}e length of the rubbing surface Is only d at the begin- 
ning of the motion, and it is d 4-' i at the end of.it, the me- 
dium of the two, or rf + 4^, is therefore the due length of 
the surface, and the space or depth it moves over is b ; there- 
fore the whole resistance from the friction is {d + ib)b. If 
D then denote any other depth of the pile in the earth, and 
i' the next penetration, then (d -f- {b )b' will be its frfction. 
Substituting now b for p, and // for /?, also d -f J-i fory, ^nd 
D -I7 ib' for F, in the general tlieorom a : a : :/p : Tpy it be- 
comes a : A : : (^ + ib)h : (o + ib')b\ for the general relation 
between the heights fallen and the resistance and penetration. 

This tHeorem' will very conveniently give the series of et 
fects, or successive sinkings of the piles, by the blows of^the 
ram. Thus, after the pile has been properly fixed, or indeed 
driven to Jiny depth in the earth, denoted by dy then to give 
a blow, the ram falls from the height ^ + flf, and thereby 
sinks the pil<;the space b suppose ; hence, for the next stroke, 
the fall will be tf + rf + i = A in the theorem above, and 
B -|- J y = rf + ^ + \^\ the next penetration or sinking being 
y J therefc u ^ d x a S- d ^- b -.: {d -^ \b)b : {d + 6+1*')*, 
a proportion which gives the quadratic equa. b"^-\-^b\d-\-b)==^ 

1:—^ X (2^ -j" b)b, the root of which is 6' = - (rf + b) + 

^ • • • 

nearly; or indeed "=r -y—b nearly, because b is small in cobi- 

parison with fl •+•/?•/ .... 

Now, foi* an example in numbefs,* suppose /r » 5 ieet'i^z 
€0 inches, </ = 1 0, * = 3 , that is a = GO the height of the 
ram above the top of the pile before this enters the ground; 
d =: 10, after being fixed in the ground 5 and * = 3 the 

Sinking by the next blow : then -r-^b = — -f ^ 3=2*65^^, 

.the 
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of the Sucvessive i^- 
lues of 4^ b^V. 
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the 2d stroke. Niext, substkming 
^ + ^ for ^, and V for ^, the same 
theoT^m gives 2*4S; for thfe next 
sinkings or the next value of h\ 
And so on cantinually, by which 
means the series of the sacceissive 
corresponding values of the tetters 
will be as in the margin, the last 
column lowing the several isuc* 
cesslve sinkings of the pile by the 
repeated strokes of the ram. 

Schoiiunu Thus then it appears, that the effeqt of any 
operation or pile-driving may be determined. It, is njanifest 
also that the greater a is, or the higher the top of tte machjw 
is where tbe ram falls from, above the top or the pile at firsti 
the greater will be every stroke of the ram, and consequently 
the fewer the strokes requisite to drive the pile to. th^ requi^ 
site 'depth. Bu^ then every stroke will take a longer timj&« 
as the ram will be both longer in falling and longv in rais- 
ing : so that it may be a question whether, on the whote, th^ 
bi»si^ess may be effected in the less time by a greater height 
of the machine, or whether there be anyjimit to the height, 
so as to produce the greatest effect in a given time. ^ . 

To answer this question, let x denote the indeterminate 
height from which any weight w is to fall, z the time of 
raising it after a fall, which ti?ne is supposed to be as the 
height X to which it is raised, also vt the given time ©f pro- 
ducing a proposed effect; then \\/x = the time of the weight 
falling ; therefore i^x + « = the whole tiine of one stroke; 

conseq. -^^^ — or — : — r- is the number of strokes made in 

= the whole force or 



the given time ?n, and hence 



effect in the time m. Now this effect or jGraction Increases con- 
tinually as X increases, because the numerator inci^eas^ s faster 
than the denominator, since the former increases as x, while 
in the latt^er though dae one term v? increas€«as Xr, J^,^ 
other term Vx only increases as the root of x. So that, on 
the whole, it appears that the effect, in any given tithe, in- 
creases more and more as.the.heiglit is increased v • 
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914 rROMxacimtJs iauhtctrits. 

IV d^^pmfne haw far a mdn^ who pushes with the force 
^'lOOlh^ cdn forte « sponge into a piece of ordnance, whose 
diameter is J5 inches, and length 10 feet , when the barometer 
stands at 30 Riches: the vent, or touch-hokf being stopped, 
and the sponge having no windage^ that is, fitting the bore 
quite close f 

A column of quicksilver SO inches bigUi and 5 in diaxQe^ 
ter, is5^ X 30x *785i = 589*05 inches^ wbicbiat 8'l02oz 
Mch inch) weighs 4772 '48 oz or 298*28 lb, which is the pres« 
sure of the atmosphere alone, being equal to the elasticity of 
the air in its iiatural state; to this adding the 100 lb, gives 
898*28 lb, the whole external pressure. Then, as the spaces 
which a quantity of air possesses, under different pressures, 
are in the reciprocal ratio of those pressure?, it will be, as 
398*28 : 298*28 : : 10 feet or 120 inches : 90 inches nearly, 
the space occupied by the air ; theref. 120— 90 rr 30 inches, 
is the distance sought. 

PROBLEM 10. 

To assign the Cause of the D^ctuni ^ MUitary PrejectHes, 

It having been surmized that, in the practice of artillery, 
'(he deflection of the shot in its flight, to the ri^ht or left, 
from the line or direction the gun is laid iq, chiefly arises 
firom the motion of the gun during the time the shot is pass-- 
iag out of the piece ; it is required to determine what space 
an 18 jpounderwiU recoilorflyback» while the shot is passing 
oiit of the gun ; supposing its weight to be 48001b, that of 
the carriage 24001b, the quantity of pWder 8 lb, the length 
of the cylinder 108 inches, that of the charge 1 3 inches, and 
the diameter of the bore 5*13 inches ; supposing also that the 
resistance from the friction betwee;n the platform and carriage 
is equal to S600lb? 

It is 'well known that confined gunpowder, when fired, 
immediately changes in a great measure into an elastic air, 
which endeavoursf to expand in all directions. Now, in the 
cpestion, the action of this fluid is exerted equally on the 
bottom of the bore of the gun afid on the ball, during the 
passage of the latter through the cylinder ; the two bodies 
therefore move in opposite directions, with velocities which 
are at all times in the inverse ratio of the quantities of matter 
naoved. Now let x be the space through which the gun re- 
coils ^ then, as the ch^ge opcupiei^ IS inches of the barrel, 
wd die semidiamet^^of th^ parrel, is 2:565^ Hfy^ ^pjic^inoved 
; , through 



through by the ball when it qtatttf tl* piece, is IDS — 13 -» 
S^5^3 ^.^ tn 90'4^3I» — ^i and a& ^he ela$t4o fluid expaDidi^ 
in both directianS) the quantity vhieh advances fipvrards the 
v^fxa^ i» tQAtbatwhi^ retreats frwi it, 9^ ^8^435 r- 4r to ^r: 

V ^ . 8x J 92-435 — X .0 ^, - -. ^ , 

oonSeq. —j^j and ■ ' ^^.^^^ x 8 are the quantities of the 

powder which move, the former with the gun, and the latter 
with the ball ; besides these, the weight of ball that movet 
forwards being 181b, and of the weights and resistance back-i 
wards 4800 4- 2400 + S600 = lOSOOfb, hence the whole 

weights jmoved in the two directkais are 10800 + §5:555 ^d 

1^ + --T^T^rrr— X 8, or — rr-rrr^ and — ttt^t — > or as the 

numerators of these only. But when the time ai^} moving 
force are given^ or the same, then the spaces are inversely 
as the quantities of matter; t^ierefore x : 92*435 — ;r : : 
240S 31 — 84P I 9^8298 + 8jr, or by composition, x : 92*435 : : 
. 2403*31 —Sjt : 1000701-31, and by div.jr ; 1 : : 2.40»*31 -8jr : 
1082^1 theref. 108264^=2403-31 -8^, or 108 34a: =2403- ^l, 
and hence x = '221 8 inch =;: f of an inch nearly, or the re- 
coil of the gun is less than a quarter of an inch. 

Hence it may be concluded, that so small a recoil, straight 
backward^, can have no effect in causing the ball to deviate 
£:om the pointed line of direction : and that it is very pro- 
bable we are to seek for the cause of this effect in the ball 
striking or rubbing against the sides of the bore, in its passage 
througji St, especially near the exit at the muzzle ; by which 
it tniist happen, that if the ball strike against the right side^ 
the bsd! will deviate to the left ; if it strike on the left side, 
it must deviate to the right ; if it strike against the under 
side, it must throw the ball upwards, and make it to tange 
ferther ; but if it strike against the upper side, it must beat 
the baH downwards, and cause a shorter range : alt which 
irregularities are found to take jJace, especially in guns that 
have much windage, or whdch have the txills too small fo? 
the bore^ 



PROBLEU 11* 

I 



ji ball of lead, of 4 inches dta^nete?^ is dropped from tfie 
^IW gf ^, to-i^ery of ^^ yards highj andfalh into n ctstt^rufull 
'Water at the bottom of the tower y ^20^ yards deep : it is 
"^^SUjfred to determine tng times offgUing^ &tk to the surfkm 
and to the bottom of the water. 

The fall in air is 1 95 feet^ zgbi in water 60f fee^. By th«- 
Common rules of descent) 99 ^ie : a/IB5 tiV* ii^l93=s 

%'40 



316 PAQHISetfOUS BXB&OISBS. 

3*49 seconds, the time of descending in air. And as x/I6 : 
V^195.;: 32 : Sv'lJJ^^ Ur71 feet, the velocity at the end 
oif that tinacy oc witji which the ball liters the water. 

Again, by prob. 22 of vol. 2, art.2, the space s^ -^x hyp, 
log. of ^^,, or rather -- x hyp. log. of ^j^Xthe velocity 
being decreasing and <r* greater than dr) =:^ x com. log. of 
'-j—f where n ^ 1 1325 the density of lead, n = J 000 that 

of water, a = — j"^* * == "g^* * = 111 '71 the velocity 

at entering the water, and v the velocity at any tikri* after- 
wards, also d the diameter of the ball = 4* inches, and m = 
3*.302S85 the hyp. log. of lO. 

Hence then n = 1 1325, n = lOOO, n — w =: 10325, rf=c 

15 = T^ then « = sa ^ ^ 9000 = ^^^*' '^^^ 

therefore j = 60 j- = -^ X log. of ^£-^ = 5wix log-;j^. 

This theorem will give s when v is given, and by reverting 
it will giv« V in terms of * in the following manner. 



»«__ 



Dividing by 5w, gives ~ = log. of j^— ■ ^ib^, by putting 
^= TTTf therefore, the natural number is 10"' = -i — ri 

iience v* - a ==: 'J^; and v == ^/(a + ^-), which, by 

substituting the numbers above mentioned for the letters^ 

gi^es V = i 7*4 34 for. the last velocity, "when the space s.sss' 

60 J, or when the ball arrives at the bottom of the water. 

.But now to find the time of passing through the wa^r, 

putting / = anytime in motion, and s and v the correspond-* 

iag space and velocity, the general theorem for variably forces 

• ' ' 1 

gives / = ~. But the above general value of s being -- x 

hyp. log4 jr^ or 5. X h;^p. log. -—-'i therefore its^uxion 



s an ■>' j; - '^ » ■ ■ » conseq. ^ or — r = — — , the correct flii^nt of 

irtOcl^ is -^ X. hyp* log. (-^^^ X ^^) == ^. thif .tifiHb 

wliich Wheii <^.=^^ITU4, ^r /= 60f, gives !2*6542 sfcc^ilii' 
fti»'tiietim*''<>f descetW'thrt>Tigh^theVi'at^h^^ •* •* ^^^^ ''>' 
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PROBCBM 12. 

* lid^ired to determine '"what must be the diameter of a 
water-wheel, so -as to tetewe the greatest effect py>in a stream 
Qfu>aterofl2fietf<iU? 

• In the case ^fc aji un4ershot wheel, 
piit the Height of the water ab ^s: 12 
feet :;;: a^ and the radius. Be or cd of 
the wheel = 'or, the water falling per- 
pondicukrly on, the extremity of the 
radius CD at D. Then ac or ad = ex, . 
and the velocity due to this lieight, or 
with wbii^i thq water strikes the wheel at D^ will be- M 
\/{a — x\ and the effect on the wheel being as the velocity 
and as the length of the lever co, will be denoted by 
Xj^ [a-^x) or ^{ax^—x^)^ which therefore must be a maxi- 
mum, or its square ax^ — x^ a maximum. In fluxions^ 
2axx^ ^ Zx^x =z ; and hence jr = |^ = 8 feet, the radius* 

But if the water be considered as 
conducted so as to strike on the bottom 
of the wheel, as in the annexed figure, 
it will then strike the wheel with its 
greatest velocity, and there can be no 
limit to the size of the wheel, since the 
greater the >f adius. or lever bc, the 
greater will be the effect. 

In the case of an overshot wheel, 
tf — 2^ will be the fall of water, -v/(a — 2x) 
as the velocity, and xV{a — 2x) or 
^{ax^ — 2x^) the effect, then ax^ — 2x^ 
is a niaximum, and 2axx — 6x*x =: O ; 
hence jr = j^ = 4 feet is the radius of 
the wheel. 

But all these calculations are to be considered as independ- 
ent of the resistance of the wheel, ind of the -weight t)f tSicJ 
water in the buckets of it. ),;..> 





PROBLEM 13. 



> ». 



* 1 

What angle must a m^ejeetUe make withthe plane of ike 
horizon^ discharged wita a given velocity v, so as to describe 
in its flight 0. parabola including the greatest.ar^d possibjef * 

By the set of theorems in art. 92 pa. 156 vol. 2, for any 
proposed' angley there cail be^ assigned 'Expressions* 'for *th6 
horizontal range and the greatest ^Qigkt ^h^j^ojfgtijJiQ^Tv^^^ 
to, that is the base iy^i^y^pti^i^'^^i^^ «Th4% 

putting s and c for the sine andf cosine of the angle of eleva- 

^ , tion; 
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tion ; then, by the first Une of those theorems^ the velocity 
being v, the horizontal range R is = -^cv^ ; andj by th^ 4th 
or last line of theorems, the greatest height h is sz i^^^* 
But, by the parabola, |. of the product ot the base Or range 
and the height is the area, which is now required to. be the 
greatest possible. Therefore H x h « tV^* ^ ^»^»*-«rtist 
be a maximum, or, rejecting the constant factoes, s^c a masi- 
mum. But the cosine c, of the angle who^ sine is ^ is 
y/ix-s'h therefore A: r= $^^{l -**) = s/[s^ ^ ^) is the 
maximum, or its square 5^ — 5' a maximum, fai fluxions 
6s^s - sW = O = » - 4^' ; hence 4^ = 3, or ^» =s f , and 
s=:^y/S == •S660254, the sine of 60% which is the angle of 
elevation to produce a parabolic trajectory of the greatest 
area. 

FROBLBM 14. 

Suppose a cawwn were discharged at the point a ; it is 
required to determine how high in the air the point c must 
be raised above the horizontal line ab, so that a person at c 
letting /all a leaden bullet at the moment of /he canrunCs 
explosion^ it maV annve at b at the same instant as he hears 
the report of the cannon^ but not till ^h of a second <tfier 
the sound arrives at b : supposing the velociti/ (^sounul to be 
lliO feet per second^ and that the bullet falls freely vriUwHi 
any resistance from the air ? 

Let X denote the time in which the 
sound passes to c \ then will jt — ^^ be 
the time in passing to B, and x the time 
also the bullet is falling through CB. 
Then, by uniform motion, 1 140r=:AC, 
and 1 HOjt— 114 = AB, s^o by descents 
of gravity, I* : jr* : : 16 : 16jr* = bc. Then, by right-angled 
triangles, AC*— BC*2sr ab% tlmt is 1 140*^:* - 16V= 1 140V*-- 
224X 1140jrf 114% hence 224 X 1140jr-: 16*jr*cai Hi^*- 
or 1015*3x— a;'^=c:50*77, the root of which equa. fe x^\WM 
seconds, of nearly 10 seconds ; cpnseq< boss i6Lr^=' 1610 feet 
nearly, the hei^^t required. : * ^ 

/ * • ' * 

PKOBLftM 15. ^ .... . ^. 

required the quantity ^in cubic f^et^ of light earthy ^ecesr 
sary to form a bank on the side of (n> carifd^ whif^jfij^Jj{st, 
suppotta pressure of water Sfett deep^ and .^Oojc/^i ^Ma 
jItuI what will tAe \catriage of the $arfh \cos(^ d(, (ff^f^ Sr 

i shifting per ^&nf ; , :. ^ -^^r'^^^^ 

t. " This 




rmouiscvoos ucnuiMia. 3lt 

This qMsthwi miy be conndmd u 

' relating «idier to water suitained by a 
solid wall, or by a bank of looie earth, 
Inthe former cssa, letrtsc denote the 
wall, siutaimng the prtxart of t^ewater 
behind it. <Piit the whole altitude ab 
= a, the base flc or thickness at bottoai 
= t, any variable depth ad ^ x, and 

. the tfaickneis there dq = y. Now the effect which any nuia- 
ber of particlei of the flnid pressing at D have to bre^ the 
wall at B, or to overturn it there, is as the number of particles 
ADOf J^, and as the leVer bd =ni — a: ; therefore the fluxion 
orthe.eflect of ^1 the forces is (a — x)x}i = axi — x'i, the 
fluent of which is ^ax^ — \x', which, when x =a, is ^' iw 
the whole e0ect to break or overturn the wall at B ; and the 
cfiecti of the pressure to break at B and d will be as ab' and 
AD*. But the strength of the wall at o, to resist the fracture 
there, like the lateral strenj^h of timber, is as the square of 
the thickness, db'. Hence the curve line A£Ci bounding 
die back of the wall, so as to be everywhere equally strong, 
is of such a nature, that .r' is always proportional to_y^, or_y 

as x*, and is therefore what is called the semicubical parabola. 
Now, to £nd the area abc, or content of the wall bounded 
by this convex curve, the general Auxion of ail are as ^i be- . 
comes x'x, the fluent of which is |j^' = ^rj'* = -}xv, tliat 
is 4 of the rectangle ab x bi- ; and is therefore less than the 
triangle abc, of the same base and height, in the proportkn 
of 4 to 4>or of 4 to 5. 

But in the case of a bank of made 
earth, it would not stand with that 
concave form of outside, if it were ne- 
cessary, but would dispose itst'lf in a 
straight line ac, fbnnmg a triangdv 
baDK ABC. And even if this wer« n6t 
Ae case naturally, it would be proper 
to make it such by art ; because now 
neither is the bank to be broken m widt Ae eflnct of Hia 
lever, or overturned about the .[Hvot or point Cv no docs il 

lit, on 
rizoB* 
!-, and 
It any 
3£tU 
la the 
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which is. also proportioiai ta ADfaf lUMilar imnfj^ Sd 
that, at every poim d in the depth, tibfr (Ji luiiHauf illliWMI 
and ihe resistance of tfae'soiC by-iocuisofAk triangular 
forni^ .increase in the sanfte proportiao^ and the wmitt smdtlikM 
^arth will everywhere mminilly baia&ce'each oliMrt iff at amy 
one point> as b^ the thickness bc of earth be>uiiteAv«tt6iras4iift 
baUuice the pressure of the water at b, and then thettra^iK 
line AC be drawn, to determine the oiitor shaft of t^eaadu* 
All the farth that is afterwards placed agaiasi the tide ac^ §m 
a convenient breadth* at top for a walking path^ &% wSlflbo 
give th^ whole a sufficient security* v ? 

But now to adapt these principles to the nuaseral cakiil&it 
tion proposed in the question ; the pressuce <rf water i^^ainst 
the; point IT being denoted by the side ab =k 5 feet, and the 
weight of water being to earth as 1000 to 1384^ therefiwe.a» 
1984 : IQOe : : 5 : 2'5*i,^ BC, the thickness of earth wUch 
will just balance the pressure of the water there; htticethe. 
area of the triangle abc = 4-^3 x bc =3 24- x 2*52.=a€r3 ; 
this mult, by the length 300, gives 1390 cubic feet jbr the 
q^an^ity of earth in the bank ; and this muluplied by 1964 
ounces, the weight of 1 cubic foot, gives, for-the weight of st;i 
3.749760 ounces = 234360lbs = 104?-625 tons; the expense 
of which, at 1 shilling the ton, is 51.4?. T^d. . 

PROBLEM 16. 

, \4 pmt9on landing at the distance of 2^ feet from the hot^ 
tqm of. a waU, wkicA is supposed perfectly smooth and hard^ 
d^sitfiiSio kmrn in what direction he must thfmv ayi elastic^ 
ball ^aimt it, with a velocity of 80 feet per second, so thdli 
after^T^e^ionfrdm the wallyit may fall at the greatest dis- 
tance potailefrmn the bottom, on the horizontal ptane^ itihidi 
w. 2ifeef bekm the hand discharging the ballf. 

In dke annexed figure let dr 
be the yrall against which tbe 
ball is thrown, from the point 
A, in "such a (iirecpon, that it 
shall d^scsribe the parabolic 
curve AB b«&re spiking tfete 

waQ, and ararwar^ be so reflectfd an todescuSitt the^iiu^vf^ 
B». lfd# if Bs be the taoMat jit ti^fgau^mi^tffxhfr^iikm 
AE described before the reflect^^n,'?^ M the^^M^ei^atvilte 
same point to the cm-ve yrbic^ ijbie Wl irillidkiseKlie^iilt^ 
flectidn, tEe&^ ^111 the migl^e; . icbf tb^ pt ^mi ? and i£itlb» c#*«ir < 
rfi be wxiuce^, so as if^J^ fi^4$f ^i^ iB f/ B^^ tmjit'imm^ 
$c i^roOcr^ in '9; makmK ^^ >b jAOy and tlveciMMMiiH^^ 

simUar 
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l^nHar tfttd eqod to the poition Bs oF tbe parabola bep, but 
ft^nwd tbtf cwiwry way. Conceiving eitber the twaxmrtt 
AB and BT, or the ccntinned curve bbp, to be de6cr9>ed by 
a fropaeeik^B ita aaatite, it is manifest that, whether the 
pivMr^poftiaacdF^ie carve be described before or after thB 
baU rtachea the wall dr» wili depend on its initial velodtyy 
and OA the distance ac or bc> and on the angle ofprojection. 
TheiwoUem thm is now reduced to this, viz. To find the- 
angle at *hich a ball shall be projected firom B, wiA a givea 
impettts, so that the distance dp, at which it £dh, from tht 
given point D, on the plane BP, parallel to the horiizohj shaft 
be a maximnm* 

Now thb problem may be 
constructed in the following 
manner : From any point £ 
in tbe horizontal line oc, 
lefc falLtfaie indefinite perp. 
•BO, on which set ofF EB = r 

the impetaa opiTesponding ^ 

t0^die given vdodty, and bi = 2^ the distance of the hori' 
zcmtal plane below the point of projection ; also, through i 
draw AP parallel to dc. From the point b set off Bp = be 
+ £1, and bisect the angle bbp by the line bh : then will bh 
be the required direction of the ball^ and if the maximum 
ranse on the plane ap. 

For^ since the ball moves from the point b, with the velo- 
city ac<{uired by falling through bb, it is mamfesti from p. 156 
vpL 2, that DC is the directrix of the paralxda described by 
the ball. And since both b and p are pdbts in the ciirve^ 
each of them must» from the nature of the parabda, be as far 
from the forces as it Is from the directrix; therefore B and 
p will be the greatest distance frt>m each other when the focus 
F is directly between them, that is^^ when bp 3= be + CP. 
And when bp is a maximums sbice bx b constant^ it t$ ob-« 
vious that ip is a maxiijyim too* Also^ the angle fbq 
s; «BB^ the line b« is a tangent to the parabola at the , 
Bt and coasequentlj it is the direction necessary to ffye the 
nmjjett. 

V(pr, I. ¥/liefi B coincides with i, ip will be = bp = 
%B H' %t file fiif imd the angle' itBH will be 45* : as is also 
manMiitifrnithe^wmim mod^ of investigation. .. 

<Afv9k rW^m^ Ait teipefess corr^jxmdmg to i3lif initial 
vetadi^W dia- bait it v«ry great cpmpared with Ac or 9Q 
(%Ht^'ABi^<^pair4i$irf'ft^^ i^early cqin- 

ciJrMfeateitaagttBi^ and the ^iSrttftibn aio^VelociQr at in^iay 
be^arcMa^ jl the wAd^m* fh«^e'^ti"fil*winib%i any sensible 
• ¥>QL4 III. Y error« 



^1^^ :I«t>itcasc,^o^ (fig. 2) will be very 

great compaurcd witE^i, and consequentlT, B' and 1 nearly 
^omciding^ t&^ at|IersB»^iU difibr but little from 45''. 

Caiad. From ^die foregoing comstrudioD ilub iddc^ilatiotti 
^rill be very easy- Thus, tbenrst velocity beiav 80 feet =% i% 

then (vol. 2 p?; 156) ^ = —gjr- = ^9*48186 = be the im- 

Mtos ;. I^ewe bi == fp = 10r9il86, and bp = be + Bt =5? 
JBtOJL ^46S78. Nqw» in tHe right-angled triangle bip, the sides 
Bland QP are known^ hence if = 201*4482^ and the angl^ 
IBP =89* IT 20" : half the suppL of this angle is 45° 21' 2a" 
= EBH, - And, in fig. 1, IP — ii) = 001 '44S^ — 10 as 
1 ^1^4482 -=i DP| the dist2»ce the baU falls from the wall ttfter 

rejection. ^ 

•^ f ■ - 

• • • t , . ' _ 

' ' PBOBLEM 17. 

., JFt:am>^ hgishi fib.ovc the given p^mi a must an daMc 
'ha%. he{ 'suffered to deseed fi^eely^ by gravify, so thaty qfle^^ 
striking tne hard plane ai b, it ma^ie rejucted hack agail^ 
/« the faint a, im the least twu pe(ssibhfrw» the, instant ef 
drofpmgitf 

Let' C be the point required { and pat AC =: Xy and 
AB == a ; then is/CB = ^^ (a + x} i§ the time in cb, 
Bttd jrv^c^ a= -^x/x k die time in eA ; therefore 
^^^(a + 4^) r-.iv^^.is the time down ib, of the time . 
of risJhgfrom b to A again : hence the whole time of 
felHifg through c^ and retnmifig to A, h ^^{a'^ar} . 
.r--i^^ which must be a min. or 2-/(a + 4?)— \/x ®, 

A miniflium, iiv fluxiws ^A^. ~ J^* ^ ^ *^^ i^W^ 
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> Given Hie hei0hf of ttninetMeifia^ te&i^nd^^leii^th^ 
^ tkaJi a g((Wf<met' aeting" on a gioeH we^f^ in d dltrec- 
timf^t^l f& the phnej ma^'driem, it 'i^f Hfi ifkeleit^ iime 

.,■ i;..^t^^ d^Qte tbp height. of th« fJai^c^ ^ ifci |pn'gth^"|^ the 



JM^ 9 piiniinuxQ| or ^ ■■ a mm,i m flosuoncy 7(fi^«**«r]yr^ 
- p4rV ^ Q> or ;>4r «= gw, and h^n^^ # * m * : 3«f : j? :i 

' > - - . • ■ Vj • 

A c\/linder of oak is depresaei m- wafer tiUits top iiju^ 
level wkk the surfaciy and tlten is suffered to useend^ Hi 
rejj^utryi to detemiine the greatest aUiiude to which U tl^ 
rke^ and the time of ^s ascent. : 

li^t a =: the length, and b the area or base of |he cylinder, 
f» ^ specific gravity of o^^ that of watdr Uetng: \^ afac^ iT 
any v^ial^Ie height t Wugh which the cylindf r ^ asc^ci^ 
^Tben, a -^ x being the part still immersed in (j^ wat^^ 
(a— \r)x 4x l =5 [a— ^)b is thefcwrfe of the ^at^ vp^^rds , 
to raise jthe cylinder ; and a x i X m sz ubtn is the weight 
of Jthe cylinder opposing its ascent ; therefiiare the tffdKifii^ 
force to raise the cylinder is Ta — x)b — abnii i^j thfe mass 
.bejijig qim^ X^fi icceleratjng fore? is ' 

—is;;, — - ; «m ' = -^=r ===/ 

putting nin: I — m the difference between the specific gra- 
vities- rf watei* afnd oak. *.-.>.:'.. 

Now if fr denote the velocity ^ asceiftt at the i<MM tinoe 
wben X space b ascend^dy then by the thoorf^ms &r.v9i9i9M^ 

forces, w 5= 32/& = ^'X (fl^^ - ^^h therefore 

<;* s= — k (2«^ir -^'^). and v a 8^/ ' . ■■ i' ■ M ;firutA»htti 

the cyHrider has acquired ifs ^eatest akrent, ^ atid'tri"'':^ p^ 
therefore 2anx — a:* =s 0, and Aence^ = ^an th^part of the. 
cylinder that rises out of the water, being 3= 'ISfl or -^ of 
its length, 

^;:,i^o fii[^d when the v^ocity fa the greatest, the&clor 2anx 
tj^V^ in^l^e Velocity no^i^t be a mai^« then ianx^ 2jrjf asr.q, 
c^i#4 ^.'pi^ii^ being, the hejght above the watqp wh^thei ve- 
locity is tbf sr^M^f t| And whicb it appears is just eq«4!j^,Jtbue 

^ward n^otioii ceases, and tne cyhnder desce&cis ^^am tp t^ 
satiig depth as at first, after which it again retu^iirUfeeendSig 
as^HnH; and so eii, c&ntinUally playing tip^ and down to 

4en{)mr i^fetl mA IM<l«t poims, like d^^^rh^iatientno&h 

Sindumn,,theinoti«i^cel»ing'in bojth cases in a simihyr mM- 
fF^^^ikSte'iPnfi^ Sim mdm^lk ^mltr^ 
iepa^<tiMe.tanviitt^ S^^^^ f^AJO^ WiBt, w%tt^ it is tlii^ , 
^^^ l^aJ^^-alrfM'^^^^^^ 

^ Y 2 extremity 
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tr j^M BB MHQ r of the vibratiohi tbiis making <a]l the vibrations lit 
:equal tim^s, to the same extent Bl^lween the highest aM 
*k)west points, except that, by the smajU tenacity and friction 
&t. of the water against the sHes of theJc^dkiaer, it wiUrIpe 
gradually and slowly retarded in its motion, and the extent 
of the vibrations decrease till at len^h the cylin4^i[i lU^e tt^e 
pendulum, cohie to rest in the middle point of its vibriaitions, 
wbfiTjd it naturally floats in its ipiiesc^nt state» with- -tlkf past 
^:G^ il%.kiigt}^ jibove the water. 

The quantity of the greatest velocity will be found, by 
substituting na foF T, in the general value b£ the veTbcIty 

8^— ^ ' when it becomes Sw.v''— = ^^a very nearly, 

the value of wt being '925', and consecjuetitly tjiat of n r:' 1 — 
rii = •075. ' ' 
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J ,To. fin4. the ^lime / .?mswering to any space jr. Here 



ma 



IP&^S^ = ^— ^f ; — \/ -So X -TTo- r:i andbythe ISth 

form the fluent is t = \V2md'x A, where a denotes the 



X 



circular arc to radius 1 and versed sine — • Now at the mid- 



na 



die of a vibration jr is^ = wa, and then the Ters. — =-— :is i 

' na na 

the radius, and a is the quadrantal arc == P5708 ; then the^ 
4tev becomes -fV'Synax l*6708 = 'nv'ax l-STOSs-Seiv^a 
:. ifbr the time of a semivibration; hen^e the time ofe^icb^ixrhole 
vibration: is •534 v(^ 5= A V^i which time therefore depends 
jttn the length of the cylinder a. To niake this time = 1 
second, a must be = ( V )* very nearly == Si feel or 42 inches. 
'Iliat' is, the oaken cylinder of 42 inthes length makes its 
ipertical vibrations each in 1 second of time, or is isochronous 
, with a cwnmon pendulum of 39-J inches long, the extent of 

V each vihration of the former being 6-A inches. 

* *■ ■■ ■ « • .■ , •. 

\ J. . I^JIOBLEM 20. ' * : 

"^ "" JSifuA^d i^ d9termine the quantity cfnuBiter in 'Of sphere^ 
r\th(^^lm^^ vm/ing m the nth pffwer rf ihe diskmce frwn 

,.^.1 il^^id^ft?^ ^ i^ius.gf^the.spj^r^^ rfi t]^ 4«W% 
its liurface, a r=s 3*1416 the areapf,a circlet w^a^^dj[^s4$fl, 

/.^rta^f-pfe.^ »h^y^ ludt^Q^p-ri^dips is a^ whi^ jp^Ke fMSt- 

.4^ier^<^9 ^^41 yil}^ j^4he1ffH»iQQ pf .^t^^gmtju^^ h^y^} 

. v/;,'4'>.:aj ■ . .' ^ ' as 
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;^ r** : ;f^ v: a : — - the density at the dbtance .r^'therefo'ri' 

, » 7 W ^ 

%a3B^Jt X T^ 333 "" . i '■■ ' St the fluiBon of :the mass, the 

*"' *^- 2'/ ' * "4.3 * ■'••.. .. ■ , ...^— •!-. 

^ fluent of *^rhich ■ ^,. ; , when 4: =i= r, is'^!^^: the ouatw 

'fuj of thiB matter 4n the whole sphere. • '' 

. CoroL 1. . The magnitude of a sphere whose radius i$.^i^ 
isemg fur^^ which call vi 5 then the mass or Solid content will 

be — r X w, and the mean density is — r. 

Carol. ^!Z* It,havimir heen computed, from actual experir 
ments, that the medmm density of the whole ipass of the 
earth is about 5 times the density d at the surface, we can 
now determine >Rrhat is the exponei&t <rf^the decreasing ratio 
-of the density from the centre to the circumference, sup- 
posing it to decrease by a regular law, viz, ^s f " j for then it 

3d - " • •- V • 

WftilJLbe .5«? j?: — ^, and hence w = — 'y** So that> in this 

^ase the laW' of decrease is as r .7 ,^ or as -n, that is# inversely 
[.as the^i/ths power of the radius. 



'V t 



PROBLEM 21. 

' ■« ' " .» ■ " ■ ' 

Jhjuired to deiei^ne where a bodt/j moving downihi 
tohvex side of a cycloid j wUlfli/ off and quU the curve. 

Let AVEB represent the cy^ 
, cloi^, the properties of which 
«>ay be seen at arts. 146 and 
V ^4? vc^.^^ and vnc its generat- 
ing semicircle. Let £ be the 
point where the motion com- 
mences, whence it ihoves ak>ng the curve, its velocity inl- 
creasing both on the curve, and also in the' horizontal direct- 
.^^iAi^^ia^^tiU &.conie to «uch a pqint, ap^Ti9{3K)«|i^i''|;l^t the 
"^'Vdoetcy^ia the latter direction. is become ti,c«in^t9i»^i^^i;i9^|^ty^ 
then that will be the point where it will quit thd i^y<pj^| wd 
^ afterwards describe a parabola fg, because the horizontal ve- 
'fftcimn tfite httercttiftre'is always the sMfe d^st^nc qtftiArity, 








^Itf a^eJidaie db#n "^f^^MtMm^ tJirbiigh 

%r W!^^^^W^^^'i^;'m^ bit ihfe Te- 

locity ' 



locily in the curve ik Ft is to the horfEontal velocity thert» 
as VD to ID3 because vd is parallel to the curve or to the 
tange^^t at r^ dot. is %/4x » ^/{d^ r^ of^y ;;^ 8V(^ — ^) •. 

Wi*-^)^y(^^^^\ ^hich is tlie horizontal veloctty.^ Jr, 

utiere the body is supposed to h^ve that velocity a constant 
quantity y therefore also v^(jr — a) x ^{d^uX)y a9 weQas 
(or — a) .X (d — x) = fl;r + 4ir — ad—x^ is a constant quan« 
tity, ind also nr + ^fx — \ar* j but th^ fluation of a constant 
^antity is eqttal to nothing, that is ax + dJt-^ 2x^ &= O^ae 
a 4- d — 2x, and hence or ;=: {« 4* 4^ s vi^ die arithmetical 
i^ean between vh and vc. 

if the inotion ^ould commence at y, then «r or yi would 
be = idf and i would be the cexttre of the semicircle^ 

PROBLEM 22. 

' ^ d hady iegin t9 'Ai&oefrom a, with a gd)e7i 'ucloeit^, along 
the quadrani of a drch as} tt is recurred to ^0w at ^hik 
point it willfiy off from the curve, 

' Let D denote the point where the 
body quits the circle adb, and then de- 
scribes the parabola de. Draw the or- 
dinate t>P 9 arid let GA be -the height 
producing the velocity at A. Put ga =a, 
a6 or CD ±= r, AF i= or ; then the ve*. 
locity in the curve at d will be the same 
as ttiat acquired by falling thfdugh cfr 
or a+>/t^hIchls,^ before, ^^(fl + .r)^; > u r. 

bit the v6Mct<t in thfe curve is to the horizOiiti! velocity As 
nrt to iMi or* as cd to cf by similar triaiVglbs, that fay «s 

^^ 5.r-TX :j sy(^ + a) \S^{x + a) x' ~5,' ^whjdi \io 

tkie ^'t^cmifimBt {{nimiity where the body leaTcsr thst etpde, 
there/ore also (n^^)t/(*4-«) aad [r^^x)^ kv^,+ a).aicoii- 
stant quantity ( the fluxion oi which made to vanish, gives 




would instantly <juit the circk^-stt the veVter Ay aSff dfe^ibe 

4»f aodtbuU dbrciiii»crifaib^it]^iii»4i|^% ^ ^fis^ji^fi^l^ a* 






PROBLEM 
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t>ii^ifti.^M[ es. 



Td determine the f0B^im ^aifarer hcdmi^^ kingmif^* 
Parted m efuilibm bji tw» ^!erdsAC,UG, Agf^it^ iktir^t^ 
tends fixed in the beam^ ai a and s» \. 



■» « *» \) f 




^. By art. 210 vol, 2, the position 
will jje 5ucbi tl^at its centre of gra- 
yhj o will bfe in the perpendicular _ 
or ji^umb line cg. 

£<9fW:» 1. Dralv' 0D paraUri to 
the cord ac. Then they triangle 
tatty having its three sides m the 
directions of, or parallel tOs the three 
forces, viz, the weight of the beam, and the tensions of the 
•two cords AC, BC, these three forces will be proportional to 
the three sides CG, GD, cOj respectively, hj art. 44; that isj 
CG is as the weight of the beam, Q^ as thetaKionoc &rc^ 
of AC, and CD as the tension Or force of bc. « f - 

CoroU 2. If two planes eaf, hbi, perpendicular toiVk 
two cords, be substituted instead of these, the beaip will be 
still supported by the two planes^ just the same as before by 
the cords, because the action of the planes is in the dtr^<;f ion 
perp9i^dicular to their surface; and the pressure on tl^e plai;!^ 
will be just equal to the tension or force of the respecti>ji^ 
cords. So that it is the very same thing, whether fht bod^ 
is sustained by Aife two cofds ac, bc, or by the two plaui^^ 
l^^J^t ; the difections and quantities of the forces agtmg ^ 
A and B being the same in both cases.— -Also,, if the bodjhf 
made to vibrate about the point c, the points a^ b wiU d^ 
scribe -circular urts coinciding with the touching pjianes.ai^^^, 
B; and moving the body up and down the planes^ will'fo 
jtist the saihe thitig as making it vibrate by the cords"; 'coif- 
seqitentfy tlie body can only rest^ iti either caae^ when l3fe 
cenfire or jgravity Ss in the perpendicular cg. . :.,,. . . j 
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PROBLEM 24« 
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\ ']To dftervune the position of tJie beam 
, q^rd ^cjij. having its ends Jrxstened aij 
^^i^(^ra^acfc.orfirik^fij:ed0t/c.^^ ^^ ^j^ .^.,, . ^^ 

^ 6 b^g'^lie teiitre tyf gra^^ thi bsamv €a «ili[top«r- 
pendicular to the horizon^ as in the last problem. Kow as 

the 
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the cord acb moves freely about the poixit . 

Cil(he tension of the cord U tbj^.^^e ^Q: 

ereWpart, or the same both in AC and bc 

Bl^aw GD parallel th JCt : then the$i4es oC. 

the triax;gle 000 are proportional to the 

three forces, the weight and the ten^omf - 

of the string ; that is, CD a^^d dg are as 

the forc^ or tensions in cB and CA. But 

these tensions are. equal ;^ therefore CD =1 do, and conse<^ 

the opposite angles dog and dgc are also eaual : but the angle 

Dec IS = the alternate angle acg ; theret. the angle ACG » 

BOG } and hence the line cg bisects the vertical angle acBji 

imd conseq. ac : cb : : AG : gb. 





PROBLEM 25. 

J 

To determine the position of the beam ab, 'moveable ahoui 
the end b, and sustained by a given weight g^ hanging by a 
eord Acg, going over a pulley at c, and fixed to the omer 

end K. ' . *' 

Let p = the, wciight of the beam, 
and Q denotpe the place of its cen- 
tre |if cra^Ity.^ Produce the direc- 
tly;!.' of the cord ca to meet the 
^rizontal line be in D ; also let 
(7AI A£ perp. to BE : then A£ is the 
()irfc(ioq;9f jthe weight of the beam, and DA the direction of 
the weighty, the lormer acting at g by the lever BO, and 
the latter at a by the lever ba ; theref. the intensity <if the 
ifermer fe W' x bg, and that of the latter g x BA;.but these 
are also prc^portional to the? sines of their angles of direction 
with AB, Jthat is^ of the angles bae, and bad ;, therefore tl^e 
xi^hole intensity of the former is a; X bg x sin. B/iE,^ and of 
the latter it is .^ x ba X sin. bad. But, since these two 
^rc^9 ha^aftce'eachrother, they are equal, viz, w x iG X sin. 
Mb i* ^ XJ'BA' y sin. BAD) and therefore wi g t: ba x sin. 
^HD t'B€^-X. 4itt;^BrAE, <» W X BG : ^ X BA :: sin. BAD : 
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PROBLEM 26. 



i i 
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^-T^kktMhiriJf'the pmtfon dfihehearh AB/sUstkinedbi^ihe 
'fiMi i^emtP^.^by^medn^tftht C(M(& ACfU. Bbn.jfd//^ 
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Let cl^bethe place of the centre 
of gray&y^of the beam. Nowthe 
.eflTejct^ftfae weight m, is as r/i, 
and as the^|ever AC, and as the* 
sinjaf^of>,the ai^e dfdirectfon A; 
ai^>th)»:e^ect«>f die weight n, is 
a$ n, and as the lever bg, and as 
the sine of the angle of direction b ; but these twto cffectk 
are equali becatise they balance each other ;, that is, m x ag 
X sin. A = n X »o X sin. b ; therrf. m x AGt n x BG : : 
sin. B :sin. a. 




PBOBLEM 27. 

2o* determine the position of the two posts ad and be, 
supporting the beam ajb, ^^ Ma/ the beam may rest in 
equilibrio, . . . ^ 



•<<■ 




. Through the centre of gravity 
G of the beam, draw cg perp. to 
the horizon ; from any point c 
t^Xrhich draw cad, cbe through 
the extremities of the beam; then 
fk^ and B£ will be the positions 
ai the, two posts or props re^ 
quired^ao as ab may be sustained 
in equilibrio ; because the three 
i(E»rce9 sfiscaimngany body in such a state^ must be all directed 
itoithe same point c. 

-*'^ Cord. If (!5F.be drawn parallel to cd ; then the quantities 
Idrf tiie thre6 forces balancing the beam, will be proportional 
iQ the three sides of the triangle cof, viz, cg a^ the weight 
jot^the beam, of as the thrust or pressure in bEj and f G a$ ulq 
'thrust or pressure in ad. . , ,* . •. . ♦ 

^.^Sckolium. The equilibrium may be equally maiftiiS^afAbJ' 
th|^ tw9 posts or props ad, B£, as by the two cord$ ac,>y1C, 
0^ ^y two planes at A and b perp. to those .cords.-r-It doe^'POt 
always happen that the centre of gravity is at the loiiv^ftt^plac* 
to which it can get, to make an equilibriimi^ for here when 
the beam ab is supported by the posts da, eb, the centre of 
gravity is at the highest it can g4t i and being in that posi- 
^tjpi^ itjf, not. disposed to mote one way.mor^:tjl^.i?in3tsher, 
andvtherefoipe it as truly in equilibrio, as if thefenyfeff^ W*fe^^ 
the lowest point. It is true this is only a ^^ngvf qH|fi- 
brium, and any the least force will destroy it ; and then, if 
tJie b^i^un and posts be moveable about the angles a, B, d, x, 

which 



wo 



pwms90ox>j3u Bxumcaoss. 




viipch is all along supppsed^ tlie beatn inrifl dfts€^n4 tijU it 19 
below the points d, £, and gam such a pooticm as^ is described 
lA firob. 26, supposing \he cord^ iixfd aticand D^ in lhi^£g* 
to tUat prob. and then g will be at the lowest poinf^ €on;wcig 
tber^ to anequHibrium again* in pianos^ the Qentrct-ofsgraK 
vity G may be either at it$ highest or lowest. poin^ And 
there are cases, when that centre is neither at its highocib BOr 
l0w^9t point, as may happen in the case o£ prob. ^4; 

> PROBI^SM 28. 

-Supposing the beam ab hanging My a pin ai B-, ttrtd fyng 
on the wall acj it is required to determine tkejatces on 
pressures at the points a vtnd b^ imdiheir directions^ 

Draw AD perp to ab, and through 
G, the centre of gravity of the beam, 
draw GD perp, to the horizon ; and 
join BD. Then the weight of the 
beam, and Ihe two forces or pres- 
sures at A and b, will be in the di- 
rections of the three sides of the 
triangle ADb ; or in the directions 
of, and pfopprtiopal to, the three 
sides of the triarigle^oiJfH, having 
di'^wn GH parallel to bd ; vi2, the weight <5f the beam is 00, 
\the pressure at A as hd, anH the pressure B as cm, MiH in 
these directions. 

Ftn*, the actkxn of the beam is in the direcf^n Gi> ; Mid 
the action of the wall at A, is in the perp, au ; conseq: the 
stress on the pin at b must be in the directioh BJ>i because 
all the t!iirce forces Sustaining a body ia e^libri<3i, ihust tend 
to the skme point, as d. ,' 

, ^CoroL X. If the fo^nn were supported by a pin at.4? and 
laid upon |he wall at b^ the like construction must be m^^ 
at B, as has been done at A, and then the fprces and ^e^r 
directions will be obtained* 

Osrol.^. It is ail the same thing, whether the httuH is 
' sustained by the pin B and the wall ac, or by^w^ edtdsrsl^, 
AF, actindg ift Ahe directioi^s db^ da, and withltheifcrcto, 

i To i>eterndm thei Uumiif^es and Dviji^tiam^) ^ JRo^^t 
. i&eried dy a het^vy beam Am^^its iwo Ej^tgwi^Pf^^^ 

miMit- i; ^2 D'X7 iHz^oi \o biXj: . aa :•' -3% fans »oa oi hliuisq - 

From 
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piioMt9CfTOu§ etEitctifii. 
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- Pr^mi B' ltf«# fifc pef p. to thfe fot^ bf 

the trail *B, whifch wiH be the dif^tidn 

of th^ fo»ye Ht l&; alsb thtdugh O, the 

dent re x>f gWiviff, dww cgd perp. to 

the horJiont^l Hne Afe, then cd is the 

directicMl of .the weight of the be^m \ 

arid because these two forces meet in 

the point c, thb thii*d fbtce of push A, must be Jh cA, dl^ettlf 

from c ; so that thfe three forces are in the directions cd, bc, 

CA, or in the directions cpy da, ca ; and, these last three 

fovming a triangle, the three forces are not only in those dx- 

rectioiM, butare also proportional to these three lines ; viz, 

the weight in or on the beam, as the line cd ; the push against 

the wall at B, as the horizontal line AD *, and the thmst at 

the bottom, as the line ac. 

Some of the foregoing problems will be found useful in 
differfif^nt cases of carpentry, especially in adapting the friamuff 
of the roofs of buildings, eo as to be nearest in equilibrio iit 
all their parts. And the last problem, in particular, will be 
very jusenil in determining the push or thrust of any arch 
against its piers or abutments, and tlience to ifsign* their 
thickness necessary to resist that push. The following pro- 
blem will also be of great use in adjusting the form of a 
' m^sard. roof, or of an arch, and the thickness of every part, 
so aa to be truly balanced in a state of just eqiulibrium. 

phoblem 30. 

Let there be any number of lines, or bars^ or b^anis, ab, 
^c, CD, DE, Sfc, all in ike sayjie vertical f)laney co^inected to- 
gether and/reely moveable about the joints or aiigles a, B, 
c, D, E, Kc^ and' kept in equilibrio by their own 'aoeightSyOi^ Itf 
weights only laid on the angles : It is required to assign the 
proportion of those Tiyeights ; as also'ihef&rck or push in the 
itlretii&n of th^ said lines / and the horiiknUbl thmst M every 
Hiigle, 

' T&ibagh any 
.pointyosn, drai^ : 
'9:^rticaK line.- 

atf^g, &c : to 

which, from any 

pointy as c^ draw 
atef^'ifetliddtrW^ii^^*^^ 

"ita^/tbkMgbeffii tttiWBior %i3att^ ti^, ^^a)(^lM tt^ ik%;^tAfdb 
)>araUel to Bc> unA ^e to &b, axid (/to ef, and t^ to ro^ )Scc; 

"T^o : ( also 
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also CB-'paraQel talhe^borizo^, or perppp'4ic^ar,to the yer. 
deal line iibf^ tp which aisp ;^1I ^^s^ pai^els termi^iate. 
..'jjjien wilTall tfiose lines be''e3taiftjry prpponionat tp the 
fo^s actinft or exerted in the dirpctiops tQ 'ivh'ch they arp 
parallel, and o£ all the thre« kinds,. vu,vertica), horizoptalf 
and obbqije." That is, the oblique force? or thrusts m direc- 
][ion of the b^i ...... . ab, bCi, cd, de,f,f,fp, 

aJK {H-pportiboal to their parallels ca., cb, cd, cp, ^ t^j 
and the vertical weights on the angles £,' c, D, E» Fi .^q, 
Ke aa the pai^ of the vertical . - ai, bo, Dc, '_^ j^^ , 
apd.ihe weight of the whole.frame abcdefg, , _,'. , 
is p^i^rtioDal to the sum of all the verticals, or to iTg' ^ alsp 
the horizontal thrust at every angle, is every wher^ the samp 
constant quantity, and is expressed by the constant horizon- 
' tal linecH. 
, Demomtratum. AH these proportions of the forces derive 
and. follow immediately from the general well-known pfo- 
|>ertf^ in Statics, that when any forces balance and keep etich 
Other in equilibrio, they are respectively in projjortion as the 
lines drawn parallel to their directions, and germinating eat^ 
other. J 

Thus, the point or angle b is kept in equtHbrio by three 
ibrces, viz, me weight laid and acting vertically down v^ard 
oa that point^ and by the two oblique forces or thnists of the 
two beams ab, cb, and in these directions, l^ut ca is parallel 
to AB, and cfi to Bc, and ab to the vertical weight j these 
4thf ee forces are therefore proportional to the three iine; ab, 
jp* c*-- ■ 

^. In lite manner, the angle c is kept in its position by tfie 
weight laid and acting vertically on it, and by the two obliqUe- 
^rc^ or thrusts in the direction of the bars bc, cd : couse- 
^qtientlythese three forces are proportional to the three line? 
.eOrCJ^v^Pf which are parallel to ihein. 

Also, the three forces keeping the poiiit d in its positi9n, 
are proportional to their three parallel lines Dc, cj), cf. '/^jid , 
the thrtje forces balancing the angle E, are proportional to 
tbeif, three parallel lines ef, ce, cf. And the three, forces 
balancing the angl? r 

!pp:,t|^usfp,ni.^lhedir< 

ji^efj^t^d By the ci 
^?'¥<«,o?,w5i^ts,,ac 
non^^jthe Mfls Qt 
titles parallel t^^th^^Ji 
\.^.^^jpin, with regard 

the 
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the Ime dc reprctents, or is proportional to the force in the 
direction DC, arisbg from tiie weight or pressui^ bn the angle 
D ; and since the oblique force dc is equivalent to, and re- 
solve's into, the two DH, hC, and in those directions, brthe 
resolution of forces^ Viz, the Vertical force PH^ and t&e hori- 
zontal force HC i it foItoWs, that the horizontal fiwce or thnnt 
at the angle D, is proportional to tlie line ca j and the part 
of the vertical force or weight on the angle D, which pro- 
duces the oblique force DC, is proportional to the part of the 
vertical line Ijh. 

' In like' manner, the oblique force cb, acting at c, in the 
direction CB, resolves into the two bttj nc; therefore the 
hori^OQtal force or thrust at the angle C. is expressed by tht 
line CH, the very same as it was before for the angle D; md 
the vertical pressure at c, arising from the weights on both D 
and c, is denoted by the vertical line £h. 

Also, the oblique force ac, acting at the ang^e B, in the 
direction ba, resolves into the two flH, HC i therefore aeain 
the horizontal thrust at the angle B, is represented by the line 
CHf the very same as it was at the points c and o ■, and the 
vertical pressure at B, arising from the weights on B, c, and 
s^ is expressed by the part of the vertical line as, 

Thns also, the oblique force ce, in direction be, reserves 
into the two CH, h£, being the same horizontat force mtji the 
Vertical ae ; anil the oblique force cf, in direction Er, re- 
solves into the two CH, Hfi and the oblique force c^^ in 
direction VG, resolves into the two cB, ttgi and the obltqi^e 
force eg, in direction fg, resolves into the two cit, il^j atid 
so on continually, the horizontal force at every p(M(ltbein{r 
expressed by the same constant line ch ; and the verticU 
^assures on the angles by the parts of the verticals, viz, OH 
the whole vertical pressure at B, from the weights on tl* 
angles b, c, d: and ^h the whole pressure on c from Ae 
weights on c and D ; and dh the part of the weight atii> 
'causing the obliqiie force oc ; and Hc'the other part of the 
weight on D causing the oblique pressure de ; and u/ tbe 
whole vertical pressure at e from the weights on* and'tt; 
and Kg the whole vertical pressure on F arising' Irbm thfi 

htoa 

trtUe 
iftiw 
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i.afi%r Ae Wvet^ dHfque forces or dmiitsi'%i the direct 
tipns ABy BC^ CD, Dlt> £^» vo, are exm^sM bf ^ <yr are pro- 
portional tt>i tjbeir correspcmding pSM^Ud limhica, :cb, <ib» cc, 

Coroi. 1 . It ii •bviousy and real>af kulllei that tbj». lmffh$ 
of. Che bais aa, bCi kcf do not a&qt ot: alter iHet pvOporluplif 
of any of the$e loads ois thrusts i since 9II the lines <{% o^ra^ 
&C9 rcnialn the same, whatever he the leagths^of A0s^Mt«'*&c> 
The.po&Kioiu of tlie bars, and the weights oq the 'angles dot 
pending mutually on each other, as wel} asr the hooBOAtal 
•and oblique thrusts. Thus, if there be given the position of 
0C, and the weights or loads laid on the angles 0| d, B ^ set 
these on the vortical, ]Hi» d6» Aa, then c&, 00 give, the' dire<:(t 
tions.or positions of CB, ba, as well as the tjuamity 0r prof 
portion ch of the constant horizontal thmst* 

CoroL 2. If CH be made radios ; then it is evident tihat 
»a is the tangent, and cm. the secant of the devaticsi of o« or 
AB above the horiaim 1 ako ub is the tangent and c^ the se^ 
cant of the elevation c^ ci or gb ; also hd and ontibe tangtilt 
mni seeaut of the elevation of cd % also h^ and c^ the taogent 
and secant of the elevation of or or de ; also 1^ md ^ikt 
tangent and secant of the elevation of bf i and eo on ; also 
the parts of the vertical ab^ ^n, ef^fg^ denoting the weights 
laid on the several angles, are the differences of the said 
tangents of elevations. Hence then in general,. , . 

\stm The oblique thrusts, in the directions of the bars, 9ffe 
to one another, dif ectly in proportion as the siecants of their 
angles of elevation above the horizontal directions ; 0X3 which 
i^ the same thing, reciprocally fux3porti6naI to. the cosines of 
the'^same elevations^ or reciprocally proportional to (he sipes 
of the vertical angles, a, 6, n, ^, fj g^ &c, made by the voft 
tical line with the several directions of the bars ; because the 
secants of anjr angles are sdways recipocally in pooportio;!^ as 
dieir cosines. . ^. 

2. The weight or load laid on each angle, is directly pro»j 
pdrtiond to tl^ difierence between tfaa tangents oft the dtfi* 
vations above the horizon, of the t^o lines which form the 
angle. ' _,T 

3. The horizontal thrust at every tngle^ is the same' t6r\^ 
atant quantity^' and has the same prmoftion to the weig&E^on 
the top-oif tte^uppemlost^baiv a$ radium h^'toth^tiligi^ of 
tlio eleftttion of that^iiur. O^ as tA» WlM)jb»^^tItil^%^;^ 
ehe Ime City )o isithii^eiglit ^ thb^^ole ^Mni^gif oS^Anf^ 
toehe horioHmts^ ttonst/ Othtfi:^propii«i«s'tl^,*iMik:iM^ 
(bar w«igto atid th»^dinis«si ^ight^bo niAi^'cAit/biir^ai# 
ar^ tesa aa«qbte«Elidiig^ 

r*!iJ£' omitted i 
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G(XP0tj^ 9#< ' k m«y h«K^ be dddttced ald<v ^Am «be weight 
or pressure laid on any angle, is directly proptxrtiotial to thb 
c^t^u^l ^rdidtact^f the^li«»# <li tbat amgle aod of the secants 
<if i^he el^vftfkms^ 4^ tK« lidrs|>or lines vfhkh ferm it. Thu^ 
in the triangle ^cp, m which the ^e bD is pr9fM)rtional to 
die weight laid oil the afij^e e^ because the sides of any tri- 
angle aare to- dne another as the Mnes^ofthcir opposite angles^ 
thevefor^' as sin. 1^ ? c& 3 : sin. >€!) : it> ; that is> ii> is as 

• .' : - r ' X df i bvM; tji^ sine of aiMtle d is the epsjne of the 

€^evation xwh, and^ the cosine of any ang[le i^ reciprocally 
proportional 'to the secant, therefore ra is as sin. icty x sea 
Dca X c^ ; and c^ being as the secant of the angle i^H of 
tbi elevfttkxi of be or bc above the-horiioa) therefoi^ to is 
» sfai. Ac0 X sec. icH X sec. dch ) and the sine* of Acid 
hismg the same^ as vhe sine of its styj^iement bcd ; therefore 
thr weight on the angle c^ which is as. i^ » aa the sin. BCD 
X aec. DCH'X sec. icH| that is, as the continual product of 
the ^e of ^t angte^ dnd the secants of the elevations oiica 
two sides above the honzoo. 

OoroL 4. Further, it easily appears also, th$t the isame 
weight on any angle c, is directly proportional to the, sine ojf 
that ^ngle jScd, and inversely proportional to the sines of 
the. two parts WP^DCP, into which the $ime angle is divided 
by the vertical line cp. For the secants of angles are recr- 
procally proportional to their cosines or sines of their com- 
plements : bat BCP = cAh, is the complement of the eleva- 
tion &CH, and DCP is the complement of the elevation dch* ; 
therefore the secant of bcH x sqcant of dch is reciprocally 
ais the sin. bcp x sin. dcp; also the sine of bcD is = the 
sin^ of its supplement Bcpi consequently the, weight on the 
angle C| which is proportional to sin. bcjx x .sec« ^ck x 

seb. DfcH, is ako proportional to °' ''?°v . , *when the 

' r r 5,n. bc» ^ »ni» do? 

whole frame or series of angles is balanced, or kept in equi^ 
librioj by t,be weights 0131 die angles, i. the aapf^^ M^in. the 
preceding proposition. : » -5 . 

r Sc^lim^ TA<? foregoing prf^«ritt€fnb.v«iTrira 
its ^on^C^l \;oiveiq^»#^ gLfld, ootttaiios il^ wfaolotdieoryof 
>dp^ FlwRh, gjgf h§/d«hic«4 ftoinvtbci pwwiseft by'st^ 
goriilf 4l>e 9ec«wl^*^^ flfeeirdh 
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same tfait>i^;hoiit, it a proper measorii^ uaitf by meam of 
which to estimate the oth^ thrusts and pressures, as they 
are all determinable finom it and the giireapoaitioDS ; and the 
value of it, as appeals above, majr m easily compnted £rom 
the uppermost or vertical part alone, or mm the whole asr- 
aemblage togedier, or from any part of the whole, counted 
from the top downwards. 

The scdtttion of the foregoing proposition depends on this 
consideration, vis, that an asisembl^e of bars or beams, being 
connected together, by joints at their eictreipities, and freely 
movable about them, may be placed in such a yertical posiJ 
tion^ as to be exactly balanced, or kept in equilihrio, by their 
mutual thrusts and pressures at the joints j-and that the effect 
win be the same if the bars themselves be considered as with- 
^ OQt we^ty and the angles be pressed down by laying on 
them weights which shall be equal to. the vertical pressures 
at the same angles^ produced by the bars in the case, when 
they are considered>as endued with (heir own natural wei|^|ffl^ 
And as we have found that the bars may be of aay hukg^ 
without affecting the general properties and propertioiis .qf 
the thrusts and pressures, therefore by supposing th^m ti^ 
become short, like arch stones, it is plain that we shall U^n 
h^e the same pHnciples and properties accommodated to a 
real arch of equilibration, or one that supports itself in a perr 
feet balance. It may be further observed, tliat, the ,conclu«. 
sions h^re, derived, In this proposition and its coroU^riesy^. 
exactly, agree with those derived in a very di&rent waj^, iii:<; 
my principles of bridges, viz, in propositions 1 and 2, and . 
their corollaries. 



PROBLEM 31. '' 

r * ' 

* * ■ . # • . 

If ike *W5tefe figure in the last problem be inverted^ or 
turned rtntnd^the horizontal line ag as an axisy till it'lecorh'-f. 
pktelijf rcverseSy dr in the same vertical plane below ^le first , 
patitiony each angle d, rf, Jfc, being in the sdme plunib line ; ' 
0ftd if weights «, ky tj m, n, which are respectively equal /o 
iht weights iaurvn the angles b, c, d, e, p, ofthefirst^figufe^ 
it now suspended by threads from the correspoiiding angles^ . 
i, ti tf, eifj ijf the urwer figure ; it is required to showfArOf , \ 
these we^hts Iceep thu figure inejmctequiUbrio^ the same\^ ^ 
ike former^ and aU the tensions or forces in the latter casey 
wmkier vertical er horisAmtal or oBmue^ will be exactjbf, iWiift * 
tetite corresponding fortes o^ weight op j)ref,^ure[or tif;j^\ 
mtkeUke directum of ihepu figure, Z^.m^t! > 

. : = ^ '' * ' - ■ * This 
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liiis iMtauiTif k«pptoi» 60m tha eautHkf at the weights, 
fNOd die iamharkj dl dbe positions, and actions of the vmnlo 
i» both catet. Thxis, from the eqindity of the corresponcEng 
w^tffhtty It iixe Vke dng^es, the ratios of Ae weig^, ^, itt^ 
4f^i hei Sscyiin thrlowiei' figure, are the very swne as d^se, ^1 
fo, t)H, He, &t, in the ujpper figure ; and fi'ocn the e<pialitf 
of the constant horizontal forces ch, rA, and the similarity 
of the positions, the corresponding vertical iintt, dknoting 
the weights, are equal, namely, a& a: a6, fo =k &2, dh ^ dX% 
Sec. The same may be said of the obiioa^ lines also, ca, tft^ 
&c; which being parallel to the beam^s A9, ic^ &9,will denote 
the tensions of these, in the dir^ctioin of their lengthy libM 
same as the oblique thrusts or pushes in the tijiper figttW* 
Thus, aU the c^re^)onding weights and atttim^ And fad* 
ticms, in the two situations, being exactly equal and^iinila^> 
changing only drawing and tension faf pushing and thmin^ 
ii|[» the'Mawe lebd equittbriBm of the u^per figum is«tMt 
yitiseffv^ Am samA in the hanging h$bofaitk tft l^wtr emu 

iipkphH0^, Thtt sarnie ficure, h is evident, will also «ri€e» 
if tim swtnt we ights^ i, ^, f, m, n, he tuspeuded at }tke dtSi^ 
ttndai, Jdi, ^9 &c, on a threadl, or cord, or dibain, ^cOf h^h'nt^ 
im Jtsetf ik tb or no weight, for the e(|uaiiey qf 'dbe tvieeiriHSj 
and their directions and distances, will put the whple we^ 
Whei^ tfaejr corhe tOJ9qil^IbriwD^ into (h# same Sskdai Aa^^ 
of Baxte^ So that^ wb^tsver propsrties ate infenW ^a ^m 
40rMaries to tbe, Ibc^egDing proh. wtt eqiially ^iffHf 1:0 4^ 
fiiktx)on c^ ]0wvar sfigisre hanging in f^MiitMo. 

This k a JBQi^ iMefiil ^nnople itt^ill cm#I ef.^y| U bri ul W! y 
e^ieiciattt to .Ihe Mere |]faetic^ 0efl|«m|»t, lu^ 0&aJblii^ im 
i» ;^. espettnkatal miy (to xesd^ ^ijirblliiDi^^^w ^^ ^est 
mathematicians hmMt \inmi St «^4iK^WlMMr>e 'iRct'hf 



. .V 



J * 



SH 



EVOIM «xMtcnn6 



mere computation. Vor tlnlK,'iii k bimple and easy way he 
Dlll«Mti»^sb»po.tfu^,equaibratj»dar«}iOT ^n*?ft wA<*ui 
«JsflMi?^»J^o^H«»t^ep«itioi«,ftftl**i»fter8inrt'^WWW ' 

_L._>. "-'^ -he ex^eat a*i4v*Wi^**'''S^i^'^ 

it shcHild be required^to-inakp a 

.". given' 

/four- ■ • 'JKi'""" 

"'f^/:, /,',.■.;:;"!;.& 

ere can- / ,i \ 

chpuis ' ''■' ■" ■'"' 

that there may 
parts which ma^ require the aid of ties or 
fraine^ itt pentRHi. Het*<he mechanic 1 
(ut'to take tour like but 4wlt pieces, tha 
♦rjftlltt'www giren prftportions as those p 
Bibct them closely togetb^if; at the joints A, i 
wi-itrings, so as to be nieely moveable al 
suspend this from two pins a, e, 
fixed in a horizontal line, and the 
dSuD oitint pieces vill. arrange 
itself in such a festoon or form, 
apc^, that aK its parts will come 
td rest in eqwl^rio. Then, by 
mvertine the figure, it will ex- 
fitHii'ttife'Torin and frame of a 
oirb roof aCy}£, which will also 
be < in equilibrio, the thni&ts of e 

th/e pieces. now balancing each , ^ . jX 

otheri in, the same manner as was done by tbe m^tul pijn 
or tennons of the hanging festoon abcde. By varymg At 
()i5||Qf«-ff^.o$.^e points of suspdision, moving tben newer 
toJcfiv^Wodv the chaio will take difierehtfitMt ; tt^ 
tl^ fiicttt^skr^ may be made similar to that ioim -iMtM' 
hi* ^ nitJdt pleasing or (^inenient shape, found above "is w 



'\ 

Ii^^edibis princii^ii exceeding fruitful in its practft^fc' 
Bonse quCTgai', ; It is easy fo ^ercerre that it contaiA:^ ^ 
irfiole theory of the cofirtrtictido of *ches : for each k^iW 
mUtA. inay:<b6.£onsidcred'as'ai«e'Wthe nfberrol' b«aiiH^ 
ihcJorOgoit^ifrmes, siiiGe ^the^ «hat« a skistautfe^l^Cb^ 
■rtretpr&op&l df ffif^bfatlon^ >aB4th« ibet^todv '4b its a^i-* 
estiMiwMrilL aAcd-sonw : «)e^t VHA tbdpterftiiMiMM edR«M{> 
■i«st difficult txtmM^Ui m fAn w m . y wWorti -^^ {bvi]»q»i 




'3ti ■^Evy^iM brir. i..r.:-FmOaaJiM-.'Q2i.i 

PS*^^fke."Iim^iindX)umCif^S^iMnim£i the aitm,Uu 

^ince the ' magiiitu Je of tne two circles are constant, the 

area of the fo1id space, included between their two ch-cum- 

feregce*! wnt-fee tlv same, whatever be the position of the 

inner circle, that it) there is the same number of fibres to be 

brc^en, and in this respect the strength will be always the 

sarfie... The strenfrth then can only vary according to the 

■ f of the solid part, and this 

'i]Cre the cylinder must first 

:b it is fixed. 




first at the upoer side, or when 
the cyJindgr-Ts ^ed only ^t 
one emi'as in the firet figure. 
But me reverse wilt be the 
cas^/when the cylirtder is 

fixetf at both ends ■, and cori- , ^ , _ 

sequentlf when it opens firSt below, or ends above, ~at.iil the 
Sd fi^re, annexed. ■ ' ", \',.'T\. 

PROBLEM 53. . . ^ . ^ ■ 

Tji dttfirmine tlfe Dimmsiom of the fltrongest Riciajigt^ar 
l,\ '^^'^^ miba cut otit of a C.roen Ct/Uniet'V \ " ' 
jjJ^'j jLSa-jhe breadth of thereiiuired 
bpj5g,.l3e,dpnbt^ by i^ ajj the depth by. 
^jf^ ,thi^:diaineter AC of tlw cyUader; 
l^jj»^.,!!|Nigw ,^'hen iB is borizontalt the : 
lateral strength is denoted by ^d^ (by art. 

fl,vglf,iV, ^hich.is (q.tfeajnjjcijlmro. - 

al*fe4«=***"'™^* ^ SMtw&^iSf^^ ,Qoii«tq.'#.:*i.-D»lb 
LilcftivSi iti^t^t:'i;^6ittqUMe}i]Ci£rAeiifr»tdtl% ,and-)o&thc 
4A|f%owAiMv4h«,«)f|i|i4^>rti^Mi6#t«i^jD4>M,eiia'aBodiw 
respectively as tbA)»»«p«lim^lBi^Al& *»f^^ 
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Corel. I. Hence results this easy prac* 
tieal fionatrttction : idivide th» diameter ibc 
into, thred e<|ual fnrt8> at the points «^ f } 
erect the perpendiculars SB, fo ; and join 
the points B» D to the extremities of the 
diameter : so shall abcd be the rectanjru- 
iar end of the beam as required. Fori 
because A£» ab» ac are in continued pro- 
portion (theor. 8*7 Gebm.% theref. ae : ac : : ab* : AC* ^ ;ind 
in like manner af : ac : : ad^ : Ac^ ; hence ae : af : ^c : : 
AB* : AD* : AC* : : I : 2 : 3. 

Carol. 2» The ratios of the three b, d^ d, being as the 
three ^/ii s^^% *<^^% or as 1, 1*414, 1*7329 are nearly asthe 
three 5, 1, 8*6,. or more nearly as 18» 17, 20*8. 

CoToSL. 3. A s<}uare beam cut out of the safaie cylinder^ 
would have its side =iDv/i=ti>\/2. And its solidity would 
be to that of the strongest beam, as -JD* to 4^0*^/2, or as 3 
to 2 V 2, or as 3 to 2*828 ; while its strength would be to that 
of the strongest beam, as {p^\Y to ^s/\ x ^D*, or te \y/^ 
to l-v/3, or as 9-/^ to 8-^/3, or nearly as 101 to 1 fO. 

CoToL 4. Either of these beams will exert the greatest 
lateral strengtht when the diagonal of its end is placed verti** 
cally, by art. 252 vol. 2. 

Carol. 5. Tlie strength of the whole cylinder w31 be to 
that of the square beam, when placed with its diagonal *ver« 
tically, as the area of the circle to that of its inscribed s<}uare» 
For, the centre of the circle vrill be the centre of gravity of 
both beams, and is at the distance of the radius from the 
lowest point in each of them \ conseq. their strengths will 
he'as thetr areas, by art. 243 vol. 2. 

PROBLEM 84. 

X<> detFrmmc the D^erenee in the Strength ^ a Trian^ 

gidar Btanif according as it lies with the Edge or with the 
Plat Side Upwards. 

In the same beam, the area is the same, and therefore the 
strength can only vary With the distance of the centre .of 
gravity from the highest or Ichrest point; byt, in a triangle^ the 
distance of the centre of gravity, from an angle, isiloubleof 
its distance from the opposite side ; therefore the strength of 
tike lieam wift b* as 2 to 1 with the different sidet xspm»itf 
ttsder diffiMrent circumstances, viz, when the centre *of^jp^ 
vity b furthest from the place where fracture tods, t^ arti £49 
vol. 2 ; that is^ with i|xc, angle upwards, when; t^.^fina:|9^ 

supported 



supported at both ends $ but with the ^de upwards^ when it 
is sappprted only at one^endy (art^ 258 vol. 2% because in the 
former case the beam breaks first below, but the reverse in 
the latter c&s<^. 

j PSQBLBll 35. 

Gttmi the LtMth and Weight of a CMndsr §r Prism^ 
placed HorizoniaUt^ with ene end ^rmfy jixedf and wiil^^Usi 
euppon a gh/m weight at the ether end without breakimg; it 
is required to find the Length of a Similar Prism wt Giflin^ 

der whichy when supported in like manner at one end^ shall 
just bear without breaking another given weight at the un- 
supported end. 

Iiet I denote the len§lk of the givea cyUnder or prismi d 
tha di^m^er or depth of its ead» w its weighty and u the 
weight banging at the unsupported end ^ also let the lilf^ 
capitak L> D/ w> u denote the corresponding particulars of 
the other prispi or cylinder* Then, the weighrs of similar 
soliciU ot the same matter being as the cubes of their lengths, 

9al^ :h^ :.: w i ^w, the weight of the prism whose length 

n i^ Now ^wl win be the stress on the first beam by its own 
weight a; acting at its centre of gra^^ity, or at half its length; 
and lu the stress of the added weight u at its extremity, tneir 
^um iiw-^ u)l wtU therefore be the whole stress on the giten 
beam : in like manner the whole stress on the other beam, 

whose weight is w or —w^ will be (4^w 4- u)l or {-^w + ir)L. 

But the lateral strength of the first beam is to that of the 
second, as ^ to d^ (art. 246 vol. 2), or as l^ to iJ} and the 
strengths and stresses of the two beams mast he in the same 
ratio, to answer the conditions of the problem ; therefore as 

(|w + u)t: {—w + t7)L :: P : L'; this analogy, turned into 

ah equation, gives l' — /l* H Z^u = 0, a cubic equa- 
tion from which the numeral value of l may be easily deter- 
mined, when those of the other letters are known. 

Corot 1. When u vanishes, the equation gives l^ = 

^r'j— a#%«r z «: 1, vmencetxf : w 4*2»xt* : ivferthe 

Iftngtfl ^ the bearrt, wfiieh w?ll but just support h^ own 

Wrf;^/ If if beam Just 6hly ^iipport hi own weJghi, 
Wli»rfihet!d*at one ^A ; theh-*^ beith of double hs length, 
Sited at both ends, will also just ^tisfafW itself^: or ff the one 
|tisrbf^ak, the other will do the same. " ^ 

^ ^^ PHOBLEM 



t' '^ v^H -r: -t vi ^r•'..^ b.-u .v^e; ct tt^w- i^^a 

Givm^thc length fai4 JVtigM^ff^ **««% ^r^S^^tt^ 

^^oMshy w^ hung #4P^^ /^)«^ Breaks the frTim^sHf 
urefjiired (a determine hof^f^nufih linger the^Prisnij^^ ^Wlf 
Dianieier or of equal Breadth and Depthymay be extendi 
before it Breaks either by its mn weight) or by'the dst&H^ 
qf^ny oti^er adveniitious weighty ulr uio ic 

Let I denote the length of the given prtsny; t^fft^^|i^. 
and u SI weight attached to it at the distance </firon^t|ie'fixeq 
end ; also let L denote the required length of t)feVtlier^pll!fiSSj 
and u.the weight attached to it at the distance «U-''Kbw tile 
strain oc^asipned by the weight of tt^e fir^t beamris -J^, »)d 
that by the weight u at the distance c/, is du^ their sii^^^S^ 
^4-: du beittg die whole stmn^ In like magAer iw^-f^jn^i^ 

ttie>train on the second t)e^m j 1>at / : fc : : ^ : i2's£ ^Y^ 

^ight 6l this beam, theref. ~ 4- do tz: its stKaini^^Bnt^M^ 
strength of the beam, which is just su&cient.tp res^dSr^ 
straiiiB^ is .the same in both cases; ther^ord -r^i-ArJ^^ 
■iigltit:4if,;aa»i hence, by r^iicUon, 't^ tWflP«N<riff«tJ» 

^ 'ObM«tv' W||«ft the lengjthened b<Mm just^^^breaks lif 
.jlifnwgij^t^lhi^,!?. = or vanish^, and the rfquj^>e|jgj^ 

.bi^oinesi* fs« Vu^ rtr-- — ). . ^ » 

('€Mri)l4 ^=Ais» wfacnxj vanished if db becoiiie^TS 4}tti|^ 

PROBLEM 37. ^^ 

ef a gioefi length f which shall sustain it with the grMiimmse 
in any given posMm ; also to ascertain the angle bac when 
the least farce which can sustain A3, t| gref^tier than the lea^t 
force ifi uf^ other posdfon. 
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Let G be the centre of gtavity of the 
beam; and draw cm p^fp. ^lc^ A% on to 
▲Cy mn ^to omf and afh to db. Pat 

M.'riM hh^'^h—i ^ fo«^ which actiAg . ; .^. ,. ^ , . J, 
at G in the diraction mOf is sv&dtat to sult^ia.^ ^eam<$ 
^»4,Jt^ Ae n^tojejof ^ leyef, am. a a,^ swn.; : ^ th^ ^re* 

giv^m tiorcejit Q : ,~, the force capable of supporting it at te 

4ilt a ditectioa perp. to A)i or parallel iQ moi iand again as 
b 
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"At : AJBT :V-T- : t-> the force or pressure actuallv sustained by 

^h^ ginren pr(^ &B in a direction perp^ to av. >.Ai|i^ thiaviattier 

^^ wiUlmai^estlf be ^ic least po8a^le.,w^p,lHl>^fP% 4JP 
upon DE is the greatest possible, whatever the angle bag m^y : 
ekbyrvfiiclrtg'when the triangle adb is jsoscel^i^ fir bi^ tlMe 
^4^ APJP. ^^f^>7 ^ obvious corpl. from the la^tteir part of 
prob. 6 pa^ tl 1 of this volume. 
-■ il^ondj^y for a soluti(Hi to the latter part of ^he probleniy 



m being always equal to each other/while they vary tp mag* 

nitude by the change in the position of a^. Let ap product 

rmeei off ^ m theni in the similar triangles A0r» KUHf it 

*to%^ Xr f ATT ts X : ; BF = ip : nn, htnct -ir tsji^, atfd 



AF. 



conseq. -^ x w = j^ x w. But, by theon 83 6€d&: 'a6cl : 
^Igobp) XO'94^0A9fi db t^ -^ Jt I \MtiiPiiS' n ckMsz v^(l^'4r*) : 
nn =« p^^/(r'-4^) =s tV^£2ii tJ^rfseqiiemljr^ ferCc 
~ X tt^, acting on . the prop, is also truly expressed by 

aa '^^J'^OGS^M^ hO^^il^Xv '^»9<\jV\^V«iq ^\\ *>»»><> W*. aM\!biXiU.^^ 
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Suppose ths Beam ^A9^ irvH€ad^f img mtdmhkr^hu^ 4k6 
eentm a^ as in the ksifr^Um, ^ ^ mppomiii^^givm 
fssiiion^ fyfnegffs ofimgrn^p^ nitt ifistt^meiiU 
determine the posMeH'^ t/uU prop^ ^ tiet $k0 fmsmoHe 
SeMi AC, m mich it sMUdSf way be the least UMi^ Imeak^ 
i^gy this laHer beam being en^ supported at ite psoe-et^Ms^a 
ufidc. ' * ' - 

Put the base ac t= i, the prop de = p, 
i<^ as r, the weight of ifi — tr, s and c the 
8ioe aiid cosine of il a> «r 2: sin. iL e> 
^ n sin. /: D; and z =: ae. • Then, by 

triffon. a : y : : p : ^, or — = — , and 

An s= — ; also rz» = the force of the beam 

at G in direction cm. Let 7 denote the force sustaining th^ 
beam at £ in the Section £d : dnen, because action anci re- 
aitdoa are equal a|Ki <ipposite, th^ same force wiQ be ^%s^tA 
at p in the direction 0E : therefore ao . eve' =; ^;s^» and; 

» = . Again, the vertical stress at D, wiH be as f x sine 

D X >AD.DC.=^Fy. AD . Dp =^ ^^^^ X ~(i ~ •^) =5= (sttb- 

stitotngr^ feEitt equti.X.) rf:^ .k -Sli.SF^i^^' tx ^rtiW » 

rrj.^ = '^ >< (-^ — '»') =p a miiumixm by dui pioUem. 

Conseq. — — >r is a minimum, or r a maiiiiiuiii, that \&y 

X as l>and the angle h i^ji right aii^e. Hence fhe'pomt"fe 
is eaulf foimd bjr thi^ proportion^, siu. A : co&. a : ;. !a> : £AV 



STo es^lain the Disposition of the Parts <fM^chine^ 

When sftYCral ^ces ©f timbwj irop,ior,any other nnaterialf» 

zH employed in^ a machine or structure of ally kind, all the 

part9^ both qC ttoi.$ame:pie6e, and of the 4iffinrent ^sJt^ itt 

the ftbric^ ought to be so adjusted with respect to magnit u de/ 

tba|k.^)^;5t)iei;igth in- virery part^nay he, as m^av a^ pO^Mdyhi 

a const^it i^roportion to the stres^ or strain to which they 

.will be snt^ted^ Thiur, in the constracrion' xAxsf engine, 

. the weight aXKi..preaeaiire jon every.part should be investigated, 

.and ith^. strengithi.app6rtioiied accordingly* :Ail. levari,: fin* 

jyastajQjce^ r^faouki be./idade so^ongest whene they are most 

';strjmjed^.<W[^jittirf!ca>fi£jt^ tjie liAcnimi lescaAs 

^.* . of 



• 

•f tht ftcmid k\nA» whsre^^Iie wdigkt acts ; aiid ibose of ifae 
tivnikittdf wlktpe i^ povner is^pUed. TlBie<airi«9 of wheel* 
«Kl{iKMry9^tkbtTiieth of^Iutfai abofopet^ &c>mim bemadd 
stiMgtr ^A wiBk«^ vi-A^:^a9t» be more of leM aiottd o»4 
!l-i»'il»eii0fcb aUotled *0dbQii^ be «iQre than feHy «MHpefeeiit 
^ tbt-$tnm to whkli tbe parts ^aiateTer beltabk; kvuMifkb* 
out. 9Uf»iii«g the fttq|iltt» tQ: be e^fiira^afQiiM: foa «x otrer aaN 
eess of stteagth in any part, instead of being senricaable« 
would be very injurious, by increasing the r«st)inct theoMt* 
chine has to overcomey and thus einrumbmngj irnped^i^ and 
even preyei^ing the requisite motion ; while, on .the oCher 
klnd» ,%. defect of strength in any part wiil cause a failu^ 
mere> and either render the whole useless, or dcnand ytrf 
n'equent repairs. .^ * . 

PROBLEM 40. - 

7a asc£viain the Strmgth 4^ VarwusSubstan£€S. • £ 

The propoltiotis that we baire gt^cto 5n the streitgth afti 
strtsa of materiaby however true, aec^rditig to the prihcifiiti 
assticned, are of IktSe or no ti^e in practice, tHl the 6aai^^a^ 
live strength of difimnt svisstances is ascertained : and #v«i 
ilien they will apply more or less accurately to diibt^nt sub^ 
^ittiices. ' Hitherto tbey \va^ been applied rimost eiR^sHnriy 
to the resmiaf force of beams of titnber \ though probably 
n»mateeiak whate^^er accord lesa witik the theory^tkaft dmbet 
el alt kinds, in the theory, the resitting body is sumosed 
to- be perlbctly homcfifeneeus, or composed of paraHel fibfos^ 
equaUy distributed round an axis, and ptescttiting uniform re* 
sifitanee to rupture. But this i^ hot the case in a b^zrti of 
tzmfoer : for, by tracing the process of vMMatiOni tt is readiif . 
staen that the ligneous coats ef a ti%e, foraMd by its aDnuat 
growth, are almost concentric j being like so many holkyw 
cylinders ihmsc into each ocber, and united by a kitid of me« 
dultaky substance^ which offers but Sttle resistance ^ ihestf 
hc^iow cylinders ther^ore furnish the chief strength aitcl 
^ristante to the force which tcttd^ to bfeak tbem% 
' Nowv^iiheikth6»tiiank of a ttee is squared, ift^Fthnrtekot it 
maybe oonverosdinto a beam) it is plaiift €hat all theligtfeoits 
oyliMtwra greater than the circle inscribed In the ^i^^taitt or 
irectsttglO) whath' is the tranairtrse saciioii ^ the beom, a#e 
em off at the aidet ^ and ihere<bre ahuosic the ^^dle stf«nglh 
m resistaflM:e«risesimai rile e^kifdrit trunk inscribed in tM 
eelid paift of thobeom ^ the pO!ption9 of the cy!indric coatii 
altttaffldeoiNwdi'theangfee, add^ blft Ifittle coniparativelf 
.to the strength and resiaMice^f tl!^ beaii* Hende ^t feildwv 
«hk wowuMif Of iii|{i6Kiiitv€0BptnK^ nceufateiy tKuace 
r. the 



mrin0tim Miicli'hii heea«Mrti frwn ftuntoWUnr^^eDittMtUr 
Mttc|fe>/inAiihO(dM ecliQCvMCrotliadermskneiBtiilbifiM^ iMijF 

itcdtorQibeiiigjtibci ddesv i|rr aUo^the hardest aiid)stiMqpM$ 
which again is contrary to the theory,; JDvhidktfadByl te^mffr 
.fqied>imfcrin/ dbrdughout^ Biit yeCf afi^r all hbirejrer^t it 
«tiil ibtmiiUiaKy in simie of the most iin|>onaB6f^roUe«i9»;<lbe 
«etldtr.t)£'tlie dKory and wcllf<ondtiGtHKi. tixpmmpmm^tm^ 
idde» temfaHrith regwd to timber : thns^ for ^xaanpley dn^Hui- 
MrioaeBts on xecfeangiiil^r btfams afibrd resultt deviaringMt 
Mk^z vfiTj- Afjbx degoeefrom the theorem, that the strefi|^ 
as p rop ortioi£d. to the peodiiclif of the beeadtfa'^nd d^sipiaiie 
of the^depth. . 

' Sxperiaaenls on . the strength of diiSbrent kinds of \iKK>d» 
an by no means so numerous as might be wished : the tcMt 
MsekA seem to be those made fay Muschenbroek, /Bufioii, 
JSmersoB, i^teent^ fismkSf and Girard. But it wili be at'ifll 
^itees^rhif^Iy adtantageous to sake new enerimenta onAp 
jartie so^ecti a isKbom* especia&y reserved tonengine^rsMdip 
yawai jskill md zesd lor toe adyaiMemeot of their frbfcBsiim* 
It4us becA found by experim^its,.that the same kittid5)df 
jRQOd, ^aad of the same ^hape and dinienstoBs^ mill \>^ or 
bfi0iiQ*with verydifforent; weights: thutene ^^iece .is. mudi 
jMraMttfe«» another, not (mly cnt out of:tfae«ameAcM0<bUit 
.^mUt^'the^sameirod) and that ^ven^if a piece tfaaqr^leagldbt 
pbnediequaUiy ihick.throughoutfhe septtatM itttoidbrteinr 
h^r, piep^vci an equal lengthy it yn& fpfteii be fbuildkihit 
tibeieipieeesrreqmrediflwrent weigb^ to break di»mr.i Mmfih 
tatM>^f^m ii^ wood from the bougbs,and branQbeaaitffljBts 
is far weaker than that of the trunk ocihody ) thoowpttdiidf 
the large limbs stronger than that of the smaller ones ; and 
the wood in the heart of a;soui|d tre? strongest of all ; though 
some authors differ on this point. It is also observed that a 
JgMce of timber which has. borne \ great weight for a^C)f t 
tim^, has broke widi a f^ less wei^t, wheti kft itponitP^r 
a much longer tim^« Wood is also weaker wheil'green^ ii^ 
strobgibst when tHofoudili'^ dried, in the course of iWtt*^- 
tl^^ years, at least. Wood is ofteh^yery much weak^ifed' 
knots in h ; also When cross-grainc^ as often haj^ns 
sawingy it will be weakened in a 'greater or less di^^TO,'^^* 

19 experiments 



t 

tfiffimliit^j^BiiaDf or« nondifiireiioe m abo^Mmil not oni]^ 
t9(Al4rtittidJfferarft>laia»i^ but ti^oni'the saine ^fbroact^ a6t 
^ifatoM die^tenid:i»eidagf vvhidi may orist in x^gnot 
SMl^mtjaflom JtUe 'dtiSEiErettt decrees' oE> heat :h te^'^Hnoi 
<||Mitnifc ifmiit&e inodid.'^^ --•.' v^-^ ,.->.. .^ 

ar lEmy^iieam'orliAs tibei&er of wood^ ftonv or ntdmp^ 
^69ei^Kiittf>x«iB^ }>7 any trahsverffi straioi ^ile itn ^t» 
^nifiti^ig 407 Tcrf great compressicm endways ;* so^imiob'si» 
4»deeti |Mi|x9n»liave«oinetiiiies seen a «94, or a loftg deaiobar 
i«ii9Q'td]ia»tMd as a prop or.tlM^ar, wrgid boaaeimwadiM 
tb^gt^ai^ iiskt Urbsmibumt asunder vitb a irMent ^rmg« - S»> 
^majk^exfitnBsexm ha«e been made oa this kind of strain : a 

e'eoe of white marble, ^ of an inch square^ and 3 ioebea lengi 
>f«^3i^lb» ^ but when^ compnBsaed endwiys with JOCttbs, tt 
:teoke if ith< Li^ibt. The efiect. is modt tnore; obwrvabk 
sfattittiber^ and more elastic bodies r bi^ is considenftile iit:^ 
IWhk is a point therefore that must be attended to in ali «3U 
fpHrmmti^i tt well as the&dlowing, viz, that a beant ^sl^^ 
^{ibra^at'botfa.endfl^ wiU caiiy admbst twice as ntoch when 
tlir^nds bc^wd'the prcq^s are kept from rising, aa whiea;tl|i 
^beam eefks ieoady onr the prc^. 

i'> ¥h!^ fettowing list of the ahsolote strength 'ofesweraliiii* 
ittvhis^' i^ ca(i;racted from the troUection made by-professdr 
jRbbiloaip:friiin the, eieperiments of Mosdienbrode suad other 
(rdSfttflmenodists* The specimens are supposed to be frisffis. 
lor^rpiiiders i»f one square inch transverse area, which ave 
^HieiJbhed car ' dtawvi lengthways by suspended w^h^^ * gra- 
Hlhllttr incareasedtiU the bars parted or were torn asunder^ by 
^e-MfiAber iof avoirdupois pounds, on ^ tfiedtam of many 
lfd^te^'4iet^ opposite each name. :^ 

/I^^To-^v.^:; .. - . -■ ^^^ Metals. • ■■;'-■■' ^^'^ '- '- '• 

<^;/!3i5t.i .;. 22,000 Tin,ci^... „^ >i ,.,1 5/)^ 
^vejr».qat ... . 42,000 Lea4 ca^„ , ,^,,., , .^ i - v^'^ 

W»:.5?^^v .r .-';■• -^..-W^OO... Z^(J/ . ,,.,., ,^ _5;.. ,;';a,^ 
and yet tbeimfp«mm^tll6M^m!ii(^9^ 




9ia 



of bgrddiftti9 herb scleetedi 19 tkat iv^iich ipr^ditelH Hb^ 



28,000 
^0,000 

4a,wo 

41,000 
60^000 



Bntt%o£copper>&tia dil/XKI. 

8 tb,.l,%inc .. . • lO^QOa 

8lead,V.?io« ... 4^(K). 
4 tin, I leacU I zinc 13,000 



2. p^irU gold with^ 1 
..silver . . . , . 

5 pts gold, 1 copper 

6 silver, L coppp: .^ 
4 silver, 1 tin . . 
6 copper> 1 tin • . 

. These oiimbers are of ama^dcraiUe use in the vts. ' Th^ 
mhctiBrts of copper and tin are partrcukuij faiteretting in th# , 
Mi'ic a£ great gms. % mixing copper,, i^iose greatest 
strength doek not itlKeed 31,000, wkh tin which does not 
eiBceed 6000^ is produced a mets^ whose tenacity is almost 
cbobl^ at the same time that it is hsHrdtr and more easilj 
wiiHight r it is hciwefer more fusible* We see abo that a 
utrjr small nciditina' of zinc afanost doidsles the tenacttj p( 
«in^ and incveasea the tenacity of lead 5r times; and a smiU 
additina Iff kad doubles the tenactty^of taa. These are ^co* 
WMtucaLaaixttB-erv and affavd valaable inAmaadon to plemh* 
«v >fer augmenting: the !*r e it g lh of watef&ppes. * Aiscb by 
having recourse to these tables^ the ef^giaeer can peoportbd 
dMrtfaidBMst of hk pipes^of wiutteter «ietals>tQ the prMares 
Awjjt are tO' suffinr*^ 



;t»- •'* 



Locust l[ree i 
Jujeb'^ .' . ' .. 

BeecIi>Oak • 
Orange . . 

Alder . • • 

Elm 

Mulberry 

WiUow . . 

Ash • . . 

titan . . . 
Ekkr . • 

PcMoegraiiate 
Ijemon j. • 



2d. Woods, Sbc. 

lbs. 



20,.! 00 
18^500 
17,300 
1 5,500 
13,900 
13,200 
12,5130 
12,500 
I2,60€i 
11,809 
lOfiOO 
. 9,750 
9,250 



Tani^iad 
Fir • . 
'W'alout 
Pitch pine 
Quince 
Cypress . 
Poplar . 
Cedar . 
Ivbry . 
Bom ^ 



Whalebone 
Tooth, of seatcalf 



• 8,830. 

, 6,150,, 

. : 6,000, 

. 5,500. 

. ,4,886,; 

. 5,250 

. 1,5t)* 

. 4*015 



It is to be obsierved that; th^-ntimbers ei^ress stnneditng 
more thto the ^itntost^olkeefen i )the< w^ii ^l ^ek fe sfpicll as 
win very soen^; perhaps iia ^ minote ort twior pM tb^ rode 
fMunder.t It na^ be idaid i|i gener;^, that ^ ^J^^^ ^v^Ebu 
will sens^bly:>ttii{kar the stiren^h ^er Mti»g a eoMsidisrable 
Whileyrand demjoiMuiM m di^ittooat t|fca|eaaire^|^ y^v* 

manently 



ffc- 



9W9uwaiotm% 



sm 



mm^MAf^mf^nd^ at the rodt wtth.safcty ; aad it is this 
last allotment that the engineer should reckon upon m hk^ 
oottstmctions. There is however considerable di^erence in 
this respect : woods of a wry straight fibre, stich as fir, Wilt 
b^ less impaired foy any i«ad which is not sufficient to break 
ti»&R^ immediately. Accl»rding to Mr* Smerson, the load 
whkh may be safely suspended to an inch square of ▼arioor 
mttt«rtals^ is as folk^. 



V99, 

Iroa . , • • . 76,400 
Bi-a^s . . . * , . 35,600 
Hempen rope . . 19,600 
Ivory ... .. . 15,700 

Oak, box, y^w, plum 7,850 
Elm, ash, beech . • ^,070 
Walnut, plum . . 5,^60 



fills. 

5,ow, 

4,76Q 



Red fir, holljt elder^ 

plane • * • . 
Cherry, hazle . . 
Aider, asp, birchj 

willow , . • > 4:,{M!0 
Freestone . . • . 914^ 
Lead • • • , • 430 r. 

Iron . . • .. 135«[* 
Good rope . 2^^ 
Oak • . • . 14d* 
Fir- , 9rf* 



He gives also thse practical rule, that 
a cylinder whose diameter is d inches, 
loaded to ^ of its absolute strength, 
will carry perjooancndy as here an- 
nexed. * 

Experiments on the transverse strength of bodies are easily 
made, and accordingly are very numerous, especially those 
made on timber, being the most common and the most in- 
teresting. The completest series we have seen is that given 
by Belidor, in his Science des Ingenieurs, and is exhibited in 
the following table. 'Rie first column simply indicates the 
nutnber of the experiments ; the column b shows the breadth 
of the pieces, in inches ; the column d contains their depths j 
the column / shows the lengths ; and column Iks shows the 
weights in pounds which broke them, when suspended by 
their middle points, being the metlium of 3 trials of each 
piece ; the accompanying words, Ji^ed and loose denoting 
whether the ends were firmly fixed down,^ or simply lay loose 
e^ the supports. 
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*\ 



li\ 


b 


4 


/ 


ibs. 




I 


I 


1 : 


18 


406 loose. 




a ■■ 


I 


.1 


18 


60S fixed. 


• 


* ; 


8 


.1 


18 


80^ loose. 


, . 


. * , 


I 


" 2 


.1« : 


1580 (loose. : 


- •' • • V 


•5 , 


4. 


l. 


' Sft ^ 


> 187^ looMb 


' • •* 


.. .&, 1 


^l 


i 


. 8^. = 


d83r. iixed. 


"i 


,7,. 


. 41 r 


a ^ 


M- 


1^5 .ioote. 


:^ • :;' 


-F. .#')- 


^' Ih 


l.^J 


:iM%. 


^6iO;naQQse» . 


.... » -. * 
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Experiments 3 and 4 show the strength to be as the br<|94l^ 
multiplied by the square of the depth. 



penmehts t( and 5 ^hoV the stireng^Iirneai^ mTBe Jn- 



versuatioajf thp lengthsf. but.jri£h a spnsiWp dcfifjipngr- in 
the lq|iger pieces* • ■ ^i. . - . • . i ;•. ^ "i i >-^ '^ 

Ejcfl^nients 5 and 7 show the strei^k to; b^pi^Dpoiiioiial 
to tl^Q^ breadth and the square of the depth. ^ >.- I 

ExperiippMeilts. I and 7 show the ^ine thinjgf^ cQmi>o^nded 
withj tl)^<iiiv«vse ratio of the length ; the deficieii^jFOf ^h^ch 
is nd^ ,$0 remarkable here. 



! f 



E^p^imei^t^ 1 and 2, and experirneots 5 and 6, sh^if tihe 
iocr^aee of strength, by festening down the ends, to be ia tjhe 
jpropprtion of ^ to: 3 9 w^ich the theory states as 2 tjo; 4^ tihe 
difietence. being probably owing to the manner of fixing. 

A^. Eufibsi made i numerous experimentsi both pa^mall 
barsi and<>n large ones, which are the best. . The follpfiring 
is a ^cimen ofone set, made on bars of soundoadc, dear of 



,iM 






::i 



•^1 »»tv# 



Lepgth. 
feet. 



/. 



9 



.5 TO-'; 



Weight, 
lbs. 



60 
66 
6B 
63 

77. 



{ 
{ 

} 71,: 

i 



84 

82 

100 

9S 



Broke 
ivitli 



h5.SjO 

5273 
4600 
4500 
4100 
3950 
3625 
:i600 
3050 
-2925, 






Beat, 
inch. 



■ T' r -r-K 

inacl.^ 
iin. J 



Time, 
znin 



3-5 

4-5 

?-75 

4-7 

4-^5, 

t 5;%5. 

5$3 
6-5 

7 
.8 , 



ik. 



'At? a-joi^ 

'|v- „■^ jr, 8KW 



29'. 
22 ^ 

:1^:M 
13 

12, 

l^f ) |/* bar; ,noi2 

iM 






nr>n H^a: 

(PSttwPS 1 3teyfe& the length of the bai?, ini«etyi§lew^bft§ 

^T^^^.I^q^HPf^i^irrC^^ is.^;3K§ig^^J^f|Iyrf^» im 

'^°?r.^?Lf^4 ^Y ^^ '^ was- fellecl.'— Colamn ,?.^§Htt:^tei 
'^V^DSB :^f J[Wi^^>A?«essa!ry^ for i>reiito^^tbi^. ir^inr^fci^o 

"V¥^^^^-5^RgM Js^|^?>^tt^berof ipcb^3;if ben|,^\«[i l^^to^o 

^^^nem^fS i«#l^<^rt|% at ^ W^fbi it bi^^mOIhe pii^g 

s^^oyagngtwigc^J^aGofiejgS^ ijHg* fefi^tiSlk^nJcfti^xtliSo 

iM their 



iplktMtiGii^'ovd '-^l^iMMMMH 



SU 



in the orher columns, are the ppuzl<b;tre9gM%6kk tMlM iMi 



.ll 



< J 



i I 



> ^ 



»!.; »»; .«.i ., aJitir 



i.j 



r' 



•U.; 






7 

9 
W 

14 

le 

f m 

82> 



5312 

4025 

13613 

29^7 



« 



OT^ 



a Vj 






I 






f > 



J 1525 
9lf8!l' 

1125 
6075 
5300 
4950 
3700 
•5225 
2^75 
21«2 
1775 



«-; 



i*i<> 



18950 
1552.^ 
Id 1 50 
11250 
9100 
7475 

esm 

3362 
4950 



-u^ 



"^i 



32200 
26050 
223%0 

flM75 

19225 

I^IOOO 

9245 

^975 



tj-' 9 



■■■ t * 






» V > . 



47649 
99750 
112d00 
27750^ 

f 29430 
19^75' 

\ IB975 
19200 
114S7 






n 



■rtMUUtf*^ 



I 



1 « f 



Ul5«IP| -^• 
10099 

9099 
6729 
5768 
n5042 
4495^ 
4694 
966T 
99^2 
2991 1 






.' •* 



«v; 



i.\« 



Mr. Buffon had found, by many trials, that oak timb'eV 
lost much of itrstrengthfai the course of seasoning or drying; 
and therefore, to secure ui^iibrmity, his trees were all felled 
in the sam^ season; of the year, wire squared the day after » 
and the exberiments tried the Sd day. • Trying th^m in this ' 
green state! gave hi|n an opportunity of observing a very cu^ 
rious phenomenon; When the weights were laid quickly 
on, nearly suMcienjt to bre;^ the beam, a ^ery sensible smoke 
was observed to issue JTr^m tbetwo ends with a riiai^p hissing 
sound; wfapch* continned all the time the tre* wa$ bending 
and crackidg. - This shows the great eff^^s of theicompres- 
sion, and that the beam is strained through itffrhole lengthy 
which is shown also by its bending through ike whole 
length. * 'S' 

Mr. Bufilon considers the experiments #ith the 54nch bars 
as the standard of comparison, having both extended these to 

freiitei^ 4^i^ths, ^nd dso tried miore f»iec0s ^f^ eslch len^. 
rbwf^be theory determines the'rekitive stretigth 6f bai^^ of/ 
tWts^ei^dUoH^^to tie inversj^ly as thek' l€»igths .\But \hoi^ 
oF^ePtt^ show a great devialioft 4H>mtfa«i' rule, probably 
a^riaHgp ifi'^part^^d^ lealsit)t!d^h^ Wights t)f the ^t^ces th^ 
s^Vi^ 9iQ?lins> ito' iiittch baJ^ df''^^lf l&ngstiotiH^h^ve^ 
half the ^t«^gth< of *fetf^i[>f t4 *^t^i :6F'«650, Wh^^ 
otktif (^96^ tlNi4iftr '^f ^I^^i^^t^^l^tlkPlil^^haHf tite'^etig^h 
of fUxfer^f T^ftaj^it^ 4W»i b^ft^ii^^lf ^^00 ; ahS* ib°iJf 
oAiW^pSDhe%istai^ iil^dddect;^^ 
ea«hr%fll<ilit^ is4tic«i^->b^ M|^^ im^^'l^^e 'm^&tjT ^ -' ^ ^- -^"^ 
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hm sMHb many expcriaitDts iw die iMi^sthoC oAriini/iiiMt 
iron. He found tliat the worst or weakest piece of drys JM«I4( 
of oak^ 1 inch squarej ami 1 foot loag^ broke with €0|Ub^ 
andthe stromgett piece with 974ilb8 : the w<H:«t f iece of de^ 
bro]re'wM^4&44^ and tlie bMt with ^dOibs. A iike^ittr erf 
the MVfC kind of ca6t iroi^ 9 lSN>Jt)». Sars d motx $el wpin 
positiene dbiiqot to die horizon^ showed stMagths n^rijr 
proportieoal u>Ae sio^ of ekvation of the pieces. EqfiH 
bars, i^aced horizootaMy, oi& suppoitts 3 feet distant, bore 6^ 
cwt ( tiaie same at 2| feet distance broke only wiiii 9 cwt.-;^ 
An fttdied rib of 29^ feet span, and 1 1 inches high in the 
centre, siqpported 99i- cwt y it sitxdc ia the middle S{. tebes^ 
and rote again ^ on resmyfing the load. The same r9),tiied 
without li^utmentfiy broke with 55 cwt.— Another riby a seg* 
ment of aciitle) 39|. feet span, and 3 feet high in the iMidie, 
bore lMi< cwt, and ^unk 1-^ in the sii4dle« The iKMne rib 
without abutments, broke with 64^ cwt. 

Mr. Banks made also experiments at another foHodry^' on 
Uke btrs of 1 inch stprare, each j^rd in letlgth wdigUilBg#lfai^ 
t^ profs at 3 fcet aeimder. 

The 1st bar br^te with . « * « .. « • M»lb9iv: 
. The d4 ditto ..»,.. ^ • * » ^ :^i^ ^. 

The JW ditto , ^ w ,iW4/: 

fiar Blade from ihe cupida,. broke with • • ^4 . .<. 

Bar equaily thkk in the taiiddle, but the ends 
. shapf^d into a parabola, and \teighed Gt^ibs, ^^ i 

bif3ke vijth 8^74 

Froiiftthie«e> md m^nj other experiflMafs, Mr« S^ks eethr. 
dudesh that cast irea is froai 3|- to 4i times s^oofpar ihM; 
oak of the same dhiaenstons, and ^rom 5 to 6^ tisnes titieongpf 
thiaa4e^, -j : ci : 

Same KvampUs/m^ Pf^tii;s% *. . .• » 

. The^Yrdr5v «« has been before «eiiUj»n«d|^^^hat i^v 
st«fi|gtll of e bar, er die weight it will bear, is diree^ aa " 
live teeftdtti and tip^sn «f the de|)«lf €lit4efed1$i^tKe Ihigdij^ 
So tli»att if ;&^ deMte lhe>te>eadth>^4 IMr^«^tfl^ d«p£iipi^tlM 
lerngth^ end m tke tv«lglR k wiH* bear % und #ie e^i^^fiiii^^Mi^ 
LyWdeMtie the like ^^miitiiie»'in «)^er iMir ^^en^ iyiNy ^ 

rule -y : ae; ■: : -^ : W, w:hkU igiv'es tfiis g^nefaT ^eqtlSroff^ 

bjhyw vsr 9a^t($fyf9fm i»j»idB a»f ofte tif tbt ktter^ ^t^l^'' 
l(innd# wiben A»:feflt?Mie.fiiwil. r , \ .> ^t/«^:^ 

. JffoiW' if WW take, for e iKt4,ii4Md. of ePimM»<«w>>tlfiijijimii 
riment of M?. JBiinfcH tJMt jft<faagt|4[.oah;^ 



Ibelin^kiiglli/ijMftg^n'a prpp^areach encU ind ittf strength^ 
0r A^«taM«rwei|^itcaxib^yOoks»ukUe>6^eIb»: bene 
^ ss 1, 1^=3^1, IrslfW^ G&O ; tHesesubstittttedinthe above 
elation, it becomes Lw =s 6itoB0% fitMit tehkhr any. one df 
dw iitm* ^attMCtes L, w> Bj d, may be found, when the oiher 
doree aro giveo, when the calculation respects oak timber. 
Bat Cor fir the like rule will be lW » 440Bb* ) and for iron 
BW =e 264OB0*. 

S^^am, 1. Required the utmost strength of an oakbeanii 
of 6 inches square an<J 8 feet long, supported.at each €nd, or 
the weight to break it in the middle r 

Here are givea b = 6, d = 6, l =r 8, to find w = *^-r^ 

£xam. 2. Required th« depfh of an 6bk bnah «f nte 
9«ne leifegth and ^rengfh as a%oiFe> b«l paif » inslMI9 
breadth ? 

Here, a« 3 r 6 j : SO : d* = 72, theref. d = -/72 = 8*485 
idle depth. 

This bttkttmv tkanj^ at stwsfigas the hrmu^r le-but iktki 
more than 4- of its size or quantity. And thus, by making 
jQists thinner ft.a great fart of t^e expense is savedi, as i» the 
modern style of floorings &c. 

Exam, 3L To (!feterwiic the utmost strength* of a deal 
loin of 2 incbes thick an4 Q inches deep^ the bearing pr 
breadth of the room being 12'feet ?— Here B =: 2*, D = 8, 

L =;: 12} then the rulCLW = 454jObd* gives w 3= ■' ss 

440.«ax«4 440x32 .^^aiu ^ 

— J5 — = —3 — = 4§93lb^ . 

£xan^ 44 Re€|pked the depth of a bar of iroq 2'tii#hes 

"broail anJ 8 feet Ibng, to sustain a load of 20,000 lbs ff--1^9ife 
Z^2r^ = K ^i ^ ^ 20,aot)^ to fiftdl D froii^ the etma^iofi 

tW = 2640BD% VIZ, D* = 5^ » -^^jj^ = -Ij. = 3fi-3, 

aiui D s: V30*3 :s 5^ inches, the depth. 

Exam. B* To find the length of a bar of oak, an inch 
HfMteywiaAat irhvrsnpportedat both eads^k majii just break 
by Its own wei^t ?--41ere, according to the notation knd 
ddculation in prob. 36, 1 z^ i^w c= |. of a lb, the weight of 

'iBMMKfltf aJjcfinii iff III lili>|jfliiiiawy!g(iitljhn**jireM^ 
flUakit my tenk by its own weight, \^hefi it is su{]pBz^ # 

A A • both 
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both ends. — ^Here as before / = 1, tie' =^ 3 lbs nearly th^ 
weight of 1 foot^]^ length, also n «= 26*0. Therefore h =? 



/^ilj± - 4i:^7,,fretp^ly. 



vo 



Nofe.^ il iiiltht perhaps have beeir stippoie<i that this last 
result should ejtceed the preceding one : but it must' be con- 
sidered that while iron is only about 4 times stronger than 

oaky it is at least S times heavier. 

• ... , . - > - 

Exg»n^ 7* When a weight w is suspended. from E on the 
arm of a^^rane A0C|>£» it is required to find jthe pressure at 
the end d of the spur, and that at B against the upright 
post AC» 'J*^ • ' ' 

Here, by the* nature di the lever. — w s= ¥ fc m C 



CD 



the pressure at b in the vertical directiopi 
or : but this* pressure in bf is to that in db 

al ]>r tb ©6, vlx, df : db : : — w : ^*'^ w 

' ' CB DF • CD 

the jxre^fiui-e in db ; and figain, db : pb or 

CD : : ' ■ w 
•■' ~ :taf ,cd 

rfecdoa fb* . 

Thu% f» example, if CB s 16 feet, Bc =^ 6, ckf ^^a Si 




CE 

mc 



w ; — w = —w ihe pressure agau»t Bim di^ 



CC.BO 



Bi> = Ip, and w. = S tons : then — ' — w w 



DC. CD 



16 :w) . 



i*Q 



toAJ,'^fi5r the pressure on the spur db. Also ^ w =5 ^ x 
3 = 8 tops, the force tending to brea): the bar AC at b. 
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PROBLEM 41r 



* VelocitVi'and Timej arising from a Ball nurtrng xpith a, 
GwdHTitm'tk/, and striking a MweahteBMt^Wm.W 



.' ^-j- :'\''| J .» . 
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Let 
ceiib^ 

consequence of the blow^ll«Lthfi 1)^11 have penetrated to the 
depth WE. ^. ittv * « ._. ^';\t..'!.' " ' 



-^* Let 



PHOMISCUOUS XXBUCISSt. 35S 



< > «> "T 



b = the same in the ball, 
^ = CD the space moved by the block, 
' ix- ^ T* f ^^^^^ pej^etwtion of the ball, and theret 
s -f- X z± c^ the space described by the ball, 
ii == the first velocity of the ball, 
t; = the velocity of the ball at E, 
u = velocity of the block at the same instantf 
t ss the time of penetration, or of the motioxf^ 
' V r ^ the I'esfcting force of the wood. . * 

Then shall '-^ bfe the accelerating force of the Mockj 

and — the retarding force of the ball. 

»< • *' • . • , 

Now becayse the momentum bu, communicated to thi 

bloick in the time /j is that which is lost by the ball> namely 

-j^jpv, therefore bm = — iv, and bu = — Ov* But when 
V == fl, M = ; therefore, by correcting, bm e= b(a — v) ; or 
lii6 fltoiiclmttm of the block is every where equal to the mcv 
mentum lost by th^ ball. And when the ball has penetrated 
tathe li^tmost dq;»th, or when m = v, this becomes bu ^ b 
[a — u\ or ab a= ?b +ji)M.5 that isj^ the momentum before 
tiki stroke, is equai to the ikomentufti after it. And the ve- 
\f^tf cod^gaicfttctd will be the same; >irhat ever -be the re- 
sisting ipcci^ of the block, the weight being the same^ 

Again, by theor. 6, Forces, vol. 2, it is w* X5 -=— , and 
— V* = ^ X {s -}- x)y otTather, by correction, «• — V =5: 
•^<il*'^;r)t /^H«ice the penetration or jr = ]| ^* . 

Aii^^ wj^ ^ =F .^^^'^y substituting u for v, and bm* for ^grs^ 

the greatest penetration becomes -^^7 ^ \ and this again, 

iff*" 

' by writing o^fhaTits; value (b + i)tt, gives the greatest pene- 
tration x^=k ir- 7t-fTT^= fz.>^ (1' 7)- Which is barely 

^qu^l to — when the block is iixed, or infinitely great; and 
iilSwaj^vHy nearfi^ eqiiai "to the same — when b is very 

AA3 , Atii — 



:u. 
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•••'t .*4^ nsr 

J?xmi. Wlxen the ball U iron, ^| We^'t'lsaiuf/at 
penetrateis elm abdut IS in6h^ Whm ki^adnrfi .^^ ^^o* 
dtf <»f I50a Cmc pa: leieond,, W which ^j 

Wheii«s50ftlh»a]|Adip^ii thtai^-an^ji^ «^-n~ = 3 
&et nearly tar second^ dtie velocity^of the bk>cfc* ~ 

Alsoi»j^«j7n^^^j^g^ = ^partofar^^^ 

of an inch, which is the space moved by the bl^k when the 
oall has completed its pefteti'Atiott* 

* « 1500 ^6.t3l7uo5 

e^d^ihe time of penetration. 

' ••■■.. "^ 

Tkj/lnd^te F^i^ and Tin^cfM Momy^]^ 
trig dawn the Au^a Cittky df vHfrmm^^ «• Mt iify^*f « 
Line fixed in tkc Centre. 

Let D be the beginning of the descent^ 
e Che cedtre, and ▲ the lowest point of the 
citde; draw db and. pa perpendicular to 
AC. Then the velocity in p being the same 
^ in a by falling through £Qi it will be 
V = 2v/(g'x Ea)=8v^(tf— x), whentf:akAK, 



t '■: 



"SF F**^^*^ 




rSottfal#a^l of the time / is £s —^ and^Al^ as ^j^^yf j 



•■;' I 



irhere,ff =:,the ra«i|§ ac- Theref. r ss^x -gj I^' ^ iT ' 



•-*) 



'^ iu^A 



.:^^ 



16 '^ V(«p - «•) xV(il-«) 16 



- t>->l 



. where d = 2r at aiameter.'' "t j-^, 
by devdbpini^ %/(l — -j-) ia a series^ 
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But the «««t of l^j^^^ if 4^^ nim iBm4 

call A. And let the fluents of th^ w rM iM ttSfositJ^Ufeo^ 
ithc^OftfficienUk b? Ij c» D. e, &c. TKenrwill At tux. otinf 

suppose also =f^^ <fo£ 6F*P^^A^^V^«»^) fc%i^ 

llencf) bj f<]uatii}fg the ocjeffipieiits of ^ui^ Iilte"tafms» 
Wbkh bei&g sub^k^ed, tli* ^Uieniiiii t^^ ^^^^^/IfrM^ 

444>- , -^"^ -^WM^'^X ^ gtci Or tl^ same flufpta irill ^ 

Uftwiuibyart. 3B;pa.2S8i 
But when j: = a, tiiose t«rini becoihe barely ?LJ|ifiS ^i 

/^ 1 - 11;! - ^- ' ^"^^ " ' ^'-^ ^ ^"^ - &t): which beiti£ 

^^V^^|9^d> .a^d > tak^n sc 0, th^ arke^i' fioirih^Wilofe 
Vime of desoBAdmg d&wn D a , ^ the eotHSCtt'd «siiw of # tfc 

^I^M tile drc is stmll^ «# ffi die i4b*»iid» of tk# fife^^- 

',4mi^jsic;Iqc4i # the tprfios of tha series faia^ ba^0P^tt4 
.; |hft«f: 4bf «ecdnd^ aiad theQ the civile 0f a Jtaumbrati^iD^ t k 

pf vibration of a peftdulum, ii5 different sircs* are i$ 8r jh <^f 
~«.-Si_S^tig«& tfee,rsKlias a4ded to the verged sine ofthe arc- 
^Z"^' 4f D be tfe decrees pF the l^iiiyudfe ^a'kfea, & eacK 
" " ^ ' ill arc* jthe radius being f, 

thetf y^ffieTefifftfe dl that 

\ xarc" A =^~"^""?^-~ ''Bur the--¥^fied: sine in teriiis of the' 
arc is a = -^ - ~ + &c ,,=; -^^t- ^ +, &c. Therefore 



**— .«di"6£jthfiulofereit ppint of th,iir small arc, %hfi radius being f , 




** g4^^3^^ , 1^^ ^Ip ^ ,=!;. = S , 
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ihe first term, bj rejecting all the rest of theterias onac-v 
count of their smallnes8> or — =;: — upzrlj == TgygTv Th^ 
value then being substituted for — or -jn* in the last near 

T^ue of the tiipe, it becomes t == — ^ v^ "i;. >^ (^, + 55554) 

nearly* And therefore the times of vibration in different 
small arcsy are as 52524 + i>% or as 52524 added to the 
square of the number of degrees in the arc.^ 

Hence it follows that thf time lost in each second^ by vi- 

brating in a circle^ instead of the cycloid, is r^rjj ; and con- 
sequently the time lost in a whole day of 24 hours, or 24 x 
60 X 60 seconds, is J-d^ nearly. In like manner, the seconds 
lost per day by vibrating in the arc of A degrees, is f A\ 
Therefore, if the pendulum ke^p true time in one of these 
arcsr^ the seconds lost or gained per day, by vibrating in the 
other, will be -f (d* — A^) » So, for example, if a pendulun^ 
measure true time in an arc of 3 degrees, it will lose 1 If- se- 
conds a day by vibrating 4 degrees ', and 26y seco^ids a day 
by vibrating 5 degrees ; and so on. 

^nd in like manner, we might proceed for any other curve, 
asr the ellipse^ hyperbola^ parabola, &c. 

Scholium,' By comparing tliis with the results of the pro- 
blems 13 and 14 in vol. 2, it will appear that the times in 
ih^ cycloid, and in the arc of a circle, and in any chord of 
the circle, are Respectively as t^e three quantities 

Ij 1 +T" &P, ^d 



8r ' ^ '7Sb^ 

or nearly as the* three quantities 1, I + ^, 1*27S2*; the 

first and last being constant, but the middle one, or the time 
in the circle, varying with the extent of the arc of vibration. 
Also the time in the cycloid is the least, but in the chord the 
|;reatest; for the greatest value of the series, in this prob. 
when a =: r, or the arc ad is a qdadrant, is 1*1S014; and 
in that case the proportion of the three times is as the nuit^ 
bers I, 1'18014, 1*27S24. Moreover the time in the c&^cl^? 
approaches to that in the cycloid, as the sure decreas^yj^^ 
jjlney' are very nearly equal when that iarc is very «n '^ 




-^ jilv 



V 



V 



•Of b '^ '-^ f. -^ I . 

• -. .« ^ » ^ *' 'Tv ^' - »i "s, i^i -^ - *- *- f f^ ^x \jr ••■■■ 
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PROBLEM 4S. 

To find the Time and Vdovity of a Chain, consisting of 
vinysmaU tifUcs^ descending from a smooth horizontal plane; 
the Chain being 100 iriches long, and 1 inch of it hanging 
off the Plane at the Commencement of Motion. 

Put a ^^ \ inchf the length at the beginning ; 
. ? r=: 100 the whole length of the chain ( 
X =3 any variable length off the plane. 
. Then x is the motive force to move^he body, 

and -y- ssfthe accelerative force. 
Hence w = 2sfs =:^2g x -i- x ;c = ^. 
The fluents give v* = /"• ^"^ v = (X when x = a, 

theref. by correction, t;*3= 2g x — j-j and vssi^(2g X ""^ ) 

the velocity for any length x^ And when the chain just 
quits the plain, x = l, and then the greatest velocity is 

//«^ '•-•N //« .«o 100«-IV .386x9999 

^(2g X -y-) = ^(2 X 193 X -j^5j— ) =: ^ -j^q^- « 

196-45902 inches, or 16*371585 feet, per second. 

• fix 

Again t or — — \/sr X -^t-t — rr. ; the correct fluent of 

which is / = v' 5" X ^og* ^^ > the time for any 

length jr. And when J? = / = 100, it Is ^ = V— X log. 

lfH)+ a/9999 

^ = 2*69676 sjeconds, tte time when the last of the 

chain just quits the plauf^. 

■ - . ' ■ 

PROBLEM 44. 

Ti^find the Time and Velocity of a Chain, of very small 
Ziinks, ^guiitirig a PvUefUj by passing freely over it : the 
tt&M^ Lmfflb being 200 Inches y and the one End hangii^ 
2^XpchesMim the other at tlie Beginning. 

^?Pfit? 4,2si 2, / « 200, and x c= bd any variable A 
different&tif the t#o parts AB, AC. Then K^ 



gxx 



D 



J- =^ and w Of 2gfs = 2^ . — . i^ = -2j 

Hence the correct fluent is ti* = ^ x 7^ > *^d 

D == ^ (g^ X --y-)* the general expression for the ^ 

i^aaSGJi^ veloc. 
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vefoc. ' Antd when jr^sl^txr when c ^irrives at Ay it 

= l&ff- 45902 




inches^ or 1 6*37 1 S^ het^ for the greatest Telocily 
when the chain just ^ults the pulley. 

. * ' • a • 

'MX L X 

Again, t or — as — «: 1^/7- x -^trr — r\. And tiie cor- 

rect ^fluent is / = \/-r- x log. — ^OLZll^ tl^e general cx» 
pression for the time. AtoA when jr s i^ ^ becMncb I s; 

V4J: X log. /'^^ . ■ -V-^ x.log- -^^7— ' — ^ 

V^'^SG* ^ *^" ' V ' ^ 2-496*l6 seoandby tfad wfaoh 

iliM when the chain juflt ^qOks tb4» pulley* 

# 

So^that the velocity and time at quitting the puUey in this 
' prob- and the plane in the last prob. are the same ) die (Cs»- 
. tance descended 99 being the same in both. For, though 
the weight / moyed in diis latter caee, be doobU of what it 
was in the former, the moving force ^ is abo double^ because 
her^ the one end of the chain shortens as much as the other 
end lengthens, so dxat the space descended ix is doubled, 

and becpines x \ and hence the accelerative force ^7- or / i$ 

- «Ae sac^^in both; and of course the velocity and time Ihe 
^ ^Iiti6:ft}r thtf «aine 4istanQe dt^e^ided. 



n(»L£V 45. 
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To find ihe Number of Vibraiwns ifiade by fwo WieighfSf^ 
i- tx^iiectei'hy a^ry f^ Thready passing freslyaoeru Tuck 

5r a FuUtaf^ 'toMte the less Weight if drawn up to it by tht 
Ascent of ihe neaviigr Weight at the other End. 

Suppose the tnoti6ii to c o w n ieii Cfe at flqtitt^JBt» * /./ ^ 
.p t|fqcei4if!^ th^ pull?y 9t B^ and that the weights 
are i and 2 pounds. 

• n^ut a c= AS, half the leMth of the thread j . . v „ . 
b = ^9\ inc. or 3^ feet, the second's pcbd, ^^y 
jr =s BW sr BW, any space passfed^ter;*- '-^'dinun 
^^*0tr^^^>^^ei6rii«ief^«brt^nt- -- >--ii c< 



But, by the natnrft of pgndiibitTWf i/(a ± x) : ^Jh : : 1 vibr* : 
V^— ;jcr t]i« vlbcadoQs per. second xotde i»j cither veighty 



namely, the longer or dMrtcr, according at dw upper or 
iMet sign is used, if the threads were t» uoiuiii iMf diat 
]ength for I seoond. Htmce, then. 



the fluxion of themunber of vibrations. 

Now when the upper sign + takes place, the fluent is 

^"^ ^^fif^ *• V^« ==Vi^Xl. ; ^. 

And when ^ z= a, the same then becomes % = ^/-^ x log. 

1 + </a «V ^ X log. 4+V2=Vi^ K kg . i + 4/ii « 

^6685>1) the^rliefte number of <ribr«ckNss aiade by dbe4e- 
Kending wei^. 

Bat wfeen the lower sign, or — , tdbes phKrOf tbe fl«em it 

V^r^ X arc to rad. 1 and vers. — . Which, when jr r= «l 

1^2709 1, the whole number of vibratioiis made by die lesser 
or ascending weight. 

SchoL It is evident that the whole number of vibrations, 
ii-eiieh dtte, is die sshok^ whatever the Itbgtli of the tiuMd. 
is. And that the greater number is to the less, as 1*5708 to 
the hyp. log. of 1 + -^2. 

^ Farther, the number of vihrttaotM per fwt ned in the tme 
tlme/4 by an invariable pendulum, constantly of the same 

length^ it v"— s -781190, For^ the time of descending 

^. • 

the space a, or the fluent of .^ r: . ^ when jr « «> is i ss 

,^A. AomI^ byihe attnee of fenduhimty Vis : Vk \i 

hi vibr. : y^-^ the number of v3>rations perfimaed in I so» 

j <ind;h?encel^:>::V^^ tte oonttm 

I number of vibrations* . * 

r^^ So that the three^ numbers of yibratiqos, namely, of the 
vwascending, constant, and descending penchdumsy^ive propor- 
tional ft> tfi^ jftim^rs i'5?08, 1» and Hyp* lc^-|i ^ ti% or 
^_« I*510«j .1, and 'SSIS? ; whatever be thelen^ of the 
^\jd[QNead. ' * A- ^ ^ - r .' 

lua FMlBLSM 






PROBLBM 46* 

7b ddernme the Circumstances cfthe Ascent and Descent 
qf t!W0un€0iai\WeightSf sugpe^d^ at the two Ends of a 
Z%fV«tf p^mng aKi^> a ^PuUfv r the Weight <tf the Thread 
and of the PuUey being considered in the 'SohduMk ^ 

Let / = the whole length of. the thread j «|Q» 

a = the weight of the same ; 

& «5 AW the dif. of lengths at first ; 

rf = w — w the dif* of the two weights ; 

r ^ a weight applied to the circumference, 
such as to be equal to its whole wt. and 
frictioii reduced to the circumference ; 

s = w+W+ii+rthe sum of the heights moved. 

Then the weight of b is -j-, and d — j- is the moving force 

at;£c8t* ' But if x dtnote^aoy variable apace descended by w, 
or ascended by w^ the difference of the lengths of the thread 
will be altered 2^ i lao that the difference will then be & — 2.r, 

and fts weight *— r— « ; conseq. the motive force there will be 

a -^ " I * a « ' •* , and theref. — ' ^^ =: / the ac- 

ceSerating force there. Hence then vv =: 2gfx = 2gx x 
-J ; the fluents of which give v = 4gx x -. » 

or V =;^<y/^ X ; V {ex + x*) the general expression for the 

Jf . -l. 

v^0pty> putting.^ = ■ And when x=b^ or w becomes 

as far below w as irwas above it at the beginning, it is barely 
t; =»2-y/--^ for the velocity at that time. Also, when a, 
tne Veight of the thread, is nothing, the velocity is only 

2v^i-a^t%i^»: 

^gdjIi^lbi^tW^fSne, i or l^ si W^^ U^h '7) ^^^ 

fl^ft of whSti'^ve"/ = V- X' log. ^*';^f^^^ the' ge- ' 

neral ew^®*5^9^ fo'' the time of descending any spac^ *^f , .v 

'And'if'thS ttidicals be expanded in a series, mi the log. 

©Pfir*e taken,Hhe same tirtie will becom'e" '^^-^ '^^« 

^''^^o^li^fS^^^fi^^^ !^y ^*3f -.^'^ %w ?r^ 

of the tianeadgisti^bin^^ asofeioilglm ^ ;/ii am d ^ «^ ^'''^^ 

^T ' '^ PROBLEBC 






• 
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PROBLEM 47. 

To find the Velocity und Time of VtBrationqfasntall 
Weight J jixed to the middle of a Line^ or fine Thread mid' 
6f Gravity J and stretched bp a given Tension; ikm JS»teni^ 
of t lie Fioratidn beiifg very smaU. 




^ - 

Let / = AC half the length of the threild ; 
a = CD the extent of the vibration j 
or = CE any variable distance from c ; 
»; = wt. of the small body fixed to the middle ; 
w= a vt. which, hpng at each end of the thready 
will be equal to the constant tension at each endj 
acting in the direction of the thread. 
Now, by the nature of forced, ae : ce. : : w the force in 
direction £A : the force in direction eg. Or, because AC is 
nearly = aBj the vibration being very small, taking Ac in- 

«tead of AE, it is ac : CE : : w : ^ the force in EC arising 
&'om the tension in ea. Which will be also the same for * 
that in eb. Therefore the sum is —^ = the whole motive 
force in EC arising from the tensions on both sides. Conse- 
quently —- zrf the accelerative force there. Hence the 

equation of the fluxions vv or 2gfs = —^-^» and the flus. * 

v*=: — J^. But when a:=«, this is — 221 and should . 

a* --r A* 

be ::;: ; thcref. the correct fluents are v* =« 4^ ><' •~X''^ ' 
and hence v=: V{^gvf X -^) the velocity: of ^ the Hitle 

body w at any point B. And when x = Oj it is v -s;:, Sa V^ 

for the greatest vdocity at the point e. , , . . , 

Now if we suppose w =1 grain, w :=: 5\bU;oj^ov 28800 
grains,' and Htl"- == ab' = 3 feet ; the velocity at ,c Jiecompr, ^ 

,8x16^x28800 ,," ,, o Ix, ^ 

if a = ^inc. the greatest veloc? is 9^ ft. per.sec. ^ , , ,. *|. 

^^& Piwii Afe^^e^eSftH^aSfl S^-i^||ft:f^rM;^-'^ ^ 

if a = 6 inc. the greatix^^^'^ ^^^^'iM^ ^^^ ^^ 

Viimo^^^ .To 
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-•i . »lU3 — * 



Xo .6j»d the,^ip»e t, it is /^or. - = f V.^ x yjsr;;^^; 
, Heoee the otiatut ^v«at is / =; f /^^ 5^t*«oi'»« ij-j?*! 

llifttiirie.of 5i whole vibyation. througli, Di is ^'^TOS^SJ^f^^ 

'^ 'tJsin^ £he foregoing mimbe«, iiWaehr w 2*'f|^»iw:« 
28800,- and 2l i= 3 feet ; this estprcssion tor the^i^ giilts 

llllL,^ 353|^, the number of vibrations per secoiicli^ 'BiiVlf 

y-ct'2, thertKi^ouM b6 25D vH>fatl<rtis'per ieco^d^j aSdif 

Vo^HM), dso^ wotdd be 35^4 vibrations per secop4* v, ,. 

. . 1 . • '* 

; • ■« » ■"•.•■■ 

' • ^ ' - .- .^ » • * i * 

,. r^^efei^gkmeiffie itme €^ in the hUProblpny. wh^^Ae 
Ditfanee .Cfy^iear$ some semible Proportion to the Length 
~kB# tbi t'^Hsimo/ tke Tifsreml hawwer ieitg^lm^pimf 
jit^m$tmUjSmiMif!f* ^ ^ 

■-' , " ^^^ '^ ' ^''^^ 

iV9 « u ciO'-:.. !■. • l> , ., . . „ '_.c 

^''^^t^Mff'tilre l&e saihe notation as in the Jaat proW?9>»V^d 
' iui ktafetM tniig valuable length Afe for AC, it is Afi or tjlj C» :: 

^ aiy";"*** .'i'..;"*^" .. xht whole motive force from t^e tw* 


















or I'afoot; fey(8'x 28800 X 16^^ X'^^^^^^^ 

^jWeciia. ' Whiatcameoilt 3S5^ia-diclMtfioAte«^i/Jlf 
usifag^alw^s AC for ae in the value of/. But when the ex- 
teiit' of the 'vibrations is very small, as -^ of an^tadi^ ark 
conMnonlyisj this greatest velocity here will be V'S x 99800 
^ 'i^ir^of ^^r^ ^ &^n9wrlj^ wbkk in the last psobtem' 
was ,9^ nevly. ' . 

»,To finAthe t^me, i( is ^ or ~ == \/^zr ^ T/r sTJ-^Hrt?* 

making c ::±r ad ^ ^/{P ^ a% To find the fluent tte eatiiTy 

multiply the numer. and denom. both by v'^+ \/(^+^)L 

IK) shall /= ^^^ X ^;;t^y X v^Cc + ^(f + X*)]. 
Ihd now rfie quantity 4/ [e + V'(^+ jr*)3'i»j»^^riest 




' «Bd put </»«-(-/, sDshidI < = v'r^ x ^JT ^, (1 4-~ - 

95*5' + '-TSSF^-^ ■ ;«m55? ' *«)• Now 

the fluent of the first term ,, ^ >■ , is ss the arc to sine — 

and radius 1 y which arc call a ; and let p».a 6e"the fluenta of 
any other two successive terms^ without the coefficients, the 
distance of q fvom the first term a being n $ then It is evi* 

4=sl5p->>«-V(«*-^*)> then is aor Wwfcr^itonnl) 

eW ?= Ap — (2»— 1 Va^p + 2nex^p. Then, cdiiqim the 
eoeikieilti of the like t«rmi^ we find luis»\J|9i|K^ l«s 



.w< 



^»-3:l)«a*Vfi^oi which are obtained ij * i?'??^*^?? vST^** 
^ Oirasiequ&ily a :i: <^^r . Uf'^.7: . ^^iT , V^^r ^^ fttie^Qp^j^nt 

"^ ^uatitm b6t#teii any' two ^ucqessiye tjpn^%^ ^ ^^^'P ^ 

lol f^^ ^^ series may be continued as &; ^ we p6aM« And 

iM^Cliellbtdn^ihe^to^ ^:dxefimdMnii^ 







ftf^ ttitais, Ae series is as follows, A + ^*^ " "^^ ■ j ^ -^ >, 
??»rtW-:^V 4- ^^'^-y^-^^) 8tc. Nowwhen^ = (>, 
^us Kfsnes « 0; .afid wh«n j:* «;= a^ the series'becomesr ip +* 
~i + 2£t 4.*!f£ &c, where p = 3-1416, or the series re 

So* thatf b^ ttftking in the coefficients^ the general time of 
pMstDg over any distance db will be ~ 

,And hence, taking or c 0, and doubling, the time of a 
whole vibration, or double the time of passing 'over cd wiM 

i^4-grff»ft 1 .8.6 5 _ 404i> + 8ifti-Hg<fft + 5^ lliLllIafA: \ 
138«3/» "9.4.6^ 2048^4/7 * ii . 4 . G . 8 ' 

'Whichi when a = 0, or c = /, becomes only ip^ , the 

same ^ in the last problem, as it ought. 

Taking here the same numbers as in the last problem, 
vir, /,=±^ 1^ 0-= 1^, t» sss 2, w = 28800, g = 16-^ 5 theti 

^py^f^iil s -0040514, and the series is I + '006762 - 
•000.175 + -OOOOOa &c != 1-006590; therefore '00405(1^ x 
l-a06596 ^ -0040965 == 5:^. is the time of one whole V*^' 

*45r ■• 

bration, and consequently 24^ vibrations are perfor/ned So»' . 
a sedond ; wnich were 250 in the lafst problem. 

■.^A^ v:n-M;v • PROBLEM >49, ,. , ■ :.^ . • ■ -^ 



^/ 1^ prnff0f^t^4tt$rmm ihct JTdmfy^ 

Amtim,,e^a Ftnii in theArms^ofa Canal oi* UniT)iie^ ' ' ''^' 

Let the tube abcqep havfJts two. a 
iratlfchH ifeV'fci vertW, zud the;iiwc?r; ^ 



Ai-- 



parif cbft iii'any bbaitloil whatever,, tli^ ^ 






4. ' 




2ontal line. Bi"* THen let one surface be pre^i^ Qr,j>i|slM^ . 
dowir by shakmg, from :6 to c, an3* the other will asce^id 
tbrouffh the equal, spaee "fg ; after, which Jet thrm be.-peF« 
mitted freelj to return. The surfaces will then codtinually 
vibrate in; eqiial tiotesjibelween ac fettid»G.t 'llie vdbSfy 
and times of which oscillations are therefore required.* m ' ; 
When the surfaces are any where out of a horizontal line* 
as at p and q, the parts of the fluid in ODRj pn. e^ch ^ide^ 
below aviy will balance each other; and the weight of the 
p^t in PR, which is equal to 2pf, gives motion to thewkcde. 
So that the weight of the part 2pf isf the motive force by 

which the whole fluid is urgedj.and therefore ^^^^^ ^^ h the 

accelerative force. Which weights being proportional to 
their lengths, if / be the length of the whole fluid, or axis of 

the tube filled, and a = po or Be ; then is -— the accelera- 

tive force* Putting theref. x = gp any variable distance, v the 

So 'v* 8j> 

velocity, and t the time ; then n = w^ x, and — - — =: jT 
the afccelerative force ; hence i>v or 2gfs ='y (ax -•. jri); "y 

the fliients of which give v* = y {2ax — i?*), and v ±z 
Vi^ff X "^^ r * ) is the general expression for the velocity 

at.^ay term^ And when :r = a, it beccwnes v ss 3^v'-j- for 

the greatest velocity at b and f. ... %.. x « 

•»•• ■(J . , _ — _. ^ 

A^ain, fo^ the time, we have t or ■^=iV-j X y^^_^ ; 
thef ilul?iit5;of which give ^ =: 4 v/ — X arc to versed siiicf — 
and ladius'fy tht general expression for the. time. ^A^^. \ 
when T = tf, it becomes t = ^pV— for the time of moving 

from G to F, p being = S*'i41<F^''arid tonsequently ipx/— 

the:4m«srf.^kwK<>lfe.ialvra«ira from g^ fej 6r/fi^dilJlt6 k^;^ 
. AndfrtJ|;h^i*rrfare.i&:thev|aMe^wteteVet» A ihe^fidft 
length / remaining the same. , ^^, , ^ c ,c5a.fi'l.,i > V "^ 




it t^psciUate iM'secoifar^^*^'^^^^' :':'°'^ ( 



ArAl^Aik^Jrhis recipr/(2f^9f^.f^f thf[iil?i^^ 
nevljr Sittilar tQ the mQi^ljfl 9|fjd« WM»iitfp*bii«^^'**^^- 

the 

vB5no3i 



/ 



the dmeof KflxeatiaiListhesanie, howrrer short Ihe ^&chc9 
ave^ provided: the w&ole length be the same. So that whea 
tiw he^^kt 18 smsdU io proportion to the length of the cauialy 
llle motioD is: simSsur to that of a wave», from the top to the 
bottom or holloir, and from the bottom to the top of the 
next wanre ^ being' eipai to two vibratkms of the canal ; the 
whole length of a wave, from top to top, bekig dodDle the 
length of the canaL Hence the wave will move forward b^ 
a space nearly eopial to its breadth,, in: the unie of two vibra* 
tions of a pendnlwm whose length is (^0 half the length of 
the canal,, or oiie>i>fburth of the breadth of a wave,, or in the 
time of one vibration of a pendulum whose length is the 
whole breadth of the wave, since the times of vibration are 
M the square roots of their lengths. Conseqneatlyy waves 
whose breadth is equal to 39 f inches,, or S^|- feet, will raovQ 
over Sf^ feet in a second, or 195|^ feet in a minute, or nearly 
2 mites and a quarter in an hour. And the velocity of greater 
or less waves will be increased or dimxnisfaed in the subdu-^ 
plicate ratio of their breadths* 

Thusi for instance, for a wave of 18 inches breadth, as 
V^i : aSf : t j^ld^: •(SO-J. X 18) =b 4v^5l3 = 2Q'53in 
the velocity of the wave of 18 inches breadth. 

PROBLEM 50. 

. Tp determine the Time of emptying anv Ditch , or InUn- 
dattorif XCf by a Cut or Notch^from the Top to the Bottom 
o/it. 

Let X = AB the variable height of water at . 
anytime; 
'b =(> AC the breadth of the cut^ 
d = the whole or first depth of water ; 
A ss the area of the surface of the water 

in the ditch; 

«'=^ 16tV feet. 

The vebeity at any point z>,. is as '•b d, that is,r as the ordt^ 

nate de of a parabola bec, whose base is AC^and altitude ab« 

"Xherefore the velocities at all the points in ab,. are as all the 

drdinates of the parabolas Consequently the quantity of 





para- 
bola ABC, to the sorea of the parallelogram abgc^ that is, a$ 
2 to 3. 

Bot ^tVXM 2g X 2 v^^iT the velocity at acTj t&er^re 
f X ^V^JT^^xi/rafftjr^^i^tlwe^iantifydisrt^ 

second 
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Jl^cond through AEGc;' and consequently ^^ is the ve- 
locity per second of the descending surface. Hence then 
^a^^^i -* :: l^rrF— = ^ the fluxion of the time of 

3a 4&r ^gx 

descending. 

Now when a the surface of the water is constant^ or the 
ditch is equally broad throughout, the correct fluei^ of this 

fluxion gives t = ^j-j- x J^^ fi>r the general time of • 

sinking the sur&pe to any depth jr. And when jt = Q, this . 
expression is infinite ; which shows that the time of a com^- . 
plete exhaustion is infinite. 

But if d = 9 feet, * == 2 feet, a = 21 x WXX) 5= 21000, 
aiyd it be required to exhaust the water down to -j^ of a 
foot deep V then x as ^, and the above expression becomes 

8 X 23000 ^ 3-^ ^ 14400"^ or just 4 hours for that time. 

And if it be required to depress it 8 feet, or till I foot depth 
of water remain in the ditch, the time of sinking the water 
to that point will be 43' 38". 

Again, if the ditch be the same depth and length as be- "* 
' fore, but 20 feet broad at bottom, and 22 aft top ; then the 
descending surface will be a variable quantity, and, by prob. 

90 4* X 

16 vol. 2, it will be -^ X 20000 ; hence in this case the 

n 1- i_ • — 3Aa? , —500 90 + *^. - 

flux, of the tune, or ,. . ■- , becomes 57-7- x — 7- x \ the 

correct fluent of wmch is ^ = sr—p x ( — ; rr) «>r 

.the time of sinking the water to any depth x. 

Now when x = 0, this expression tor the complete ex- 
haustion becomes infinite. 

But if . • ^ = 1 fopt^ the time t is 42' 56% 
And when x.ss^ foot, th^ time is 3** 50' 28"i. 

PROBLEM 51. 

To determine the Time qfjilling the IHtches ofaFortifi^ 

cation 6 Feet deep with Watery through the Sluice of a Trunk 

' of 3 FeH Square^ the Bottom of which is level with the Bot^- 

torn of the Ditch, and the Height of the supplying Wfiter is 

9 Feet above the Bottonn of the Ditch, 

Let AeDB represent the area of the vertical sluice^ being a 
square of 9 square feet, and ab level with the bottom of the 
dutch. And suppose the ditch filled to any height ae, the 
$)irface being tbien at. ¥:f« 

VpjL. iij. B B Put 
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Put a S3 9 the height of the head or supply ; 
. £ s 3 ss AB ::: Ac; ^ 

A = the area of a hocizontal section of 

th€ ditches; 
.»=:« — AE, the height of the head 

above ef. 

Then \/g : ^/x i:2g i l^gx the velocity with which the- 
water presses through the part aefb ; and theref. 2^gx x. 
AEFB =■ 2h4/gx{a -> x) is the quantity per second running* 
through ASFB. Also, the quantity running per second 
through ECDF is 2y/gx x -fpCDF = ^bs/gx{o — a + J?) 
nearly. For the real quantity is, by proceeding as in the last 
prob. the dijfference between two parab. segs. the alt. of the 
one being x^ its base b^ and the alt. of the other a — £ ; and 
the medium of that dif. between its greatest- state at ABf 
where it is i^ad, and its l^ast state at CD, where it is 0, is 
nearly ii^T>* Consequently the sum of the two, or \b^gx 
(a -h I ]& — jr) is the quantity per second running in by tibe 

whole sluice acdb. Hence then ^y/gx x ^ = v is 

the rate or velocity per second with which the water rises in 



i -6a 



-4- 



the ditches ; and so v : — * : : 1" : / = = r—r X 

the jGUixion pf the time of filling to any height ae, putting} 
czza^ Mb. 

Now when the ditches are of equal width throughout^- i 
is a constant quantity, and in that case the correct fluent of 

this fluxion is / i -fi- x log. (-^^i^ x ^^^=^thege. 

neral expresdon for the time of filling to any height Aie^ jor 
a — x^ not exceeding the height AC of the sluice. And 

when jr = AC=:a— b 'n d suppose, then t = j-— x log. 

( ^'^^^ . ^""^^ ) is the time of fiUmg to cd the top of 

the sluice. 

Again, for filling to any height gh above the sluice, x de- 
noting as before a — >. o the height of the head above OH^^ 
^\^gx wiU be the velocity of the water through the whole 
sluice Ad: and therefore 2b^^gx the quantity per second.) 

and -^-—^ =»v the rise per second of the water in the ditches; 

consequently v i ^x iiV it ^ ^ = r—-^ X .-r- the' 

general fluxion of the time ; the correct fluent of whi^h^ 

being 
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being when jr = a— b = d^is t = j—- ( ^d— t/x) the. 

time of filling from cd to GH. 

Then the sum of the two times, namely, that of filling 
from AB to CD, and that of filling, from cd to gh, is 

-i_ [jy^£^ + 4 log. (^ii^: . 4^^)] fof Ao. 

whole time required. And, using the numbers in the prob*,. 
this becomes j;^ L^t-j^-- + ^ X L 0^—- . ^^ 

=s: 003577217a, the time in terms of a the area at the. 
length and breadth, or horizontal section of the ditches. 
And if we suppose that area to be 200^^00' square feet, the 
time rec^uired will be 7154", or 1^ 59' 14". 

And if the sides of the ditch slope a little, so as to be a 
little narrower at the bottom than at top, the process will be 
nearly the same, substituting for a its variable value, as in 
the preceding problem. And the time of filling will be very 
nearly the same as that above determined. 

PllOBLEM 52. 

» • 

^ But if the Water ^ from which the Ditches ate to be fitted^ 
be thd Tide^ tiohich.at.Low Water is beUfuythe Bottomtf the 
Trunks and rises tq 9 Feet above the Bottom of it byaregu*. 
lar Rise of One Foot in Half an Hour; it is required to 
ascertain the Time of Filling it to 6 Feet hi^h^ as before in 
the last Problem. 

Let AGDB represent the sluice ; and when the tide has risen 
to any height GH, below cd the top of the sluice, without 
the ditches, let ff be the mean height of the water within.' 
And put ^ = 3 == AB = AC ; 

g^ 16tV; . I 

A = horizontal section of the ditches; 

H 



^c= AG; ^ 

SB 2S A£. i p 



•F 



Then ^g : -v/eg : : 2g : 2-v/^(jr - %) the velo- ^ 

city of the water through aepb ; and 
^g : ^/EG : : f^ : is/gi^-z) the mean vel. through E<iHP; 
theref. 2b%y/g\x—z) i« the quantity per sec. through aefb ; 
and ^b[x — %) ^g(x — z) is the same through eghf ; 
coiiieq. ^x^g x {2x + «)v (^ — z) is the whole through 
A^^HB per second. ^ This quantity divided by the surface A, 

gives -^~ X (ar + z)^(x— «) = v the velocity per second 

BB2 with 
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with which ef, or the surface of the water in the ditches, 
rises. Therefore 

5a 



V : » :: I : ^ = — = -r—r X 



But, as OH rises uniformly 1 foot in 30' or 1 800'', there- 
fore 1 : AG : : 1800'^ : ISOOor == / the time of the tide rising 

through AOi conseq. /= 1800* = i^ X ^jj^p^ijj- , or 
m» =z (2x+ z)\^{x^z),xis the fluxional equa. expressing 
the relation between s and z ; where m = ,^^\ , = -rrr* 
or 1 3444. when a =: 200000 square feet. 

Now to find the fluent of this equation, assume % a 

5 i II 14 

Ajr* + BJr^ + Qx^ + DJr* &c. So shadl 

^(jr-a) ss X* - Y"*^ T^**" ie ^ ^» 

^ 5 • I I 

2x + z = 2x + Ar^ + BX* + Cx"*" &c, 

and wii = ifnAx"^*-f ■IwBx'^i + Vwcx"*"* + y mnr "^ ;J &c. 
Then equate the coeflScients of the like terms, 

^ shall and consequently 

iwu = 2, A = -1. 



dm 

|mB = 0, B =: 0, 

WIC =3 — iA% C = — 



24 



. V»»D = - 4a' - iAB, o = - fjs;;^. 

&CJ &c. 

Which values of A', B, c, 8cc, substituted in the assumed 
vaiue of «, give 

4 L 34 !_i 16 14 p 



5m 275m» 875m4 



or a = T^x^ very nearly* 



j^nd when or :;=: S =; ac, than z = *886 of a foot, or 10|^ 
iiicheSf =: AS, the height of the water in the ditches when 
the tide is at co or 3 feet high without, or in the first hour 
^d half of time. 

Again, 



* 



I 

J 



D 

F 



y^ 
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Againi to find the time^ after the above, when j 

Xf arrives at CD, or when the water in the -<»j j^ 

ditches arrives as high as the top of the sluice. ^' 

The notation remaining as bcsfore^ ^ 

then 2h%Vg{x^%) per sec.mins through af, 

and 4i(3— «)^/^(j:— «) per sec. thro* ed nearly; ^ 
therefore \b^gx (12+2)v'(^— «) is the whole per second 

through AD nearly. 

conseq. -~ x (12 + z)y^{x — %) = t> is the velocity per 
second of the point b ; and therefore 

v:«::l':f= — = —-7- X :,-^ ^ ., r = l^QOx^ or 

» 

mi=(12+a)^(x-«) .;r, where m = ^g^^^^ =28^nearly. 

Assume z =: AX^ + Bar* + cr* + djt^ &c. So shall 

y^(jr-») as j:^ - —4?'- ^^^ fg ^^ &c ; 

3 4 $ 

12 + s = 12 + ^J^ + B^ + cor^ &c; 

(12-4-;k). .y{x-z).x:=- 12jr**-6Ar*;r-(4A*+6B)jr*jr&C5' 
mx =s |wAx^* +4w»Bx^i + \mcx^x &c. 
Then) equating the like tenns, &c, we have 

Hence * = -^** - J^ + -|^^* + '^x* &c 

Or 2 = —X* nearly. 

But) by the first process, when x = 3| s = *886 ; which 
substituted for them, we have 2 =s '8869 and the series si 
1*63 i therefore the correct fluents are 

% — -886 = - 1'63 + —X* - -SLjr* 8cc, . 

or « + •l^* as — 4r» r-X* &C. 

And when s =c 3 ae ac, it gives x = 6;369 for the height 
of the tide without, when the ditches are filled to the top of 
the sluice, or 3 feet high; which. answers to 3*^ 1 V Al\ 

Lastly, to find the time of rising the remaining 3 feet 
above the top of the sluice $ let 

X SSQQ 



'STA FJLOMISOOOUS BXSECISSS. 

jr = CO the- height of the tide aborve CD, < 

2 = CB ditto in the ditches above- cd ; ^ 

and the othek* dimensions as before. ^ < 

Then x^g : -v/eg : : 2^ ■: 2:j^g(j: — «) = the 

veUcity with which the water runs through the 

whole sluice ad ; cotifieq. AD x 3\/^(a;'— a) = -^ " 

18\/^(jr — s) is the quantity per second running through the 

sluice^ and — —^(x — z) = v the velocity of z, or the rise 

of the water in the ditches, per second; hence v : x :: l" : 

/ = '- = T^ X ^/ , = 1800;r, and mx = x^{x-z)is 

the duxional equation ; where m = v^ ^ = ^^. 
To find the fluent, 

Assume z = ax^ + Ei*^ -f cj:^ + ixc^ &c. 

Then X -^ « = ;r — ajt — B.r* — cx^ &c, 

;r-v/(x— ») :k x^Af 5-X^;r — x^jr &c. 

Then equating the like terms, gives 

Hence t = ~x^ — t-tx* + zrr-^r'^ - s^^r-i'^^ &c- - 

But, by the second case, when zzzO, x zz 3*369, which 
being used in the series, it is 1*936 ; therefore the correct 

2 1. 1 

fluent is z =s — 1 936 + ■« x» — -r-iX^ &c. And when 

"^ . on otf 

« r= 3, X = 7; the heights above the top of the sluice; 
-dnswering to ^ ayid 10 feet above the bottom of the dkches. 
ThM 15, for th^ water to rise to the hdght of 6 ieet within 
the ditches, it is necessary for the tide to rise to 10 feet with- 
out, which just (answers to 5 hours ; and so long it Would 
take to fill the ditches 6 feet deep with water, their horizon- 
tal area being 200000 square feet. 

Further, when a: = 6, then 2 = 2*117 the height above 
the top of the sluice ; to which add 5, tjie height of the sluice, 
jtnd the sum 5*1 17^ is th^ depth of water in the ditches in ji 
hours and a half, or when the tide has risen to the height of 
9 feet without the ditches. 

Note. In the foregoing problems, concerning the eflSbiK 

of 
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<if watei*, it Is taken for granted that the velocity is the same 
'9i that which is due to the whole height of the^ur£ice of 
the supplying water : a supposition which agi^eses widi tfate 
prin<;iples of the greater number of authors: though some 
make the velocity to be that which Is due to the half height 
onlv : and others make it still less. 

Also in some places, where the difference between two 
parabolic segments was to be taken, in estimating the mean 
velocity, of the water through a variable orifice, ihave used 
a near mean value of the expression \ which makes the ope- 
ration of finding the fluents much more easy, and is at die^ 
same time sufficiently exact for the purpose in hand. 

We may further add ^ remark liere concerning the method 
of finding the fluents of tlie three fluxional forms that occur 
in the solution of this problem, viz, the three forms ^«=: 
{Ha; + z)^{x' - z)jc, and mi :^ {l^ + z)s/{x - a)i, ''and 
w4 =t v^(jr — af);t, the fluents of which are found by assum- 
ing the fluent mz in an infinite series ascending in terms of 
x With indeterminate coefiicients A, b, c, &c, which coeffi- 
XTCfhCs are aftetwacrds determined in the usual way, by equate 
'itig the corresponding terms of two similar and equal. series, 
-the one series denbting one iside of thje fluxional equation, 
9Bd the other seiies £e oth^r side. By ^ihir serie?, is 
9i^eant when they hav^ eqii4 or like exponents j; tliough it 
is iKit neceslary that the ^exponents of afl >the itermsr should 
•beii)ce:0rtpa2rs,'4>,ut only some of them, as diose that ire not 
in :pairs wiU he jcancdlled or expelled hy making tbeir^coeffit- 
^nts S31 6txc nothing, N^w the general :way to ^ke the 
two series similar, is to assume the fluent s eqtial'ta'a series 
hi terms of /r, either ascending or descending, as here ' 
- '. z^ ic" -{- x"":*- '. -f : a;*' ■*• *' 5tc for ascesndingt^ j 

; : , x)r « Site x^ 4- jp'^* +-3^^""*' &c for a descending 
serlesi, havi»g the exponents^, r'± -^j ^ ± 2j, &c in arit^ 
8metic:al progression, the first term r, and common diflEerencp 
'y 5 without ^he general coefiicients A, b, c, &c, till the wthios 
of the exponents be determined. In terms of this assumed 
series for z, find the values of the two sides of the given 
fluxional equation, by substituring ki it the said series Instead 
of z 'y then put the exponent of the first term of the one side 
equal that of the other, which will give the value of the first 
/exponent r ; in like manner put the exponents of the two 
.'3d terms equal, which will give the valUe of the^ i^oiiunon 
difl^ence s ; and hence the whole series of exponents, r, 
■^ dz s,r ±: 25, &c, becomes known. 
< rThiis, tor the last of the three fluxional equations .aboTse 
nAentkmed, vizj mx ^ s^:{r ^' z)^yOr only ».= V(i;r-r»);v.; 

> having 



^'76 fROMlSCtJOUS EXERCISES.' 

having assumed as above z zzjf + j^+' &c, and taking the 
fluxion^ then k = x'-^x + x^-^-'-^x + &c, omitting the 
coefficients; and the other side of the equation ^{x—»)x^ 
^{x ~ jr'- x'^' &c) = xix-x^-ix &c. Now the expo- 
nents of the first terms made equal, give r — 1 = t> theref. 
^ = 1 + i = 4 ; and those of the 2d terms made equal, 
giver+*-l=r-i, theref.5— 1 = -4, and* = I —i^\\ 
conseq. the whole assumed series of exponents r, r -f- 5, 
r + 25, &c, become f, 4, 4, &c, as assumed above in pa.S74, 
Again, for the 2d equation w« or i = (l2-l-«)\/(x— x);r 
= (tf + «)v^(x-z)i ; assuming z = x*" + 4?^+' &c as before, 

then «=^'^-'i+x"^+'-'*&c, and ^{x-z)xz:^x\x''if-ix 
&c, both as above ; this mult, by a + « or fl + .r'+ *'''*■' &c, 
gives «jr4i — £uf -{* &c : then equating the first exponents 
givesr— l=i orr=4, andr+j— l=r— i, or j=1— i.=4^; 
hence the series of exponents is •!-, 4> t> &<^j ^® ^°^^ ^ ^^ 
former, and as assumed in pa. 373. 

Lastly, assuming the same form of series for z and x as in 
the above two cases, for the Ist fluxional equation also, viz, 
mkzz{2X'\'z)^(x^z)xi x}ievL^(x-^z)x^xix'^jf'-iiskCf 

which mult. by'2jr + x, gives ^x^x^x^-^ixScci here equat- 
ing the first exponents gives r — l == |. or r =: 4^^, and equat- 
'ing the 2d exponents gives r^^-^ i ==^+7» orf = -|» 
hence the series of exponents in this case is 4, 4^ V9 &c, as 
used for thb case in pa. 372. Then, in every case, the gene- 
ral coefficients A, b, c, &c, are joined to the assumed terms 
^i a:^-*-', &c, and the whole process conducted as in the 
three pages just referred to. 

Sudi then is the regular and legitimate way of proceeding, 
to obtain the form of the series with respect to the expon- 
ents of the terms. But, in many caSes we may perceive at 
sight, without that formal process, what the law of the e^ 
ponents will be, as I indeed did in the solutions in the pages 
above referred to ; and any person with a little practice may 
easily do the same. 

PROBLEM 53. 

TV determine the fall of the Water in the Arches of a Bridge. 

The efiects of obstacles placed in a current of water, such 
as the piers of a bridge, are, a sudden steep descent, and an 
increase of velocity m the stream of water, just under th^ 
arches, more or less in proportion to the quantity of the ob* 
struction and velocity of the current t bemg very small and 
hardly perceptible where the arches are large and the piers 

few 
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few or small» ' but in a high and extraordinary degree at 
London-bridge» and some others, where the piers and the 
sterlings are so very large, in proportion to the arches. This 
is the case, not only in such streams as run always the same 
way, but in tide rivers also, both upward and downward, but 
much less in the former than in the latter. During the time 
of flood, when the tide is flowing upward, the rise of the 
water is against the under side of the piers ; but the differ- 
ence between the two sides gradually diminishes as the tide 
flows less rapidly towards the conclusion of the flood. When 
this has attained its full height, and there is no longer any 
current, but a stillness prevails in the water for a short time, 
the surface assumes an equal level, both above and below 
bridge. But, as soon as the tide begins to ebb or return 
again, the resistance of the piers against the stream, and the 
contraction of the waterway, cause a rise of the surface above 
and under the arches, with a full and a more rapid descent in 
the contracted stream just below. The quantity of thi^ rise, 
and of the consequent velocity below, keep both gradually 
increasing, as the tide continues ebbing, till at quite low 
water, when the stream or natural current being the quick- 
est, the fall under the arches is the greatest. And it is the 
quantity of this fall which it is the oDJect of this problem to 
determine. 

Now, the motion of free running water is the consequence 
o^ and produced by the force of gravity, as well as that of 
any other felling body. Hence the height due to the velo- 
city, that is, the height to be freely £ulen by any body to 
acquire the observed velocity of the natural istream, in the 
river a little way above bridge, becomes known. From the 
same velocity a^o will be found that of the increased current 
in the narrowed way of the arches, by taking it in the reci- 
procal proportion of the breadth of the river above, to the 
contracted way in the arches ; viz, by saying, as the lattei: is 
to the former, so is the first velocity, or slower motion, to 
the quicker. Next, from this last velocity, will be found 
the height due to it as before, that is, the height to be freely 
fallen through by gravity, to produce it. Then the differ- 
ence of these two heights, thus freely fallen by gravity,, to 
produce the two velocities, is the required qu^tity of the 
waterfall in the arches ; allowing however, in the calculation 
for the contraction, in the narrowed passage, at the riAe as 
observed by Sir I. Newton, in prop. 86 of the 2d book of the 
Principia, or by other authors, being nearly in the ratio of 25 
to 21. Such then are the elements and principles on which 
the solution of tb^ problem is easily made out as fellows. 

Let 
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Let b = the breadth of the channel in feet; 

V *s npean velocity of the neater in feet per second ; 
e =5 :breadth' of the waterway between the obstacles. 

Now 25 : 21 : : t : ~c, the waterway contracted as above. 

And ~^c : b :: v : 577^, the velocity in' the contracted way. 
Also 32^ : t;* : : 16 : -^v\ height fsdlen to gain the velocity v. 
And 32* : (^^v)^ : ^ 16 : (g^^ X ^t;^. ditto for the vel. g-*v. 

Then (^^)* ^ ij "". 54 ^ ^^ measure of the £iU required* 

Or [(^)* — 1] X ^ is a rule for computing the fall. 

1 *4a^ •- c* 
Or rather — gr-j — x v* very nearly, for the fall. 

Exam. 1 . Far Ltrndon-bridge. 

By the observations made by Mr. L^bjelye in 1746, 
The breadth of the Thaxpes at j^ondon-bridg^ is 92§ feet i 
't'he stixQ of the waterways at t^e tic^of low* water is 236 Ct«»> 
Mean velocity of the stream just above bridge is S-^ ft. per sec* 
But under almost all the arches are driven into the bed great 
numbers of what are called dripshot piles, to prevent the bed 
from being washed away by the fall. These dripshot pile^ 
still further cgnfrafjt; th^ Faterways, at least ^. of their mear 
sured breadth,^ or near 39 feet in the wholes sp thi^ the. 
waterway will fee reduced to 197 feet, or in roimd numbers . 
suppose 200 feet. 

Then b = 926, € = 200, v = 8^ 

„ l-42ft*-.c« 1217616—40000 

. "^^^^ "-64?- = 64x4000 0- = •^^• 

^^A3id V* - ^* s: 10^ 

Theref.-46 x 10^^^4*73 ft. ssi ft. 8|in. the fall required* 

By the most exact observations -made about the year 1136, 
the measure of the fall -was 4 feet 9 inches. 

Exam. 2. For Westrninster-bridge. 

Though the breadth 6f the river at ]Westminster-bridge is 
1 fif<]^:feet $ yet, at t& tithe of the greatest fall, ther^ is-wsiter 
tkeoiigh only the 1^ lafgQ archer, which amount to bt|t-8i6 
feet^i tawhkh addiiigthe bresidth of the 12 intermediate 
piersi eqiiat to 174 feet^ gives 994 for the breadth 6f the 

river 
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river at tbat time ; and the velocity of the water a little above 
the bridge, from n^any experiments, is not more tl£w 2^ ft. 
per second. 

Here then b z= 994, c z= 820, v = 2^ = -J. 
Hence ''^^^"^ - ^403on^6794oo _ 

And^ = ?i!=5^ 

Theref. -01 722 k 5^^ = 'OSTO ft!. = 1 in. the fall required; 
which is about half an inch more than the greatest fall 
observed by Mr. Labelye. 

' And, for Blackfriar's-bridgea the fall will be much the 
same as that of Westminster. 
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